MUHUCTEPCTBO OBPASOBAHN I
POCCUNCKOU OEIEPATINN

MOCKOBCKUI I'OCYIAPCTBEHHBIITI UHCTUTYT
PAIMOTEXHUKY, SJIEKTPOHUKN 1 ABTOMATUKN
(TEXHIYECKUI YHUBEPCUTET)

A.A. BEP3UH, B.I'. MOPO30B

OCHOBEI KBAHTOBOII MEXAHUKNI

Yuebnoe mmocodue

Mocksa — 2004



BBenenue

KBanToBas Mexanunka mosiBWIach CTO JieT Ha3a/l 1 0(bOPMUIACH B CTPOMHYIO (pU3u-
JecKyto Teopuio npuMepHo K 1930 romy. B Hacrosiiiiee BpeMst oHa cunTaeTcs pyHIaMeH-
TOM HAIUX 3HAHUI 00 OKpyKatomeM mupe. /[0BOJIBHO JI0JIN0 TPUMEHEHHe KBaHTOBOI
MEXaHUKHN K MPUKJIQIHBIM 33/a49aM OrPAHUIMBAJIOCH AJIEPHON 3HEPreTuKoil (mo 6o/Ib-
mieit yactu BoenHoit). OjHako mocjie Toro, kak B 1948 rojry ObL1 n306peTeH TpaH3uCTOD
— OJIMH W3 OCHOBHBIX 3JIEMEHTOB ITOJIYIIPOBOJIHIKOBOI 3JIEKTPOHUKH, a B KoHIle 1950-x
roJIOB OBLT CO3/IaH Jia3ep — KBAHTOBBIN I'€HEPATOD CBETA, CTAJIO sICHO, UTO OTKPLITHUS B
KBAHTOBOW (PU3MKE MMEIOT OIPOMHBIN NMPAKTHYCCKUI MOTEHIINAT U CePhE3HOe 3HAKOM-
CTBO C 3TOI HAYKOIl HEOOXOIMMO HE TOJIBKO JIJIst TPO(eCCHOHATBHBIX (DU3UKOB, HO U JIJIs
IIpeJICTaBUTEIEN JIPYTUX CIEIUAJIHLHOCTEN — XUMUKOB, MHYKEHEPOB U JlayKe OMOJIOrOB.

[TockoibKy KBaHTOBas MeXaHUKa Bce OOJIbIIE cTasia IPUoOpeTaTh YePThl HE TOJIbKO
dyHIaMEHTAIBHOM, HO U MPUKJIATHON HAyKU, BO3HHUKJIA ITPo0/IeMa 00yUueHUsl ee OCHO-
BaM CTYJIEHTOB HebU3MIeCKuxX crernuaabuocTeil. C HEKOTOPBHIMU KBAHTOBBIMU HJICSIMU
CTYJICHT BIIEPBbIE 3HAKOMHUTCH B Kypce oO0Ieit pu3mKu, HO, KaK IIPaBUJIO0, 3TO 3HAKOM-
CTBO OrpaHUYNBAETCs He DoJiee YeM CJIydailHbIMI (DAKTaMU U UX CHJIBLHO YIIPOIIEHHBIMU
obbsicuenusMu. C Ipyroit CTOPOHBI, MOTHBIN KYPC KBAHTOBON MEXaHUKU, YUTAEMbIN HA
dusnyeckux Qakyibrerax YHUBEPCUTETOB, SIBHO M30BITOYEH JJIsi TEX, KTO XOTes Obl
HPUJIOKUTH CBOU 3HAHUS HE K PACKPLITHIO TailH MPUPOIBI, & K PEIIEHUI0 TEXHUIECKIX
U JIDYTUX MPaKTHYECKUX 33J1ad. TPYJHOCTD “ajanTanui’ Kypca KBAHTOBOW MEXaHUKU
K MOTPeOHOCTSAM OOyUeHUs CTYJIEeHTOB MPUKJIAIHBIX CIEIUAJIbHOCTEN ObLIa 3aMevdeHa
JIABHO ¥ JI0 CHUX IIOP MOJIHOCTBIO HE IIPEOI0JIEHA, HECMOTPs HA MHOTOYHUC/IEHHBIE TTOTIBIT-
KU CO3J/IaHNs “TIePEXOIHBIX KYyPCOB, OPUEHTUPOBAHHBIX Ha MPAKTUICCKUE TPUMEHEHU
KBAHTOBBIX 3aKOHOB. (UBA3aHO 3TO €O cueludUKOoi caMoil KBAaHTOBON MexaHuku. Bo-
HEPBBIX, JIjI MOHMMAHUsSI KBAHTOBOW MEXaHUKHU OT CTYJ/eHTa TPeOyeTcsi OCHOBATEILHOE
3HAHUE KJIACCUIeCKOl (bU3UKU: MeXaHMKU HbIoTOHA, KJIaCCUYeCKOW TEOPHUH JIEKTPO-
MarfHeTusMa, CHEeIUaJbHON TEeOpUU OTHOCHUTETHLHOCTH, ONTHUKU U T.JI. Bo-BTOpBIX, B
KBAHTOBOI MeXaHWKe JIjIfd ITPABUJILHOIO ONUCAHUS ABJIEHUI B MUKPOMHUPE ITPUXOIUT-
¢ KepTBOBAaTh HaIJIAHOCTBHIO. Kiaccumdeckas ¢pusnka orepupyer 6ojiee UM MeHee
HAIVISTHBIMU IIOHATUSIMU; UX CBA3b C 9KCIIEPUMEHTOM OTHOCUTEJIHLHO 1pocTa. Hoe 1mo-
JIO’KeHHe B KBaHTOBOI Mexanuke. Kak ormerwus JI./I. Jlannay, Buecinii 3Ha4nTE IHHBIN
BKJIaJ] B CO3JIaHN€e KBAHTOBOW MeXaHUKU, ‘HEOOXOIMMO MOHATH TO, YTO MBI y2Ke He MO-
xKeM cebe BooOpasuTh’. OOBITHO TPYIHOCTU IPU U3YUE€HUU KBAHTOBOW MEXAHUKU ITPU-
HATO OObIACHATH €€ JIOBOJIbHO a0CTPAKTHBIM MATEMATUIECKUM allllapaToM, IIPUMEHEHNEe
KOTOPOro HEM30€KHO U3-3a MOTePH HAIVISIHOCTH HOHATHI 1 3aKOHOB. JleficTBUTE/IHbHO,
4TOOBI HAYUUThCA peliaTh KBAHTOBOMEXaHMYIECKNE 3a/1a4d1, HaJI0 3HATh JuddepeHIm-
aJIbHbIe YPaBHEHNUs, JOCTATOYHO CBOOOJIHO OOpAINATHCA ¢ KOMIIJIEKCHBIMU YHCJIaMU, &
TaKKe YMeTb JleJlaTh MHOroe Jipyroe. Bce 3T0, BIpodeM, He BBIXOJIUT 3a PAMKH Ma-
TEeMATUYIECKON ITOJIOTOBKU CTYJEHTa COBPEMEHHOI'O TEXHHMYECKOro By3a. Hacrogdrias
TPYJHOCTH KBAHTOBOW MEXAaHWKH CBS3aHa HE TOJBKO W JlayKe He CTOJIBKO ¢ MaTeMaTH-
Koit. Jles10 B TOM, ITO BBIBO/IBI KBAHTOBOW MEXaHUKH, KaK ¥ JII00OU (pusnyueckoit reopun,
JIOJIZKHBI ITPEJICKA3bIBaTh U O0bACHATD PEAAbHBIE IKCNEPUMEHMDL, TIOITOMY HYXKHO Ha-
YUIUTBCH CBA3BIBATH aOCTPAKTHBIE MaTeMaTHIeCKue KOHCTPYKIMH ¢ U3MepsieMbIMu (hu-
3UYEeCKUMU BeJIMYMHAMEI U HAOJIIOJIAeMbIMU sIBJICHUSIMU. BbIpabaTbiBaeTcs 9TO yMeHue
KazK/IbIM YeJI0BEKOM HHIMBU/IyaJIbHO, B OCHOBHOM, IIyTE€M CAMOCTOSITEIHHOTO PEIIeHNs
3aJ1a9 U OCMbIC/ieHus pe3ysibraroB. Eie Hboron 3amermit: “npum usydeHun HaykK IIpU-
Mepbl 9acTO BakHee IpaBul . B OTHOIIEHNN KBAHTOBOI MEXaHUKHU STH CJI0BA COJIEPIKAT
OOJIBIIIYIO JIOJIIO UCTUHBI.
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[Ipenmaraemoe unraTe o mocoOne OCHOBAHO HA MHOTOJIETHEN MpaKTHKe YTEHUs B
MUPDA kypca “@usnka 4”, MOCBAMEHHOIO OCHOBAM KBAHTOBO MEXaHUKHU, CTYICHTAM
BCex crenuaabHocTeil hakynabreToB deKkTpornkn u PTC u crygenTam Tex crenuaib-
HocTeit pakyabTeTa KHOEPHETHKH, IJie (PU3UKA OTHOCUTCS K OCHOBHBIM YUE€OHBIM JIHC-
muiinaam. Cojiepzkanne 1mocodust U M3JI0KEHuEe MaTepuasia 00yCJIOBICHBI PIIOM 00b-
€KTUBHBIX U CYOBEKTUBHBIX 00CTOATELCTB. [Ipexkie Bcero HeOOXOIUMO OBLIO yU€ECTh,
qro Kypc “Pusuka 4”7 paccumran na ogamH cemectp. I[losTomy m3 Bcex pasjienoB co-
BPEMEHHOI KBAHTOBOW MEXaHUKU OTOOPAHBI T€, KOTOPbIE HEIIOCPE/ICTBEHHO CBA3AHDBI C
9JIEKTPOHWKOI W KBAaHTOBOI ONTHUKOW — HamboJiee TMEePCIeKTUBHBIMU O0JIACTIMU TPHU-
MeHeHus KBaHTOBON MexaHuku. OJHAKO, B OTJIMYUE OT KypCOB oOMmeit pusuku u mpu-
KJIAJIHBIX TEXHUYIECKUX JTUCIUILINH, MbI CTPEMUJIUCH U3JIOKUTH TU Pa3/Ie/Ibl B paAMKax
€JIMHOTO M JIOCTATOYHO COBPEMEHHOTO TIOJIX0/Ia C YIETOM BO3MOYKHOCTEH CTYJIEHTOB I
ero ycpoerusi. O6beM 1mocobusi MPEBBIIACT COAePKAHNE JIEKIIUN U IPAKTUIECKUX 3aHsI-
THil, TaK KaK B Kypce “Pusnka 4”7 mpeycMOTPEHO BBIOJHEHUE CTYJIEHTaMUi KYPCOBBIX
paboT WM WHAUBU/YATbHBIX 38JIaHUil, KOTOPbIE TPEOYIOT CAMOCTOATEILHOTO U3y YeHUs
BOIIPOCOB, He BKJIIOYEHHBLIX B ILTAH JeKIuil. II3710:Kenne 3TuX BOIPOCOB B yUeOHUKAX
[0 KBAHTOBOW MeXaHWKe, OPUEHTUPOBAHHBIX Ha CTY/IEHTOB (pusmiecKnx (pakyIbTeTOB
YHUBEPCUTETOB, YaCTO IPEBBINIAET YPOBEHDb MOJI'OTOBKU CTYJ/IEHTA TEXHUIECKOI'O By3a.
Takum obpazom, HacTosiee MOCOOHE MOXKET ObITh MCIIOJIb30BAHO KaK MCTOYHUK MaTe-
puaJia JiIsg KypPCoBBIX pabOT U MHIMBUYaTbHBIX 33/ IaHUI.

Bazxnoit yacTbio 1mocodus ABJISIOTCA yrpakHenus. HekoTopble U3 HUX MPUBOJIATCS
HETIOCPEJICTBEHHO B TEKCTE, OCTAIbHbIE TTIOMEIEeHbI B KOHIIE KaKJI0ro naparpada. Muo-
rue ynpaxkKHeHusi CHaOyKeHbl yKa3aHUsIMU JIJIs duTaTe/is. B ¢Ba3u ¢ OTMEYeHHON BBIIIe
“HeOOBIYHOCTHIO” TIOHATUN W METOJIOB KBAHTOBON MEXAaHWKH BBIIIOJHEHUE YIIPayKHEHUI
CJIeIyeT paccMaTpUBaTh KAK COBEPIIEHHO HEOOXOMMBIN SJIeMEHT M3yUeHUs KypCa.

1. Pusmyeckme UNCTOKN KBAHTOBOII Teopun

1.1. 4ABaenms, mpoTrmBopevaliue KJIacCUIeCKoi (pusmke

Haunem ¢ kpaTkoro 0630pa fABJI€HUl, KOTOPBIE HE CMOIVIa OOBACHUTD KJIACCHIECKAsT
¢usnuKa 1 KOTOpBIEe IPUBEJIH, B KOHIC KOHIIOB, K BO3HIKHOBEHHIO KBAHTOBOI TEOPUH.

CnekTp paBHOBECHOIO M3J/Iy4YeHHs depHoro Tejia. Hamomunm, uto B dusuke
YEPHBIM TEJIOM (9aCTO MOBOPAT — “abCOJIOTHO Y€PHBIM Te0M”) HA3BIBACTCS TEJIO, KO-
TOpOE MOJHOCTBIO HOIVIOMAeT Haalolee Ha HErO 3JIEKTPOMArHUTHOE N3JIydeHne 000l
YaCTOTHI.

ABCOTIOTHO YepHOe TeJIO SBJSIeTCS, KOHETHO, HJIea-

JIN3UPOBAHHON MOJIEJIBbIO, OJIHAKO €€ MOXKHO peain30BaTh

C BBICOKO# TOYHOCTBIO C IIOMOIIBIO IIPOCTOIO YCTPOICTBA

— 3aMKHYTOH ITOJIOCTU C MaJIbIM OTBEPCTHUEM, BHYTPEH-

HU€ CTEHKH KOTOPOH MOKPBITHI BEIMIECTBOM, XOPOIIO II0-

IJIOMIAIONIUM JIEKTPOMArHUTHOE U3JIydeHue, HAIPUMED,

caxeii (cm. Pue. 1.1.). Ecim rtemmeparypa creHox T

MIO/IJIEPKUBAETCA MTOCTOSTHHON, TO B KOHIIE KOHIIOB YCTa-

HOBUTCS TEILJIOBOE PABHOBECHE MEXKJIy BEIECTBOM CTEHOK

Puc. 1.1. 1 9JIEKTPOMArHUTHBIM M3JIydeHueM B rojioctu. OgHoit n3
1po0OJIeM, KOTOPYI0 aKTUBHO 00CYXKJIa/iu (DUBUKU B KOH-

e XIX Beka, Oblia Takasi: KakK paclpejie/ieHa dHeprus PaBHOBECHOIO H3JIyYeHHUs II0
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qacroram? KosmdecTBeHHO 3TO pacipejesieHre OINChIBAETCs CIEeKTPaJbHOM I1JI0T-
HOCTBIO dHEprum usjrydeHud u,. lIpomssenenne v, dw ecTb SHeprus sjaeKTpoMar-
HATHBIX BOJIH B eQUHHUIIE 00beMa C 9aCTOTaMH B MHTEpBaJie OT w 10 w + dw. Crek-
TPAJILHYIO IJIOTHOCTH SHEPIUU MOXKHO M3MEPHUTh, aHAJU3UPYHA CIIEKTD U3JIyUEeHUSd U3
OTBEpCTHS 110JI0CTH, n3o6pazkenHoit Ha Puc. 1.1. DkcnepuMenTaabHas 3aBUCUMOCTD U,
JUTsT IBYX 3HAYeHWi Temmeparypbl npusejena na Puc. 1.2. C pocroMm TeMiepaTypsl
MaKCHUMyM KPHUBOW CMEIaeTCsd B CTOPOHY BBICOKUX YaCTOT U IPU JIOCTATOTHO BBICOKOM
TeMIlepaType 4acToTa w,, MOXKeT JIOCTHUTHYThb OOJIACTH BHJUMOIO IVIA30M H3/IydeHHUS.
Teso HAYHET CBETUTHCHA, TPUUEM C JAJTHHEHIIIIM POCTOM TEeMIIepaTyphbl IIBET Teja OyaeT
MEHATbCSI OT KPACHOTO K (PUOJIETOBOMY.

[Toka MBI roBOpHIN 00 3KCIEPUMEHTAJIbHBIX

naHHbIX. VHTepec K CIEKTPY HM3JIyYeHHs IepHOrO
Tejla ObLT BBI3BAH TeM, YTO (DYHKINA U, MOKET
OBITH MOYHO BBIYHCICHA METOJIaMU KJIACCUIECKOM
CTATUCTUIECKON (PUBHKU U JEKTPOMATHUTHOM
Teopun Makcpesuia. CornacHo KJIaCcCHIeCKOoi
CTATUCTUYIECKON (DU3UKE, B TEILJIOBOM PaBHOBECUU
SHEPIUsi JIOOONH CHUCTEMBI paCIpeIesIsieTcsl pPaB-
HOMEPHO [0 BCEM CTeleHsiM CBOOOJBI (Teopema
Bosbiumana). Kaxxknass He3aBucuMasi cTeleHb
CBOOOJIBI TIOJISI U3JIyUEeHHUsS — 3JIEKTPOMarHUTHAas o
BOJIHA C OIPEJICJICHHONU TOJIAPA3AIINE N 9aCTOTONA.
[To Teopeme BosibiiMana cpejiHss SHEPrusi TaKOM
BOJIHBI B TEIJIOBOM PaBHOBECUU IIPU TeMIIepaType
T pasua kgT, roe kg = 1,38 - 1072 I /K —
nocrossnnasi bosbimana. [Tostromy

Ug
T T,

ml m2

Puc. 1.2.

u, dw = kgT o(w) dw, (1.1)

rje o(w) dw — 9UCI0 PA3IMIHBIX THIOB 9JIEKTPOMATHIUTHBIX BOJIH (B €HUIE 00bEMA)
€ 9acTOTaMH B MHTEpBaJie OT W J0 w + dw. Beramesnts o(w) HETPYIHO, HO MBI 3/1€Ch
He OyJieM OTBJIEKaThCA Ha 9TO ynpakHenue. [IpuBeseM oKOHUATE/IbHBII pe3yJIbTaT:

w2

o(w) = ——= (1.2)
m2c3’

IJe ¢ — CKOpPOCTb cBeTa. VITak, KJIacCHuecKoe BHIPasKeHNe I PAaBHOBECHOI CIIEKTPAITh-

HOM IIJIOTHOCTH M3JIyYeHUS UMEET B

2
u, = kBZLf (1.3)
m2c
Dta dopmyiia ecth 3HaMenuTas popmyna Pases-/I>kunHca. B kiaccudeckoit pusnke
oHa SIBJIAETCS Mouwnol U, B TO 2Ke BpeMs, abcypmanoii. B camom nese, corsracHo eii, B
TEILJIOBOM DPaBHOBECHU IIpU JIFOOON TeMIepaType UMEIOTCs 3JIEKTPOMAIHUTHBIE BOJIHDBI
CKOJIb YTOJIHO BBICOKHX YacTOT (T.e. yIbTpaduoIeToBoe N3y deHne, peHTTeHOBCKOE 3~
JIydeHUe U JlaxKe CMepTesIbHOe JIJI YeJIOBEKA aMMa-U3JlydeHne), MpUYeM, YeM BBIIe
JaCcTOTa W3JIyUeHUs, TeM OOJIbIlle SHepruu Ha Hero npuxoantces. (OdueBuIHOE TPOTH-
BOpeUne MEXKJy KJIACCHYECKON Teopuell paBHOBECHOI'O M3JIYUEHUS U IKCIEPUMEHTOM
HOJIYIHJI0 B (DUBUIECKON JINTEPATYPE IMOIUOHAIBHOE HA3BAHUE — YALMPAPUOLEMOBAA
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kamacmpoga. OTMETHM, ITO W3BECTHBIH aHrHiicKnit huszuk jgopa KenbBuH, momaBois
urorn paszsutus dusukn B XIX Beke, HazBaj 3aJa4y O PABHOBECHOM TEILJIOBOM H3JIy-
HYeHUn O,ZLHOIU/I 13 IVIaBHBIX HEPEIICHHbIX HpO6.HeM.

DoToadpdekr. pyrum “ciabbiM MecToM’ KIacCH4ecKoil (hu3mku okazasicd poTo-
3¢ derT — BbIOMBaHUE 3JIEKTPOHOB U3 BelecTBa Ioj JeiictBrueM cBera. (CoBepIEHHO
HEITOHSTHBIM OBLJIO TO, YTO KHHETHIECKasl SHEPI U 9JIEKTPOHOB HE 3aBUCHT OT UHTEHCUB-
HOCTHU CB€Ta, KOTOpPad IIPOIIOpIHUOHaJIbHa KBaJApaTy aMIIJIUMTYAbI 3JIEKTPHUYICECKOT'O II0JIA
B CBETOBO#l BOJIHE M paBHa CpeJHEMY IOTOKY SHEPruu, najaoiieMy Ha BeriectBo. C
JIDYTOif CTOPOHBI, SHEPIUsl BBLIETAIOININX JIEKTPOHOB CYIIECTBEHHO 3aBUCUT OT YaCTO-
Thbl CBeTa W JIMHEHHO pacTeT ¢ pOCTOM YaCTOTHI. 9TO TaK>K€ HEBO3MOXKHO O6'bHCHI/ITb
B paMKax KJIACCHYECKON 3JIEKTPOJMHAMHUKH, ITOCKOJIBKY ITOTOK SHEPIUU JIEKTPOMAT-
HUTHOIN BOJIHBI, COIJIACHO Teopuu MakcBeJura, He 3aBUCAT OT €e YaCTOThI U TOJTHOCTHIO
orpejieisieTcst aMIIuTy10il. HakoHer, sKcepruMeHT MOKa3bIBa, 9TO JJId KaxKJI0ro Be-
IIIECTBA CYIIECTBYET TaK Has3bIBaeMasd kpacHasd panuya dporodaddekra, T. e. MEHIMAb-
Hasl 49acToTa W, ;,, IPH KOTOPOIl HaYMHAETCs BbIOMBaHUe 371eKTpoHOB. Ecmm w < w,,,,
TO CBET C 9aCTOTOI W He BBIObET HU OJIHOTO 9JIEKTPOHA, HE3aBUCUMO OT WHTEHCUBHOCTH.

Dddekr Komnrona. Eme om0 siBjieHne, KOTOpoe He MOIJIa O0bSICHATH KJIaCCH-
yecKast (pusmKa, ObLI0 OTKPLITO B 1923 romy amepukanckuM dusukoM A. KomMmroroM.
On 06HAPYZKUII, YTO P PACCESTHUH JIEKTPOMATHUTHOTO M3JTyYeHNns (B PEHTTeHOBCKOM
JIANa30He YaCTOT) Ha CBOOOJHBIX JIEKTPOHAX YACTOTA PACCESTHHOIO U3JIYYeHUs] OKA3bI-
BaETCs MEHbIIIe, YeM JacTOTa A AONIEr0 U3IYyIeHNA. DTOT SKCIIEPUMEHTAIbHBIN (hakT
MIPOTUBOPETHUT KJIACCHIECKON JIEKTPOIMHAMIKE, COTTIACHO KOTOPOH 9aCTOTHI A Iao1e-
ro W PacCessHHOIO U3JIy4YeHUsl JIOJ?KHBI ObITh B TOYHOCTU PaBHBI. UTOOBI yOEIUTHCS B
CKa3aHHOM, HE€ HY>KHa CJIO?KHafd MaTeMaTHuKa. ILOCTaTOLIHO BCIIOMHUTBH KJIQCCUYECKMI
MEeXaHU3M pacCesiHhsl JIEKTPOMATHUTHON BOJIHBI 3apsizKeHHbIMU dactuiiamu. (Cxema

paccysKJjeHnii mpumMepHo takoBa. llepemennoe siextpudeckoe nose E(t) = Esinwt

[aJIAOIIEeH BOJHBI JIEfiCTBYeT Ha KaKJblil sieKTpoH cuioit F'(t) = —eFE(t), toe —e —

3apsil 37ekTpoHal. DjeKTpoH npuobperaer yckopenue d(t) = F (t)/m, (m, — macca

e

9JIEKTPOHA), KOTOPOE M3MEHSeTCs CO BPEMEHEM C TOi Ke JacTOTOH w, 4TO W T0Jie B
najaorreit BostHe. CoriacHO KJIaCCHYIECKON 9JIeKTPOJMHAMUKE, 3aps)l, JBUXKYIINUICI ¢
YCKOPEHHEM, U3JIy9aeT 3JIEKTPOMATHUTHBIE BOJTHBI. JTO U €CTh PACCESTHHOE M3JIyeHUE.
Ecimu yckopenue m3Mensiercss co BpeMeHEM 110 TApMOHUYECKOMY 3aKOHY € YacTOTOM w,
TO M3JIy9alOTCS BOJIHBI ¢ TOM Ke "dacTtoroil. [logBiienne paccesTHHBIX BOJIH ¢ 9acTOTaMU
MEHBIITUMH, YeM YaCTOTa MAJAIONIEr0 M3/IYYeHUsd, SBHO MPOTUBOPEYHT KJIACCHYECKON
3J1eEKTPO/INHAMUKE.

¥YcroitunBocTh aToMoB. B 1912 rojy mpousorio ouenb BaXKHOE JJIsd BCETO JIaJb-
HEHIIero pa3BUTHs €CTECTBEHHBIX HAYK COObITHE — ObljIa BBIICHEHA CTPYKTYpa aTOMA.
Anrmuiickuit pusuk . Pesepdop, MpoBo/isi SKCIEPUMEHTDI 110 PACCESTHUIO (-UaCTHI]
B BEIIECTBe, YCTAHOBUJI, YTO IOJIOKUTEJbHBIN 3aps/] U IPAKTUYEeCKN BCI Macca aToMa
cocpeloToYeHbI B sipe ¢ pasMepamu nopsaka 10712 — 10713 ecm. Pasmepnt sipa oka-
3a/IMCh HUYTOXKHO MaJIbl 110 CPABHEHMIO C pa3MepaMu camMoro aroma (mpumepno 1078
eM.). st o0bsicHeHUsT pe3yIbTaTOB CBOMX IKCIEPUMEHTOB Pe3epdop i BbIIBIUHYII M'HIIO-
Te3y, 9YTO aTOM YCTPOEH aHAJOTHYHO COJTHEYHON CUCTeMe: JIETKUe JIEKTPOHbI JIBUKY TCS
1o opOUTaM BOKPYT MACCHUBHOI'O sjIpa IOJO0OHO TOMY, KaK ILJIAHETHI JIBUKYTCS BOKPYT
Cosnna. Cuiioit, yJiepKuBaroleii 37 1eKTPOHBI Ha OPOUTAX, ABJISAETCA CUIa KYJIOHOBCKOTO
NpUTSKEeHUS sjpa. Ha mepBwIil B3MIA Takad “TIIaHeTapHas MOJIE/Ih  KayKeTCs BeChbMa

1CumBoIOM € Beszie 0003HAYACTCS NOAOHCUMENLHDIT aJIeMeHTapHbI 3apam e = 1,602 -
10~ Y9 K.
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[IPUBJIEKATETHLHO: OHA HATJISITHA, ITPOCTA M BIIOJTHE COIIACYETCS C SKCIIEPUMEHTATbHBI-
Mu pesysibraramu Pesepdopia. Bosiee Toro, na ocrose 3Toit Mojie/in JIETKO OIEHUTH
SHEPTUI0 MOHUBAINNA aTOMa BOJOPO/a, COJEPIKAINEro BCEro OfuH 31eKTpoH. OleHKa
JlaeT HEILJIOXOe COTJIACHE C SKCIEPUMEHTAJIHHBIM 3HAUYeHneM dHeprun noHusanuu. K co-
JKAJICHUIO, TIOHUMaeMasi OyKBaJIbHO, IJIAHETAPHAs MOJEIb aTOMa MMEeT HEeIpPUATHBIHI
HeJIocTaToK. Jlemo B ToOM, UTO ¢ TOYKHU 3PEHUs KJIACCUIECKON JICKTPOJIMHAMUKHU Ta-
KOl aTOM TPOCTO HE MOYKET CYIIECTBOBATL; OH Hecmabuser. [IpuanHa 3Toro J10BOJIHLHO
MPOCTa: JIEKTPOH JIBUKETCH 110 opouTe ¢ ycKkopenueM. Jlaxke ecyim BeJIMInHA CKOPOCTU
9JIEKTPOHA He MEHSEeTCs, BCe DABHO €CThb YCKODEHUe, HAIPABIEHHOE K APy (HOPMasIb-
HOe WM “TieHTpocTpeMuTeabHoe” yckopenue). Ho, Kak yzKe oTMevasioch BBIIIe, 3apsil,
JIBIZKYIIUANCS C YCKOPEHUEM, JIOJI?KEH U3JIyIaTh 3JIeKTPOMATHUTHBIE BOJTHBI. DTU BOJTHBI
YHOCAT SHEPrUIo, MOITOMY SHeprus 3JIeKTpoHa yObIBaeT. Pajmyc ero opOMTHl yMeHb-
MaeTcd W B KOHIIE KOHITOB 3JIEKTPOH JIOJIZKEH yIACTh Ha s7po. lIpocTble Berauciaenus,
KOTOPBbIE MbI He OyJIeM IIPUBO/IUTD, ITOKA3BIBAIOT, UYTO XapaKTEPHOE “BPeMsl KU3HU JICK-
TpoHa Ha opbute cocrapider npuMepHo 107° cekynia. Taxkum o6pazoM, KaaccumuecKas
dusmnka He crocobHa 0ObICHUTH YCTONIUBOCTH aTOMOB.

[IpuBenenHble TPUMEPHI HE MCYEPIIBIBAIOT BCEX TPY/IHOCTEl, ¢ KOTOPBIMHA BCTPETHU-
Jach Kiaccumieckas dusuka na pydeke XIX m XX Bekon. [lpyrue spiienus, rje ee
BBIBOJIbI ITPOTUBOPEYUT IKCIEPUMEHTY, MbI PACCMOTPHUM II03Ke, KOTJia OyJIeT pa3BHUT
arrapar KBaHTOBOI MEeXaHUKHU M Mbl CMOYKEM Cpa3y Ke JIaTh MPaBUJIbHOE 00bICHEHHE.
[TocTerteHHO HaKAILUIMBASCH, TPOTUBOPEUNS MEYKJLy TeOpUell M SKCIIePUMEHTATbHBIMU
JIAHHBIME ITPUBEJIM K OCO3HAHUIO TOI'O, YTO C KJIACCUYIECKOW (DU3UKOIT “He BCe B MOPSI-
K€" ¥ HeOOXOIUMbI COBEPIIIEHHO HOBbIE WJIEH.

1.2. T'mnore3a Ilinanka o KBaHTOBaHUM dHEPInM OCIMNJIJIATOPA

B nekabpe 2000 roma nCmoJIHIIOCH CTO JIeT KBAHTOBOM TEOPHUHU. IDTY JATY CBI3bIBA-
10T ¢ paboroit Makca [Lanka, B KOTOPOit OH TIPE/IJIOKUIT PelieHre MpodIeMbl PABHOBEC-
HOT'O TerjoBoro uasydenns. [[yst npocrorsr [l1ank BeIOpas B KaduecTBe MOJIE/N Bellle-
crBa creHoK mosioctu (em. Puc. 1.1.) cucremy 3apsizKeHHBIX OCIUJISITOPOB, T. €. YaCTHIL,
CIIOCOOHBIX COBEPIIATH FAPMOHUYIECKIE KOJIEOaHMs OKOJIO TIOJIOYKEeHUsT paBHOBecust. Fe-
JIM W — COOCTBEHHAS YacTOTa KOJeDaHUl OCIUJLISTOPa, TO OH CIIOCOOEH W3/IydaTb U
HOTJIONIATh SJIEKTPOMATHUTHBIE BOJIHBI TOH 2Ke dacToThl. llycTh creHkm mosoctu Ha
Puc. 1.1. comepKaT OCIILISITOPBI CO BCEBO3MOXKHBIMU COOCTBEHHBIMU dacToTaMu. 1o-
r/1a, MOCJIe YCTAHOBJIEHUS TEIJIOBOIO PABHOBECHUS, CPE/IHsIS SHEPIUsl, TPUXO/IAIIAACT Ha
9JIEKTPOMArHUTHYIO BOJIHY C YaCTOTON W, JOJI?KHA OBITH paBHA CPEJIHEN SHEPTUH OCIHI-
aaropa (E), ¢ Toit ke coOCTBEHHON dacToToil Kosiebanuii. Bermomunast paccy K ieHust,
IIpuBeJcHHbIEC Ha CTP. 5, 3allnieM PaBHOBECHYIO CIIEKTPaJIbHad IIJIOTHOCTL U3JIy9C€HUA
B TAKOM BHJIE:

w2

Nrak, 3a/ja49a CBOJAMTCS K BBIUYUCJIEHUIO CPEJHEN SHEPIUM OCIULIATOPa B TEILJIOBOM
paBHOBecun npu temieparype 1'. Ilmank 3aMeTnsi, 9TO MOXKHO MOJYYIUTH (DYHKITHIO
u,,, KOTOpas coryacyercsi ¢ skcrepuMenToM (cm. Puc. 1.2.); ecin mpenosoRuTh, 9To
SHEPIUsi OCIUILIATOPa F MOXKeT NPpUHUMATH He JII00ble 3HaYeHUsI, KaK B KJIACCHIECKO

MexXaHnKe, a JINIIL 3HAaMeHNs, KPaTHbe HeKOTOPOMY KBAHTY Heprum' ¢:

E = ne, n=20,1,2,.... (1.5)

'Ha naTeian cioBo “quantum” 6yKBaabHO O3Ha4aeT “nopums’ wim “Kycok .
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B ¢BO0O 0OUepesib, KBAHT SHEPIUH MPOIOPIMOHATIEH TaCTOTe OCIAIIIATODA:
€ =huw, (1.6)

rie h tenepb HasbiBaeTcd mocTtossHHON llmaHka u cuurTaercd ofHON M3 dyHIAMEH-
TaJIBbHBIX MUPOBBIX IMOCTOSHHBIX. 1[0 cOBpeMeHHBIM JaHHBIM OHA PaBHA

h 2 1,0545887 - 1073 [Ix - c. (1.7)

HekoTopbie J1io/in TpeIoInTaoT UCIOJIL30BATh BMECTO ITUKJIMYECKON 4acTOThI W TaK
Ha3bIBAEMYIO JINHEHYI0 JacToTy vV = w/27, KoTopas paBHa YHCITy KoJeOaHWil 3a ce-
kyHay. Torma Beipakenue (1.6) st KBaHTa SHEPIUU MOYKHO 3allUCaTh B BUJIE

e=hv. (1.8)

Bemmamna h = 27h = 6,626176 - 1073* ]Ik - ¢ Takzke nasbIBaeTcs mocrognnoil Ilmankal.
Vcxo/1s U3 TIPEIIIOI0KEHNS O KBAHTOBAHIN SHEPTUH OCIMILIATOPA, 1IJIaHK Oy IrII
JJIA CHeKTpaﬂbHOﬁ IJIOTHOCTHU PaBHOBECHOI'O U3JIyYeHUsd CJIEYIOIee Bblpa}KeHI/IGQZ

w? hw
Yo = 123 GhelkeT _ 1 (1.9)

B obsactu mHuskux dacror (hw < kgT') dopmyna [lianka npakTudeckn COBIIQIAET C
dbopmyoit Penes-/Txunca (1.3), a nHa Beicokux dacrorax (hw > kpT') cruekrpaibHas
IJIOTHOCTD M3JIy9YeHUsi, B COOTBETCTBUU C IKCIIEPUMEHTOM, OBICTPO CTPEMHUTC K HYJIIO.

1.3. T'mmore3a DitHNITETHA 0 KBAHTAX 3JIEKTPOMATHUTHOTO TIOJIS

Xorg runore3a [l1anka o KBAHTOBAHUU SHEPIUM OCIUJLISTOPA ‘HE BIMCHIBACT-
¢’ B KJIACCUYECKYI0 MEXaHUKY, €e MOXKHO OBLIO TPAKTOBATH B TOM CMBIC/IE, HTO,
[IO-BUJIUMOMY, MeXaHU3M B3aMMOJIEHCTBUASA CBETa C BEIIECTBOM TaKOB, YTO SHEPrUs
U3JIyIeHNs TOTJIOMIAETC s M UCIIYCKAETCsl TOJIBKO HMOPIUSIMU, BEJIMINHA KOTOPBIX TAeTCs
dbopmymoii (1.5). B 1900 romy o crpoeHnu aToMOB HPAKTHYECKH HUYEr0 HE OBbLIO
HU3BECTHO, II09TOMY caMa 110 cebe rumore3a llnamka erie He o3Havasa IMMOJHBIA OTKa3
OT KJACCHYECKHX 3aKOHOB. bDoJjiee pajuKaJbHYIO TuUiorely BbicKazasa B 1905 romay
Anbbepr DitHInTeitH. AHAIU3UPYs 3aKOHOMEPHOCTH (oTodddeKTa, OH MOKa3as, 9To
BCE OHHU €CTECTBEHHBIM 00pa3oM OObSICHSIIOTCH, €CJIU IPUHATD, ITO CBET OIPE/IeJIEHHON
YaCTOTHI W COCTOUT U3 OTJIEJBHBIX JacTHIl ((POTOHOB), 00JIAIAIONNX SHEPrHeii

Ey =hw |, (1.10)

U 9TO TIPU B3AUMOJICHICTBUU C BEIIECTBOM MOI'YT MOIVIOMATHCS U H3JIy9IaThCs JIAIID TIe-

sble oTonbl. Torja /iyid MakCuMaJIbHON KUHeTHIecKoil sneprun F._ . hOoT03/IeKTPOHOB
nojrydaercs popMmyia

EKI/IH = hw - ABBIX’ (1'11)

'Mnorma, 9To0bI IOMYEPKHYTh, Kakas HMEHHO IOCTOossHHasA Ilnanka umeercs B BuLy, i Ha-
3BIBAIOT ‘‘TiepedepKHyTOl nocTrosinnoit [lanka’”.
2Tenepn 3T0 BhIpazkeHue HasbiBaeTca popmysioi Ilinanka.
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rjie A, — paboTa BBIXO/Ia, T. €. SHEPrus, HeOOXOMMast JJIs IIPEOJIOIEHNS CILIL, Y/ePIKHI-
BAIONHX 3JEKTPOH B BemecTBe'. 3aBucHMOCTL HePrun (hOTO3JIEKTPOHOB OT YaCTOTHI
cBeta, ommchbiBaemasi (opmysoii (1.11), mpeKpacHO COrIacoBbIBAJIACH C SKCIIEPUMEH-
TaJbHOI 3aBUCUMOCTBIO, IPUYEM BeJTnauHa h B 910l hopMmysie OKazaaach O9eHb OJIU3KA
K 3Hadenno (1.7). OrMernm, 4To, HPUHSB TUIOTE3Y (POTOHOB, MOYKHO OBLIO OObSICHUTE
1 3aKOHOMEPHOCTH PABHOBECHOTO TEILJIOBOTO m3jydeHusi. JleficTBuTebHO, MOTIONTE-
HUE U U3JIy9eHUe BEIeCTBOM SHEPIUN 3JIEKTPOMATHUTHOIO TOJIA ITPOUCXOINT KBaHTaAMU
hw moToMy, 9TO TOIJIOMIAIOTCH U UCITYCKAIOTCS OTIAE/IbHbIE (DOTOHBI, UMEIOIINEe UMEHHO
TaKyIO SHEPTHIO.

1.4. WNwmnynabc doToHa

Bsenenne npeacrasienns o GpOTOHAX B KAKOW-TO CTEIEHN BO3POXKIAIO KOPIIYCKY-
JIApHYIO Teopuio cBeta. To, uro ¢poToH — “HacTosImas YacTUIlA, MOJITBEPXK/IaeT aHa-
3 3pdekra Kommnrona. C Toukm 3peHns GOTOHHON TEOPUHU paccesiHie PeHTTeHOB-
CKUX quef/l MOZKHO IIpeACTaBUTh KaK WHAWBUAYaJbHBIC aKTbI CTOJIKHOBEHU CbOTOHOB
¢ anekrporamu (cM. Puc. 1.3.), B KOTOPBIX JIOJIZKHBI BBITIOJHATHCS 3aKOHBI COXPAHEHUs
QHEPIur U UMILYyJIbCA.

3aKoH cOXpaHeHHUs SHEPIUH B 9TOM IIPOIIECCe
UMeeT BHU/I

Ey+E,,=Ey,+ E],, (1.12) ;

rne Ey n E,, — sHadenus sueprun poTona u
9JIEKTPOHA JI0 CTOJKHOBEHUS, a IMITPUXOBAHHbLIE
BEJIMYMHBI OTHOCATCS K YACTUIAM ITOCJIE CTOJIK-
HOBEHUS.

B sddexkre Kommrona 371eKTpoHBI IOCIIE
CTOJIKHOBEHHSI ~ JIBUZKYTCA  CO  CKOPOCTSIMH,
COU3MEPUMBIMHA CO CKOPOCTHIO CBETA, IOITOMY
BbIpajkKeHue JijIsd SHEPIHH SJIEKTPOHA HYXKHO Puc. 1.3.
OpaTh B PEJSTUBUCTCKOM BHUJIE, T. €.

E,, =m.,c* E. = \/m2c*+ p*c?, (1.13)

rJie p — BEeJIMUUHA UMIIYJIbCA JIEKTPOHA II0CJIe CTOIKHOBEHHSA ¢ (DOTOHOM, & 1M, — Macca
9JIEKTPOHA. 3aKOH COXpaHeHWs SHeprun B 3 derre KoMmmTona BBITIISINT Tak:

hw+m,c® = ho' + /m2c* + p2c2. (1.14)

Mezk 1y podnM, OTCIO/Ia Cpa3y BUIHO, UTO w' < w; 3TO HADIIOIAETCS U B SKCIIEPUMEHTE.

Yrobbl 3ammcaTh 3aKOH coxpaHenus umirysabca B 3ddekre Komnrona, neodxomumo
HAWTHU BhIpayKEHUE JIJI UMITYJIbca (POTOHA. DTO MOYKHO CJI€JIATh HA OCHOBE CJIEJTYIOIIIX
MPOCTBIX paccyKaeanii. POTOH Beer ia JIBUKETCs CO CKOPOCTHIO CBETa ¢, HO, KAK M3BECT-
HO W3 T€OPUU OTHOCHUTE/HHOCTH, YaCTUIIA, JBUKYIIAACH CO CKOPOCTBIO CBETa, JIOJIKHA
UMETb HYJIEBYIO Maccy. TakuM oOpa3om, n3 oOIIero BBIPAXKEHUS JIJIsd PEIATUBUCTCKON

sweprun E = /m?2c* + p?c? ciejyer, 4To SHEPrust U UMILYJIhC (DOTOHA CBSI3aHBI COOT-
HomenneM E = pe. Benomuuas dopmyiy (1.10), momygaem
hw
Py = —. (1.15)

C

Momuepkuem, uro B dopmyne (1.11) E. .. — MmaxcumasvHas SHEPrusi SJEKTPOHOB, Tak
KaK HEKOTOPbIE 3JIEKTPOHBI MOTYT OTJATh YACTh YHEPIUHU, MOJIYUEHHON oT (DOTOHA, JAPYyrUM
YACTUIAM BEIEeCTBA.
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DTO BBIpaXKeHNEe JacTO 3alMChIBaeTCA B ApyToit popme. U3 31eKTPOIMHAMIKI N3BECT-
HO, 9TO JIJIs CBeTa w = 2mc/ A\, rjie A — jyinHa BoJIHbL. [losromy

2mh

Bgesiem BOJTHOBOIT BEKTOP k, KOTOPBIil HAIIPABJIEH B CTOPOHY PACIPOCTPAHEHUS JJIEK-
TPOMArHUTHOTO U3JydeHust u umeer seuanny’ k = 27 /. Torma us (1.16) cuenyer
BbIpayKeHune JJIsl UMITy/Ibca POTOHA

Py = hk. (1.17)

Temnepnb 3akoH coxpaHeHusI UMITyJIbca B 3 dexTe KoMmTona MO:KHO 3alucaTh B BUJIE
hk =hk'+p. (1.18)

Pemtenne cucremsr ypasuennit (1.12) u (1.18), KoTopoe MBI OCTaBJIsIeM THTATEIO (CM.
yupaxkuenne 1.2.), IpuBOIUT K ciedyiomeil (opMyte i N3MEHEHUs JJINHBI BOJIHBI
paccegnnoro uziaydenusd A\ = N — \:

AN = Ao (1 —cos?), (1.19)

rie ¥ — yroJ paccesHus, mokasaHubiil Ha Puc. 1.3. Bemmauna
Ao = — (1.20)

HA3bIBACTCsI KOMIITOHOBCKOM JIJIMHOM BOJIHBI YaCTHUIIbI (MaCChl M), Ha KOTOPOU IPO-
HCXOJIUT paccestnue uzaydenus. Ecmu m = m, = 0,911 - 10739 kr — macca ssekTpona,
TO A\ = 0,0243 - 107 M. PesynbraTel msmepennit A\, mposeeHHbIX KoMmmToHOM, a
3aT€M MHOTHUMU JIPYTUMU SKCIEPUMEHTATOPAMU, MOJTHOCTHIO COTVIACYIOTCS C IPEJICKa-
sanugmu dopmyisl (1.19), npudem 3Hadenue mocrosiauoil [limanka, KoTopas BXOAUT B
Boipazkenne (1.20), coBmajiaer co 3HAYEHUIMHU, TOJIYIEHHBIME U3 SKCIEPUMEHTOB IO
PaBHOBECHOMY TEILJIOBOMY U3JIy4YEHUIO U POTOIPDEKTY.

[Tocsie nosiBiernst (pOTOHHOM TEOPHUHU CBETA M €€ yCIIEXOB B OObICHEHUN PsJIa siBJIe-
HUil BO3HUKJIa CTpaHHas cuTyalus. B camom jese, mompodbyeM OTBETUTH Ha BOIPOC:
10 ke Takoe ceer! C oaHOIT cTopoHbI, B hoToadderTe n 3dpdexre Kommnrona ox Beger
cebst KaK TOTOK wacmut, — (pOTOHOB, HO, C JIPYTOil CTOPOHBI, sIBJICHUS WHTEPMEPEHITNN
u udpakKIiuu CTOJIb YKe YIOPHO MOKA3bIBAIOT, UYTO CBET — 3JIEKTPOMATHUTHBIE GO4HbL.
Ha ocnoBe “MakpoCKOINYeCKOro” ONBITa MbI 3HAEM, YTO YaCTHUIA — 3TO OOBEKT,
UMEIOIIIH KOHEUHbIE Pa3sMephl U JBUKYIIUHCS 110 OIIPE/IeJIEHHON TPAeKTOPUH, a BOJIHA
3aII0JIHAET 00JIACTb IIPOCTPAHCTBA, T. €. dBJIIETCd HENPEPBIBHBIM 00bekToM. Kak coB-
MECTHUTh 9TH JIBE B3aUMHO HCKJIIOYAIOINIUE TOUYKH 3PEHUs HA OJHY U Ty K€ (PU3UIECKYIO
peasibHOCTh — 3JieKTpoMarauTHoe uzsnydenue? [lapajoke “Bosna—vactuna”’ (wim, Kak
[PEJIIOYUTAIOT TOBOPUTH (DIIIOCOMBI, KOPIIYCKYJISIPHO-BOJHOBOU Iyan3m) s
cBeTa ObLIT 00bSICHEH JIMIb B KBAHTOBON MexaHuKe. Mbl BepHeMcs K HEMY IIOCJIe TOTO,
KaK ITO3HAKOMUMCS C OCHOBAMU ITON HAYKH.

1HaHOMHI/IM, 9TO MOJYJIb BOJTHOBOI'O BEKTOPa Ha3bIBACTCA BOJTHOBBIM YHCJIOM.
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YnpakHeHUsI

1.1. Ucnonp3yst dbopmyny Diirmreiina (1.11), oObsicHUTH CcyliecTBOBaHNE KPaCHO
I'PAHUIEL W, ;. Id horodddeKrTa. Bripazurs w, ;, 9epe3 paboTy BBIXOJa 3JIEeKTPOHA U3
BEIEeCTBA.

1.2. Beisectu Boipazkenue (1.19) 1j1st n3MeHeHUsT JUIMHBI BOJIHBI U3JIy9eHUs B -
dekre Kommrona.

Yxazanue: Paznenus paserctso (1.14) Ha ¢ 1 HCIOIB3YS COOTHOIICHIE MEXK/LY BOJI-
HOBBIM 9IHCJIOM U dacToToii (k = w/c), 3amuiem

VpE+m2c2 =h(k—Fk)+m.c.

[Tocie Bo3BeIeHNs B KBaIpaT 00eux YacTell, oJIydnM
p* =1 (K* + k'* — 2kK') + 2hm c(k — k') . (1.21)

Ksajpar nmiry/ibca 9/1eKTpoHa MOXKHO Takzke Haiitu u3 (1.18):
N 5N\ 2
=R (k _ k:’) — 12 (K? + K2 — 2Kk cos) | (1.22)

rje ¥ — yrous paccesinus, nokazauubiii Ha Puc. 1.3. Ilpupasugas npaseie qactu (1.21)
u (1.22), npuxomum K paBeHCTBY

myc(k— k') =hkk' (1 — cos?).

Ocraercst yMHOXKHUTD 9TO PABEHCTBO Ha 27, pasjejurb Ha m ckk’ u nepeiitu or BoJHO-
BBIX UHCes K JyimHaM BOJH (27 /k = \).

2. KBanHTOBaHUMe 3Heprum aromMa. BoJiHOBbIE CBOIicTBa
MUKPOYaCTHUI]

2.1. Teopusa aroma Bopa

[Ipexkie dem repeiTu HEeoCPEICTBEHHO K M3YUEeHUIO KBAHTOBON MEXaHUKU B €€ CO-
BPEMEHHOM BHJI€, MbI KPATKO OOCYIUM IIEPBYIO IONBITKY MPUMEHUTH uieio Ilmanka o
KBaHTOBaHHUU K IIpOOJIEeMe CTPOEHHSI aToMa. Pedb 1moiiaer o Teopuu aroMa, Ipe I I0sKeH-
noit B 1913 roxy Huibcom Bopom. OcnoBhas 11e/ib, KOTOPYIO cTaBuI Hepei coboit bop,
COCTOsIJIa B TOM, UTOOBI OObACHUTH YJIUBUTEILHO IIPOCTYIO 3aKOHOMEPHOCTH B CIIEKTPE
U3JIyYeHnus aToMa BOJOPoja, KoTopyio ccdhopmysmposas Puri B 1908 rogay B Bujie Tak
Ha3bIBAEMOr0 KOMOMHAIIMOHHOTO npuHIuiia. CorjiacHO 9TOMY HPHUHITAILY, 9acTOThI
eécexr JINHUI B CIEKTPE BOJIOPO/Ia MOYKHO IIPEJICTABUTh KaK Pa3HOCTH HEKOTOPBIX BEJIH-
qur T'(n) (“repMoB”), MOC/IEI0BATEIBHOCTH KOTOPBIX BBIPAYKAETCS Yepe3 TejIble TnC/Ia;

R

T(n)zﬁ, n=123,... (2.1)

Besmunna R nasbiBaeTcs mocTostHHOM Puabepra (B decThb 1IBEICKOTO ONTHKA Puji-
Gepra) u, 1O COBDEMEHHBIM JAHHBIM, DaBHA

R = 2,0670687 - 10'%c™*, (2.2)
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YacToTh! JIUHUI B CIIEKTPE BOJOPOJIA OIPEICTIIIOTC (POPMYIoit

1 1
w=Tn)—Tny) =R|—5——=5 |, n,=1,2,..., ny>n,. (2.3)
ny Ny

DTy 3aKOHOMEPHOCTH JIJIsl YeThIpeX JIMHWN B BHIUMON 0bjacTh crekrpa (mpu n, = 2,
ny = 3,4,5,6) eme B 1885 roay naresn Bajbmep — yunressb cpejineii mkosbl B Basele.
B ero gectsb dhopmyia (2.3) 6puia HazBana 0bobieHHOM dopmysioit Basbmepa.

CyTtb Teopun Bopa i1t aToma BOIOPOa COCTOUT B CjeayonieM. Bo-TiepBbIx, aTom
omnuchiBaeTcs “mianerapHoii’ mojenbio Pesepdopaa. Bo-BTophIx, gBr2KeHne 3JIEKTPOHA,
110 OpOHUTEe MOMUUHSIETCsT KJIacCHIecKoMy BTopomy 3akoHy Hpiorona. Ilockobky cu-
J1a, JIeHCTBYIOINIast Ha 3JIEKTPOH, 9TO KYJOHOBCKAS CUJIA MPUTIKEHHUS K MOJIOKUTETHHO
3apAKEHHOMY /Py, YPAaBHEHUE JIBUZKEHUS SJIEKTPOHA UMEET BUJL

v? e?

m,—=-— (2.4)

“r dmegr?’

rjie m, — Macca JeKTPOHa, ' — PaJyc KPYroBoil OPOUTHI, U — CKOPOCTH JIEKTPOHA
Ha opbuTe, £, — 3JIEeKTpUUecKad nocroguHasg B cucreMe exaunurn CI. IToka Bce coor-
BETCTBYeT KJIACCUYIECKON MexaHuKe. Hcym u jiasbiie cjieoBaTh JOMUKe KJIacCHIeCKO
GusnUKH, TO, KaK y7Ke OTMEYIAIOCH, MBI IPUJIEM K 3aKJIIOUEHUIO, UTO JIBUKEHUE 3JIEKTPO-
Ha 110 OpOuTe sIBJISIETCS HEYCTONYUBBIM M3-3a IOTEPU SHEPIrUH Ha usjydeHue. IToObl
oboiiTu 3Ty 1podseMmy, Bop npuHuMaeT JBa Mpe o0 KeHHS:

a) B ruanerapHoii Mojiesin BOSMOXKHBI HE BCe OPOUTHI, a JIUIh HEKOTOPbIe “paspe-
nreHHble OpOUTEI’. JIJIs HUX MOMEHT UMILyJIbCa 3JI€KTPOHA L = m Ur UMeeT 3HAYECHHUH,
KpaTHbIe TocTossHHOM [Lmanka h:

L =nh, n=12... yCJIOBE€ KBAHTOBAHUSI. (2.5)

Haxojisich Ha “paspernieHHbIX opbuTax’, 9JIEKTPOH HE M3JIyvaeT, HeCMOTPSA Ha TO, 9TO
JIBUKETCS C YCKOPEHHEM.

6) Usryuenne nponucxo Ut B pe3ysbrare “KBAHTOBOIO CKadka’ (W “KBAHTOBOIO Tie-
pexoza”) ssieKTpoHa ¢ “Bbiciieil” opouThl Ha “Husiryto’. [Ipu 5TOM 37€KTPOH HCIyCcKaeT
onun doton. Eciim 0603HAYNTH 3HAYEHUs] SHEPIUU JIEKTPOHA Ha BBICIIEH W HUIIIEH
opbutax depe3 £, u L, , TO 4acTOTa UCIIyCKAeMOI'O CBETa W OIpPeJe/IAeTCd 3aKOHOM

2 1

COXpaHeHUd dHEPIruun:

hw=E, —E,. (2.6)

n

[Torsromenne cBera 3JeKTPOHOM IIPOMCXOIUT B PE3yJIbTaTe KBAHTOBOI'O IIEPEX0/a ¢ HI3-
meit paspenieHHoil OpoOUTHI Ha BBICIIYIO.

HByx ypasuenwuii (2.4) u (2.5) mocTtaTodHO, ITOOBI BBHIYUCIUTH 3HAYEHUS] SHEPTUU
9JIEKTPOHA Ha, Pa3pPelieHHbIX opouTax u 3areM 1o dopmysie (2.6) HAHTH CIEKTp H3JTy-
JeHusi aTroMa BoJopoa. IIpexkie Beero, pemast ypasuenust (2.4) u (2.5) oTHOCHTEIBHO
pajmyca 7, OpOHTBI ¢ HOMEPOM 1 U CKOPOCTHU 3JIEKTPOHA v, Ha 9Toil opbute (MaTeMa-
THYECKHEe TPeobPa30BAHIs OCTABIISIEM YUTATEIO0 B KAYeCTBE YIIPAKHEHNU ), Oy IaeM

4rre,h? h 1 e
r, =n? 0 v, =N = ‘ (2.7)

2 7 o :
m.e m,r, n 4mesh
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DHeprus JIEKTPOHA Ha OpOUTE pajnmyca I CKIaIbIBACTC M3 KHHETUIECKON W TTOTeHIH-

aJIbHOU SHEPIruii, T.e.

m v? e?

F=—F— 2.8
2 dmeyr (28)

Bropoit wiien ecTh oTeHIUAIbHAS SHEPTUS JIEKTPOHA B KYJIOHOBCKOM TI0JIE s1Jipa, KO-
TOPOE IPUHUMAETCS 38 TOYeUHBbIi 3aps. [lojcrasiss B (2.8) 3Hauenus r = r, v = v,),
HaXO/IMM SHEPTHUIO 3JICKTPOHA Ha Pa3peleHHoil opouTe ¢ HOMEPOM N

P 1 e2 \* m, (2.9)
" 2 \dme, ) 2h2° '

Dra Gopmysna — riaBHoe jocTuKenue Teopun bopa. Benomunas yciosue (2.6) u uc-
noJib3ys Bbipazkernue (2.9), cpasy xe nosydaem 0600mieHnyo Gopmyiry Baabmepa (2.3)
JUIS JIMHUE B CHEKTpe BOJOPOJA, IIPUYeM Telepb JjIs MOCTOAHHOM Puabepra mveem

dBHOE Bpra}KeHI/Ie
2 \?*m
R = ., 2.10
(47r50 ) 2h3 (2.10)

[Tocrosinnast Pujidepra, BbIUMC/IEHHAs 110 9TOW (opMyJie, OKa3bIBACTCHd Y/IMBUTEIHHO
OJIM3KOIT K 9KCIIEPUMEHTAIBLHOMY 3HAUYEHHIO (2.2).

Teopust Bopa chirpajia BayKHYIO POJib B Pa3BUTUM KBAaHTOBBIX Hjeil. Bo-mepBbix,
OHa JlaJla Ka4eCTBEHHOE IPEJICTABICHIEe O MeXaHU3Me M3JIydeHus cera aromamu. I3-
JIyI€HUe MPOUCXOIUT HE MPH JIBHKEHUU IJEKTPOHA BOKPYT dJipa, & IPHU ‘KBAHTOBBIX
nepexojiax’ JIEKTPOHA U3 OJHOTO pa3peIeHHOr0 COCTOAHMSA B Jipyroe. Bo-BTOpBIX, 3Ta
TEOPHs JI0 HEKOTOPOil CcTereHn O0bsCHUIA YCTOWYIMBOCTH aTOMa. DJIEKTPOH B aTOMe
BOJIOPOJIa HE TaJIaeT Ha siJIpO MOTOMY, YTO €r0 SHEPrus He MOYKET CTaTh MEHBIIe, YeM
MHUHIMaJIbHASA BO3MOXKHAs Heprus (2.9):

E.. =E, = —hR. (2.11)

Cocrosinue aTomMa ¢ MUHUMAJIBHON BO3MOXKHOW SHEpPrueil NpuHATO Ha3bIBATh OCHOB-
HBbIM COCTOsIHHEM. B 3TOM COCTOSTHUN HAXOIUTCsS HEBO30Y2KIEHHBI aTOM. 3aMEeTHM,
4To B Teopun bopa Be/mmanHa

|E

min

| = hR ~ 13,6 3B (2.12)
eCTb JHepeus UOHU3AUUU amoma 6000poda, HAXONSAIMIEroCad B OCHOBHOM COCTOSHHUM!.
DKcrepuMenTaabHble U3MEPEHNst SHEPrud MOHU3AIUKN JIal0T PE3YJIbTAThl, OJIU3KHE K
snadennio (2.12). Hakonern, pajmyc paspereHnoit opoutsl ¢ n = 1

Arre h?
rp=—>-=0,529-10"""m=0,529A, (2.13)
m,e
B JaJibHeieM Oy/IeT 9acTO MCIOJIb30BAThCS BHECUCTEMHAs €IUHUIE, SHEPIUA — IA€kK-

mponsoavm (3B). Hamomuum, uro 13B ~ 1,6 - 1071 k.
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KOTOPBI# Ha3bIBACTCI DOPOBCKUM PAJJUYCOM, OIPEJIEIsIeT pasMep aToMa BOIOPOJIA.
K momenty cozmanust reopun bopa u3 uzmepenniit Ko UIMEHTOB TEILIONPOBOIHOCTI
U BI3KOCTHU ra3000pa3HOro BOJAOPOIa y2Ke ObLIN MOJTyYeHbI OTICHKHU JIJId paJinyca aToMa
Bojioposia. OHHU JaBaju BeMIUHBL, Oyin3kue K (2.13).

Teoputo Bopa jierko 0600mMuUTh Ha CIydail TaK HAa3bIBAEMbBIX BOAOPOI0MOT00HBIX
aTOMOB, T.€. aTOMOB, COJIEPKAIIIX BCErO OJUH JIEKTPOH. Kpome cobcTBeHHO aToMa
BOJIOPOJIA, K HIM OTHOCSATCSI HOHBI JIPYTUX aTOMOB, HAIIPUMED, OJHOKPATHO HOHU30BAH-
merit atom remua He', nsykparno monmsosammbril atom jmtud LitT u .. Ecm Z
— HOPSAKOBBIH HOMED BOJIOPOJIONOI00HOTO aroMa B Tabiuie Meneneesal, To 3aps
sipa TaKOro aroMa paseH () = Ze. Jlerko cooOpa3uTh, 9TO BO BCEX NMPUBEICHHBIX BbI-
me dpopMyJIax, OTHOCAIIUXCA K aTOMY BOJOPOJa, HY:KHO IIPOCTO 3aMeHUTh €2 Ha Ze?.
Hanpuwmep, dbopmyna (2.9) s ypoBHEH SHEPIUK 3JIEKTPOHA B CIyUae TPOU3BOJIBLHOIO
BOJOPOJIOIIOA00HOTO aTOMa, IPUHUMAET BT

E =77 h—f. (2.14)
n

ITocsie nosiBiienus Teopun Bopa ObLIN npealIpuHdATbBl MHOTI'OYHCJ/IEHHBIE ITOIIBITKMI
YCOBEPHICHCTBOBATDL 9Ty TEOPUIO TakK, 4TOODLI €€ MOYKHO OBLIO IIPUMCEHUTL K aTOMaM C
HECKOJIbKIMM 3JIEKTPOHAMM, K MOJIEKYJIaM 1 K ApyruM dpusndeckum cucreMam. OTHAKO
JIeJI0 He IO JIaJIbIle, YeM U300peTeHne (c IIepeMeHHbBIM yCHeXOM) CHEINAJIBHBIX PeIlel-
TOB KBAHTOBAHUA JIJId KaXKJI0U OTIEJIbHON CUCTEMBI. CﬂeﬂyeT OTMETUTh, 4YTO caMa II0
cebe Teopust Bopa gBHO Jiormdecku He 3aBepiiieHa. /JleficTBuTe/ibHO, B Heil ypaBHEHUs
JABHU2KEHNA TaCTHUI] 6epyTCH N3 KJacCU4ecKoil MeXaHUKU U BBOJUTCA JOIIOJIHUTEJIBHOE
yCJI0BUE€ KBaHTOBAaHNA (2.5), KOTOpOE MPOTHUBOPEYUT KJIACCHIECKON Mexanuke. Jlasbine
MBI YBUJIUM, 9TO yCIIEX TeOpUU bBopa B pacdere ypoBHEH SHEPruu 3JIEKTPOHA B BO-
,ZLOpO,ZLOHO,ZLO6HOM aTOMe ABJIAETCdA, B 3HAYUTEJIbHON CTEIICHH, C.Hy‘IaI“/'IHI;.Il\l7 IIO3TOMY B
HacTosIIee BpeMs Teopusd bopa mpejicTaB/isieT TOJBKO NCTOPUIECKHIT HHTEpeC.

2.2. T'mmore3a ge-Bpoiijiss 0 BOJHOBBIX CBOMCTBaX YaCTHIL

[lepBbIit mar K cCOBpeMeHHO# KBaHTOBOI MeXaHuke ObLI cienan B 1923 romy moJio-
JbiM bpanity3ckuM dusukom Jlyn me-Bpoitiem. [lo amajiorum ¢ s/eKTpoMarHuTHBIM
U3JIydYeHreM, KOTOpoe BeJieT cebs M KaK COBOKYITHOCTH YacTUll — (DOTOHOB, M KaK BOJI-
Ha, Jle-Dpoilib IpemiionoKuil, YTO BOJHOBBIE CBOMCTBA MOTYT IPOSBJATH U JPyTHe
MaTepuaJbHble 0ObLEKTHI, KOTOPbIE JI0 TOTO BPEMEHN PACCMATPUBAINCH KAK HCTHHHBIE
YaCTUIIbI, HAIIPUMED, JIEKTPOHBI. /le-DBpoitib npeyioknii conocTaBuTh KaxKJI0i va-
CTUIIC BOJIHY, 4acTOTa U BOJIHOBOU BEKTOP KOTOPOIl CBA3aHbI C 9HEPIrUeil U UMILYJIbCOM
YaCTHIBl COOTHOIIEHUAMH, aHagornausiMu dpopmystam (1.10) u (1.17):

E=hw, p= hk dopmynbr ge-Bpoitis. (2.15)

Pabotry jie-Bpoitiss Hu B Koeil Mepe HeJib3s OBbLJIO CYUTATh 3aKOHYEHHOU Teopueit. [lo
CYIIIECTBY, €ro TUIOTe3a IMOCTaBUIa OOJIbINE BOIIPOCOB, Y€M JIaJia OTBETOB O IOBEJIEHUN
MHUKPOYaCTHIl. B 9acTHOCTH, HU BbIsICHEHUs (PU3UYECKOI TPUPOJIBI “BOJTH MaTepUu’, HA
YPaBHEHWI I STUX BOJH, T.€. UX JWHAMUKHU, — BCEro 3Toro y ne-bpoitna e ObLI0.

! Tna sogopona Z = 1, ana reqmsa Z = 2 U T. 1.
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Tem He MeHee, U3 runoTe3bl Jle-Bpoilyis cieoBan MpeIcKa3aHnst HOBBIX U HEOXKUIaH-
HbIX 3¢ dekToB. Kak uzsectHo, Hanbosiee BayKHOE CBONCTBO BOJIH — UX CIHOCOOHOCTD WH-
TepdepupoBaTh, TO €CTh YCHINBATH WX TACUTD JPYT JAPYTa IIPU HAJOKEHUH, WU, KAK
OOBIYHO TOBOPAT B (busmKe, Ipu cyrneprosunuu BogH. OJHUM U3 MPOSIBJIEHUN HHTEP-
depeniuu sgpisiercst audpakiys — orubaHue BoJHAMEI IpensTeTBuii. B To BpeMst yxke
nabsonanach audpakius PEeHTIeHOBCKNX JIydeil Ha KPHCTaJIax, KOTOPBIE MPeICTaB-
JIAIOT OO0 MOYTH njeanbuble TpeXMepHbIe JudPaKIMOHHbIE PEIIETKN. FEem oObranbie
JaCTUIIBl 00JIaJIAI0T BOJTHOBLIMK CBOWCTBAMMU, TO JIOJIKHA HAOIIOAATHCA U AudpaKIust
[Iy4YKa TAKUX JaCTUI] HA KPUCTAJLINIECKON perieTke. B omnbltax aHTIMACKUX (DU3MKOB
Hssuccona u xepmepa (1927 r.) u Tomcona (1928 r.) neiicTBuTebHO ObLIa OOHADY-
JKeHa audpakiys 3JeKTPOHOB Ha KPUCTAJIAX, IPUIEM JTMHA BOJIHBI, KOTOPYIO MOYXKHO
OBLIIO OIIPEJIE/IUTD U3 YCJIOBUH IUQPAKIIMOHHBIX MAKCUMYMOB, B TOYHOCTH COOTBETCTBO-
Basia dopmyiie je-Bpoiing A = 27h/p.

2.3. BouanoBag dbyHKIsI CBOOOIHON YaCTUIBI

Mp1 Tenepb 06Cy MM Ha UHTYUTUBHOM yPOBHE HEKOTODPBIE CJICJICTBUS U3 TMIIOTE3bI
ne-bpoitg. Takoe obcyzkjieHre HEOOXOIMMO JIJIsi TOTO, YTOOBI MOCTYJIaThl KBaAHTOBOM
MEXaHNKHU, KOTOpble OYIyT chOPMYIUPOBAHBI TI037Ke, KAa3aIuch 00Jiee eCTEeCTBEHHBIM.
Haunewm ¢ 3ameuanusi, 9ro jiobast BOJIHA OMUCHIBAETCS HEKOTOPOit (byHKIMi (BOTHOBOM
dbyukipeit), 3aBucsiieii or KOOPAUHAT U BpeMeHU. B oObIYHBIX BOJIHAX (KOJeOaHus
IIOBEPXHOCTH 2KMAKOCTU, 3BYK, IJICKTPOMalHUTHbBIC BOJIHbBI K1 T,ZL) CMBICJI BOJIHOBOI1
dyukIMu oueBujeH. Bojiee Toro, camMo 3HadeHue BOJIHOBOW (PYHKIIMU MOXKET ObITH
HEIIOCPEJICTBEHHO U3MEPEHO pubopamul (HapuMep, CMEIeHIe TIOBEPXHOCTH YKIUJIKOCTH
OT pABHOBECHsI WJIM W3MEHEHUe JaBJIeHHs B 3BYKOBOW BoJiHE). BosHOBYIO dyHKIHIO,
OTTUCHIBAIOILYIO BOJIHY Jie-Bpoiisist, mpunaTo o003HaYaTh rpeveckoit OyKBoit “ricn’”:

U(rt) = V(x,y,z,t).

BosHukaer ecrecTBeHHBI BOIPOC: KaKoil pu3ndeckuit cMbica uMeeT W 1 MOXKHO JI ee
HeIocpeAcTBeHHO u3MepuTh? [IpuBesieM mmpocThie cOOOpazKeHUsl, IOKA3BIBAIOIIUE, UTO
caMa BoJTHOBast (PyHKITHSI, OIIChIBAIOIIAsi BOJIHBI Je-Bpoiisis, He MoxKeT ObITh U3MEepeHa
B 9KCIIeprMeHTe (11K, KaK IPUHATO TOBOPUTH B KBAHTOBOI MeXaHUKe, BOJIHOBast (DyHK-
sl He sBJisierTcd “Habiionaemoil” Besmannoit). [pegcraBum cebe cBOOGOIHO JIBUXKYIITHi-
CsI 9JIEKTPOH 1 MHOKECTBO JAaTUYNKOB, IIOMEIEHHBIX B PA3JIMIHBIX TOUYKAX IIPOCTPAHCTBA.
JlotycTrM, 9TO KaK/Iblil JIATIUK CIIOCOOeH n3MepsaTh W B TOI TOUKE, I/le OH HAXOUTCS.
Torma, eciiu B HEKOTOPBINT MOMEHT BpeMeHU { BOJIHOBas (PYHKIIMS OTJIUYIHA OT HYJISA B
00J1IaCTH MPOCTPAHCTBA, TJIe PACIOJIOXKEHbI JATUYNKH, KaXK/bIil U3 JATIYNKOB U3MEPHUT
Hekoropoe 3nadenne V. Kakune dpusmieckne oObEKTHI 3apErnCTPUPOBAIN JTATIHKU !
BenmomanM, 9To B Halem mpuMepe BOJIHOBast (DYHKIIAS OIKMCHIBAET IBHUYKEHHE 00H020
971eKTpoHa. [lo9TOMY MBI JOJIKHBI JIONYCTUTh, YTO KaXKJIbIIl M3 cpabOTABIIUX JaTIH-
KOB 3apEruCTPUPOBAT 4ACMb FJIEKTPOHA. DKCIEPUMEHTHI ITOKA3BIBAIOT, YTO JIEKTPOH 1
JIpyrue MUKPOYACTUIILI BCET/Ia PETUCTPUPYIOTCH UeAUKOM, T. €. B HAIIEM IPUMEPE BCe-
raa Oyzer cpabarbiBaTh moavko odun nardauk. Takmm oOpas3oM, IPeoaoKeHne, 9To
dyuknus ¥ mMoxkeT ObITH U3MEPEHA, MPOTUBOPEYUT IKCIEPUMEHTY. DTO OOCTOSTE b
CTBO IBJISIETCS UCTOYHUKOM MHOT'MX TPYJ/HOCTEH B IPUBBIKAHUN K 3aKOHAM KBaHTOBOI
MEXaHUKHU. BBIICHIIOCH, YTO HEIPOTUBOPEUNBYIO KBAHTOBYIO TEOPUIO MUKPOYACTHII,
BBIBOJIbI KOTOPOII COOTBETCTBYIOT SKCIEPUMEHTAJbHBIM JAHHBIM, YIAE€TCs ITOCTPOUTH,
€CJIn JIONYCTUTh, 9TO BOJHOBas (DYHKIIMS MOYKET IMPUHUMATH KOMNAEKCHbIE SHAUCHUSI,
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T.e. B obmeM ciaydae U mmMeer NeHCTBUTENbHYIO U MHUMYIO dacTh. OTMeTHM, 9TO
HOSIBJICHIE KOMILIEKCHDBIX YMCEI B KBAHTOBOW MEXaHUKE HE IPOTHUBOPEYUT SKCIEPUMEH-
Ty, IOCKOJIbKY, KAK MBI YBUJUM, BCe HabA0daembie (DU3MTCCKIE BEJIMYNHBI TPUHUMAIOT
TOJILKO JCHCTBUTEILHBIC 3HAYCHUS.

Bepuewmcst k popmysiam fe-Bpoitsst (2.15) 1 BCmOMHIM, 9TO OTIPe/Ie/IeHHO# 9acToToi

W 1 olpeae/JIeHHbIM BOJIHOBBIM BEKTOPOM k XapaKTepus3yeTcd IIJIOCKad I'apMOHNYeCKad

BostHA. C JIpyTOit CTOPOHBI, TOCTOSTHHBIN UMITYJILC P = hk umeer c60000naA, T. €. HE B3a-
UMOJIEHCTBYOIAsT ¢ OKPY2KeHneM JacTturia. [1oaroMy cBOOOIHOI YacTHUIle eCTeCTBEHHO
COIOCTABUTH ILJIOCKYI0 TapMOHUYECKYIO BOJHY Jsie-Bpoiiis. [loctymupyem, aro cBo6o1-
HO€ ABHU?KECHUEC YaCTUIIbI MaCCBI T C 3HepFHeﬁ E " UMITYJIbCOM ﬁOHI/ICbIBaeTCH BOJIHOBOI1

dyuKIHEH
U(F,t) = Aeilh T —wt), (2.16)

rje, coryiacHo popmysiam Jie-Bpoiiis,

_E_ P - P

AMHJ_H/ITy‘ZLa BOJIHBI A MOZKET 6BITB, B IIpuHIMUIIEe, KOMIIJICKCHBIM YMCJIOM. Hpeﬂ‘CTaBHHH
ee B Buzie A = |A| €', MmoxkHO 3ammcarh Boipazkenne (2.16) B Takoit dopme:

U(r t) =|A| {cos <E-F—wt+a> + isin (E-F—wt+a>}. (2.18)

Urax, geficrBuresibHas 1 MHUMAsT 9acTU BOJIHOBOI (byHKIuu (2.16) onmceiBaor 0ObI4-
Hble IIJIOCKWE TapMOHWYECKHEe BOJIHBI, CIBHHYTHIE 1O base Ha 7/2, B TO BpeMsl Kak
kpajipar Mojyns |U|? = U*WU He 3aBUCHT HU OT KOODJMHAT, HU OT Bpemenu. Ha-
[IOMHUM eIe pa3, 9To BoJiHOBasi yHKIws (2.16) coorBeTcTBYyeT 60600101 YacTHIIE.
“Vragars”’ ¢ MOMOIIIBIO THIIOTE3BI Jie-Bpoitisd BuT BOTHOBBIX (DYHKITUHN JIJId IPYTUX CITY-
JaeB HeBO3MOKHO. [locseoBaTe/bHBIN METO) HaX0XKIeHUsT BOJTHOBBIX (DYHKITNI Oy1eT
chopMyIMPOBaH IO3Ke.

2.4. JIndpaxkius mukpodactuln. Cynepno3unus COCTOTHU

PacemorpuM Tenepb mpocTOit MBIC/IEHHBINM ONBIT, KOTOPBIN MO3BOIUT HAM yCTaHO-
BUTDH OJTHO BaXKHOE CBOMCTBO BOJIHOBBIX (pyHKIHNi. [IpencraBum cebe, 9TO IMydOK YaCTHIL
(HampUMep, 3JIEKTPOHOB) € OJIMHAKOBON SHEPTHUE U, CIeJ0BATELHO, € OJMHAKOBBIM MM-
IyJIbCOM ) Tajaer Ha IJIACTUHKY C JIByMs y3kuMu mieasyu (M. Puc. 2.1.). Yacruip
PETUCTPUPYIOTCS JIATYMKAMU, PACIIOJIOXKEHHBIMU B PA3JIMYHBIX TOYKAaX SKPaHa.

N3 xypca onTHKM M3BECTHO, YTO B CJIydae, KOIJa Ha IJIACTUHKY I1aJI[aeT MOHOXPO-
MaTHIeCKUil CBET ¢ 9acTOTON w, Ha SKpaHe HaDJI0JAaeTcsd XapaKTepHOe depe/ioBaHue
MaKCUMYMOB ¥ MUHUMYMOB UHTEHCUBHOCTU U3-3a UHTEPMEPEHIINN CBETOBBIX BOJIH, 110~
MABIIX Ha 9KpaH oT JAByx mieseii. CoryacHo rumorese je-bBpoiisa, mydok MuKpoda-
CTUIl B JIAHHOW cuTyanuu OyjeT BecTu ceOs aHAJOTMYHBIM 00Opa30M, T.e. Ha SKpaHe
MOJTYYUTCS TaKOe 2Ke PaCIpe/ie/IeHre YaCTUIl, 3aPEruCTPUPOBAHHBIX JaTdukamu. s
HaOJIIOJIEHUS TOTO PaCIpeJie/ieHns] B KadeCTBE SKpaHa MOYKHO B3ATb (DOTOIJIACTUHKY.
Torna kaxkjioe 3epHO POTOIIACTUHKY OYJIET UrPATh POJIb JaTduka dactull. Vrak, Ha
SKpaHe JIOJIKHO TOJIYUYUTbCS paclpejie/ieHne JacTull, nokazannoe na Puc. 2.1. Kak
00'bSCHUTH 3TO, UCXOJId U3 IIPEJICTAaBICHUs O BOJHAX Jie-Bpoitisa?
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Bynem paccy:kiaTh 1Mo aHaJOTUM ¢ ONTHKOM, IJIe MHTEHCUBHOCTH CBETA B KaXKJIOW
TOYKE dKpaHa IPOIOPIMOHAIbHA KBaJAPATy AMILIATY/Ibl HAIPIKEHHOCTH 3JIEKTPUIe-
CKOI'O IIOJISI IPUXOJdAIIell BOTHBI. IIpn 3TOM HaIpsizKeHHOCTDH IOJIA B JAHHON TOYKE
HaXOJIUTCA KaK CyMMa HallpsKEHHOCTEHl B BOJIHAX, IPUIIEIIINX OT MEPBON U BTOPOIt
miesieil (IPUHIKIT CYTIEePIO3UIUN CBETOBBIX BOJIH).

YT100bI TOJIyIUTh AHAJTOTHIHYIO KAPTUHY JIJId
MUKPOYACTUIL, MBI JIOJ?KHBI JOITYCTUTDb, UTO JIJIsi
BOJIH Jie-Bpoil/ist cripaBe inB IPUHIKAI CyIIEPIIO-
suryu, T.e. BoaHOBas dyukius V(P,t) B Touke
P na skpane ectb cymma

U(P,t) = U, (P,t) + U, (P,t), (2.19)

rjie W, u ¥, coorsercTByI10T BosiHaM Je-bpoitid,

[IPUIIIEJIIIIM B TOYKY P OT IepBOil U BTOPOIT 111e-

Jieit.  KBaJiparT aMILIATYJIbI CyMMAapPHOW BOJIHBI

U u Oyzer mpONOPIMOHAJIEH YHCJIY YacTHUIl, 110~

MMaBIIUX B OKPECTHOCTH TOYKHW P Ha skpane. K

Puc. 2.1. COYKaJIEHWIO, MBI IIOKa He 3HaeM, KaK 3allicaTh

BolpazkeHud mid W, u W,, Tak Kak oT IeJieit

PACIPOCTPAHSIOTCS pacxrodauuecsa BoJubl fe-Bpoitna. Ecim, ogmako, skpan pacro-

JIOZKEH JIOCTATOYHO JIAJIEKO OT IIACTUHKM, TO MOXKHO NpubJimzkeHHo cuntarb W, u U,
IUTOCKUMHE BOJTHAME ¥ BOCIIOJIb30BaThCst opmyiioit (2.16). Torma

U, (Pt) = A B =@l gy () = A, (BT @), (2.20)

rjie ; U Ty — PacCcTosHud OT Imieseit 1o Touku P. Crporo roBops, ammmtyasl A, u
A, ornmyaloTcs Jpyr OT JPYyTra, Tak Kak B OOIIEM ciIydae INeId HAXOJATCs Ha PasHBIX
paccTosiHusAX oT Touku P. Brpouewm, ecm Touka P pacrosiozkena HeJaJIeKO OT IIEHTPA
nHTePQEPEHITMOHNHON KaPTUHBI, 3TUM Pa3/IMINeM MOYKHO IpeHeOpedb. VIMeHHo Tak Mbl
HOCTYIINM ¥ JIJIsl IIPOCTOTBI OJIOKUM A; ~ A, = a. ByjeM Takke cauTarh, 9T0 aMILIH-
TyJa a — JAefCTBUTENbHOE YnucI0. [l BerIucaeHns: KBajapaTa aMIIUTYIbl CyMMapHON
BOJTHBI (2.19) MBI HCIIOJIB3YeM TIPHEM, KOTOPBI B JajbHeiieM GyeT 9acTo BCTpedaTh-
csa. Tak kak ¥ — KOMILIEKCHOE YHCJIO, ero MOXKHO 3amucaTh B ujge ¥ = Ae’?, roe A
— aMILTUTY/Ia BOJIHBI, KOTOpas Hac uHTepecyer. /lasee 3amMeTuM, 4TO

A? = |U]? = U*D,

rae U* — Besmduna, KOMILIEKCHO conpsikennas U; ona mosydaercs uz W 3aMeHoit ¢ Ha
—i. Ucnompsys (2.20) ¢ A, = A, = a, unmem

A2 — (aei(krl — wt) i ael(kTs —wt)) (ae—i(krl — wt) + qge—tkry —wt)) .

PackpbiBast CKOOKHU, HaXOIUM, ITO
A? =20 {1 + cos [k(ry — )]}, (2.21)

1€ Mbl BOCIIOJIb30BaJINCh U3BECTHBIM N3 MaTE€MaTUKH BbIpazKE€HUEM JIJId KOCUHYCa I€peE3
MHUMBIE 9KCIIOHCHTBDI:

(" 4+e7%). (2.22)

N

cos p =
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®opmysa (2.21) omumcbiBaer pacipejiesieHie WHTEHCHBHOCTH IIy9YKa YaCTHUI[ Ha
9KpaHe. ApryMeHT KOCHHYCa B 9TOil (popMyJie MOXKHO 3alliicaTh B BHUJIE

2m 2mh
k(rg —r)) = —(ry — 1), A= —.
(=) = 2 (ry =) .

Taxkum obpazom, B 3aBucuMocTa ot “pasHoctu xoma” (r, — ry) BosH ge-Bpoiins 10 pas-
JIMIHBIX TOYEK 9KPaHa, B HUX OyIyT HAOIIONATHCS MAKCHMYMbl HHTEHCUBHOCTH (TaM,
rJle KOCHHYC PaBeH eJIMHWIE) U MUHUMYMbI HHTEHCUBHOCTH (TaM, IJie KOCHHYC PaBeH
—1). MbI uMeeM THUNUYHYIO KapTUHY AuQPaKIA BOJH HA JIBYX IIEJsIX, XOPOIIO U3-
BECTHYIO U3 ONTUKHU.

KitroueBbIM MOMEHTOM HAIIErO BBIBOJA SIBJIAETCs Bbipaxkenue (2.19) jyist BOJIHOBOI
dyHKIIMM YacTuil Ha dKpaHe. V3 Hero cienyer HEOXKUIAHHBIN BBIBOJ, KOTOPBIN eIlle
pas3 JIEeMOHCTPUPYeT HEOOBIYHOCTH KBAHTOBOI'O IOBEJIEHNS MUKpOYacTUIll. B camoM Jie-
ne, ¥, u VU, onmChLIBAIOT JIBA COCTOSHUS JIBU2KEHUS dacTuilbl. BosHoBasa dynkims U,
COOTBETCTBYET YaCTHIle, KOTOpasl IONaJla Ha 9KpaH, HPOi/sa depes mieiab 1 (HazoBeM
510 cocrosiaueM 1), a W, — gacrure, KOTopasl IpoILia Yepe3 Ieib 2 (cocrosHue 2).
[Tosromy W omumchbIBaeT COCTOSHUE YACTHIILI, KOTOPOE SIBJISETCH ‘CMeChIo’, WM, KakK
IPUHATO NOBOPUTH B KBAHTOBOW Teopuu, — cynepnosurueii cocrogauuit 1 u 2. fcHo,
YTO MBI JIOJIZKHBI JIOIYCTUTH BO3MOXKHOCTB CYIIEPIIO3UIIMKA HE TOJBKO JIBYX COCTOSHUI
JACTHITEI, HO U IPOU3BOJILHOTO 4nc/ia, cocToanuit'. T1o coBpeMeHHbIM Hpe/IcTaBIeHAsM,
MPUHITAIL CYyTIEPHO3UIIN COCTOSTHUI CIIPaBE/JIUB JIJIs IPOM3BOJIHLHON KBAHTOBOI CH-
CTEMBbI U SBJISIETCS OJHUM U3 (PyHIAMEHTAIbHBIX IPUHIIUIIOB IPUPO/LI. B npumenennn
K OJ[HOW YaCTHIle, STOT MPWHITAI TJIACUT:

e Fcyim gacTuiia MOXKET HAXOJUTbCS B COCTOSIHUAX, OIMCHIBAEMBIX BOJTHOBBIMU
dysxmuavm W, Wy, ... ¥, To oHa MOXKET HAXOAUTHCA U B COCTOAHHU, KOTOPOE
OIMCHIBAETCS BOJIHOBOW (pyHKITHE

k

v=> a9, (2.23)

=1
rae a; — JI100BIe KOMILJIEKCHBIE YUCJIA.

Cyrteprio3uniysi COCTOSIHUIT — TUINYHO KBAHTOBOE siBjieHne. HarmoMHuM, 4TO B KJIaccu-
YECKON MEXaHUKE COCTOAHNE JIBUKEHNA YaCTUIBI OITMCBIBACTCA HEKOTOPOH TpaeKTopuei
7 (t). fcHo, 9To YacTUIa He MOKET JIBUTATHCSI OJJHOBPEMEHHO 110 JIBYM Pa3AUYHbIM TPa-
ekrtopusM. OTrcio/ia cieyer, KCTaTh, 9TO CaMO MMOHSTHE TPACKTOPUU YACTHUIIhl B KBaH-
TOBOI MeXaHUKe TepseT (pU3MICCKUN CMBICT, TTOCKOJIBKY OHO ITPOTUBOPEYUT IIPUHITUITY
CYIIEPHO3UIINUA COCTOAHUIM.

OrcyTrcTBrEe TPaeKTOPHil Y MUKPOYACTHIL U BO3MOXKHOCTD CyIEPIO3UIUN UX KBAHTO-
BBIX COCTOSIHUIT TPYJIHO ce0e MPeJCTaBUTh, TAK KaK HUYErO MOXOZKEro HET B MAKPOCKO-
MIIYIECKOM MUPeE, JOCTYITHOM HaIlleMy HerocpecTBeHHoMy Hao o ennio. B 1920-e rojib
MPUHITAT CYIIEPIIO3UIINNA KBAHTOBBIX COCTOSIHUN BbI3BaJI OYpHYIO JUcKyccuio. Mmuorue
GUBUKN U, B 9aCTHOCTH, DWHINTEHH, KOTOPBII CaM BHEC BayKHBIN BKJIAJ B pa3BUTHE

'Mnavye HEBO3MOXKHO O0bSICHUTH AU(PAKIUIO MIyYKa YaCTUI[ HA NJIACTHHKE C HECKOJIbKH-
MU IEJISMU WA, CKaXKeM, JU@PAKIUIO JIEKTPOHOB Ha KPUCTAJLIAX, KOTOpast HaOJIIOAeTCs B
9KCIIEpUMEHTE.



.
A I e
ol B
.

Puc. 2.2. Perucrparus n gacTuil Ha SKpaHe Ipu JudPaKIuid Ha JBYX IIEIIX:
a) n =10, 6) n = 100, B) n = 1000.

KBaHTOBBIX I/I,ZLefI, OTKa3bIBaJINCH HpI/ISHaBaTb 9TOT HpI/IHL[I/IH. O,HHaKO ,ZLaJIbHefIHJaH HncC-
Topust PUUKI (Hpexﬂe BCEro — JKCIIEPUMEHTBI U TEXHUICCKHUE JTOCTUKEHUA, OCHOBAH-
HbIE Ha KBAHTOBOU MexaHHKe) HOJITBEPINIIN CIIPABE/JIMBOCTD IPUHITUAIIA CYIEPHO3UIIAN
COCTOSIHUIA.

2.5. Craructmdeckasi MHTEPIIPeTaIisd BOJTHOBOI (pyHKIINM

B paccmorpennoMm mpumepe audpakiui MUKPOYACTUIL MbI, CJIEJIys aHAJOTHH C OIl-
TUKOM, TIPEJNOJOKIIN, ITO KBaJIPaT aMILIMTYIbl BOJHOBOH dyHkimun |V|? = U*VU p
JII0OO# TOYKe dKpaHa IMPOMOPIMOHAEH MHTEHCUBHOCTHU ITyYKa YaCTHI] B 9TOW TOUKE.
MuaTercuBHOCTD MOHUMAETCH 3/IeCh KaK YHCJI0 YaCTHIL, MO IaloNNX 3a €JIUHUILy Bpe-
MEHU Ha 9KPAaH B pacdeTe Ha e uHuILy ioma . OIHAKO, KAK yKe OTMeYasoCh, HEJIb3s
CYNTaTh, YTO CAMU YaCTUILI 00pa30BaHbl U3 BOJIH. KaxKjias JacTuiia BCerja PerucTpu-
pyeTcsd Kak Iejioe, a BOJIHA Jie- Bpoilyid MoXKeT paclienisiThbesd Ha HECKOJIBKO BOJIH.

Ha niepBbrit B3JIs1/1 €CTECTBEHHO MPEJIIIOIOKUTH, YTO BOJTHOBBIE CBOMCTBA XapaKTep-
HBI TOJIBKO JIJIS CUCTEMbL 4aACMUY, 1 BOSHUKAIOT M3-3a B3aUMOJIEHCTBUAA MEXKTy HUMMU.
O/1HaKO SKCIIEPUMEHT He IMOJTBEPXKIAET TaKyl TOUuKy 3peHus. Hampumep, nnrepde-
PEHIIMOHHBIE TI0JIOCHI Ha dKpaHe B CUTyaluu, mokazanuoi Ha Puc. 2.1., Bo3HUKaIOT 1
TOrJIa, KOIJIa YaCTHUIbI ITPOITYCKAIOTCA depe3 Iesu mooauHouke. [loydaurenbHo mpociie-
JINTh, Kak 3T0 nmpoucxoaut. Ha Puc. 2.2. uzobpazkeHbl TOUYKHM dKpaHa, Ky/la MOMaIa0T
JaCTHIIbI.

W3 ipuBeIeHHBIX PUCYHKOB MOXKHO CJIe/IATH J[Ba BAXKHBIX BbIBOJIA. BO-TIEePBLIX, JlazKe
3Has BOJTHOBYIO (PYHKITUIO, HEBO3MOXKHO IIPEJICKA3aTh, IJIe B JIAHHDBIX YCJIOBUAX OKAXKET-
ca vactuna. OjHako B Tex Toukax, rje |¥|? 60/blne, TPy MHOTOKPATHOM MOBTOPEHUH
OIIBITA, JACTUIIBI PErUCTPUPYOTCa wawie. OCHOBBIBAsICh Ha MOMOOHBIX apryMeHTax, B
1926 roay memenkwnii ¢puzuk Makc BopH mpesioxKmni CTATUCTUYUECKYIO MHTEPIIpe-
Taruoo BOJIHOBOU dyHKkmu. [[paBuibHOCTD TaKoil MHTEPIPETAIINN TOITBEPIIIACH
JIAJILHEHTITIM pa3BUTHEM KBAHTOBON MexaHUKU. JIsi BOJIHOBOW (DYHKIINM, OITMCHIBAIO-
el JIBUZKEeHUe OJTHON JacTHIIbI, CTATUCTHYECKasd WHTEePIpeTalns IJIacuT:

e Ksajpar moysist BosiHoBO# dyukimu V(7 t) paBeH seposamuocmu 0OHADYKEHUsT
JaCTUIIbI B MOMEHT BPEMEHU tB CINHNYIHOM 061)eMe B6JH/ISI/I TOYKH IIPOCTPaHCTBA
C paJmyCcoOM-BEKTOPOM T
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MaremaTndeckn 3TO yTBEpKIEHHE MOXKHO BBIPA3UTh CJaeAyommumM obpasom. O6o3Ha-
quM depe3 dV 6eCKOHeUHO MaJiblii 06beM OKOJIO TOUKH C KOOPJAUHATAMU T, Y, Z (WU C
PaJInycoM-BEKTOPOM 7). BeposiTHOCTH OOHAPYKEHNUST JaCTHUIIBI B 9TOM 00beMe B MOMEHT
BpeMenu ¢ obosnaunm depes dw(7,t). Torma

dw(7,t) = |U(7F t)[*dV . (2.24)

Bemmunny o(7,t) = |¥(7,¢)|? 9acTo HA3BIBAIOT MJIOTHOCTHIO BEPOSITHOCTH, & CaMy
BostHOBY10 ynkuuio V(7 t) — amrmmmrymoi BepositHocTu. V3 dbopmyisr (2.24) cie-
JIyeT BarKHOE YCJIOBUE, KOTOPOMY JIOJI2KHA YJIOBJIECTBOPSATH BoJiHOBas dyukius. [lycto
V' — obbem Beeit obyracTu, e MOXKeT ObITh ObHapyzKeHa dacTura. CyMMUpys BEpO-
satHocTH (2.24) 110 BceMy 00beMy, MBI IIOJIy9UM BEPOSITHOCTH JIOCTOBEPHOTO COOBITHSI.
[TosTomy

/|\IJ(F, DAV = 1. (2.25)

OTO0 ycjoBHE HA3bIBACTCd YCJIOBHEM HOPMHUPOBKH, a BOJIHOBBIE (DYHKIINU, YJIOBJIE-
TBOPSIONINE eMy, Ha3bIBAIOTCsl HOPMUPOBAHHBIMU BOJIHOBbIMU (byHKIUAMHU. Ecim
UHTerpajl oT KBaJpaTa MOJY/IA BOTHOBON (PYHKINHU IO Bceil OOJACTH JIBUXKEHHS He
pagen equnutie, To V|2 UL nponopuuonaivia MIOTHOCTH BEPOATHOCTH. Brpouewm,
JIOMHOZKasl BOJTHOBYIO (DyHKIINIO Ha HEKOTOPYIO IOCTOAHHYIO, €€ MOXKHO HOPMUPOBATH
TaK, 9T00bI ycsoBue (2.25) BBIIOIHSIIOCH.

VYnpa>kHeHUsI

2.1. Yacrura coBepIaer oJJHOMEPHOE JIBUZKEHUE BJIOJIbL ocu . Kakoit dhuznuecknii
embics umeer | (z, t)|2? 3anucaTh yejoBue HODMEPOBKHE /st BOJIHOBOI (DyHKITMH, €CJIH
JACTUIA MOXKET OBITh OOHAPY2KEeHa JIUIIb Ha OTPe3Ke, KOOPANHATHI KOHIIOB KOTOPOT'O Ty
u x,. Kakyto pasmeprocts numeer BosHoBasi dyukuus V(z,t)?

2.2. CpobojiHast 4acTUIla MACChl M C UMIIYJILCOM P HAXOIUTCA BHYTPH OOJIBIIOIO
obbema V. IIpoBepurh, 4T0 HOpMUpPOBaHHAA BOJIHOBasT PYHKIINA TaCTUIIBI UMEET BU/I

U(rt) = % exp {%(ﬁ T — E(p)t) } , E(p) = r (2.26)

3. KBaHTOBas MexaHHKa O/JHOII YaCTUIIbI

Jlo cux mop Haile 06Cy:K/IeHre KBAHTOBBIX CBOHCTB MUKPOYACTHUIL ObLIO OCHOBAHO
Ha MHTYUTHBHBIX COOOparKeHUSIX, IMOIKPEIIEHHBIX CChLIKAME Ha IKCIIEPUMEHTAIbHbIE
nannble. [lepeiijiem Terepb K CUCTEMATUIECKOMY IIOCTPOEHUIO allllapaTa KBAHTOBOM Me-
xaHukn. Jlormaecku mocsegoBare/ibHasi KBAHTOBasE MeXaHUKa ObLIa co3gaHa B 192526
rojax B JByxX (opmax. Idpsun [llpemunrep pazpaboras Tak HA3BIBAEMYIO 604HOBYI0
MeTaHUKY, KoTopas Obl1a 0bobIenneM et ae-bpoiiyiss. OCHOBHBIM MaTeMaTUIeCKUM
00bEKTOM B Heil siBjiseTcsd BoJHOBas (yHkmust. Bepuep laiizenbepr, Makc Bopu un
[Tackyasab Mopan co3pand mMmampuinyto MeTaHuky, B KOTOPOI BOJIHOBas PYHKIIASA BO-
o0r1rie He burypupoBaJia, a OCHOBHBIMU BeJIMIUHAMU ObLIA JIMHAMUYECKHE TIepeMeHHbIe.
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BriocneacrBun okazaJioch, 910 00e (hOopMbI KBAHTOBOM MeXaHUKHU IOJHOCTHIO SKBUBa-
JeHTHBI. OTpoMHAas PoJib B IMOCTPOEHUN MAaTEMATHYIECKOrO alllapaTa KBAaHTOBOW MeXa-
nukn npunajexut [lomo Jupaky. B 1930 roay on omy0ImKoBaI KHUTY 1O KBAHTOBOM
MeXaHWKe, TJie OHa (DaKTUIeCKH uMesia coBpeMennyio bopmy. Kak 1mokasbiBaeT OIIBIT,
n3ydeHre KBAaHTOBOI MEXaHUKHU IIPOIE HAYMHATHL ¢ BOJIHOBOI Mexanuku [IIpenunrepa,
Kak MeHee abCTpaKTHON Teopun. DJIEeMEHThI MATPUIHON MEXaHUKU W Hambojee 3jie-
raHnTHOM cxeMbl /Ilupaka MOSIBATCS MO3KeE.

Jlormano ObL10 ObI cpa3y chOopMyJIUPOBaTh 3aKOHBI KBAHTOBON MEXAaHUKU JIJIS CU-
CTEM, COCTOSIINX U3 IPOU3BOJILHOTO YUC/IA TACTHIL, TOCKOJIbKY UMEHHO ¢ TAKUMU CUCTE-
MaMI UMEIOT JieJIo B aKciepumerTe. OIHAKO KBAHTOBBIE 3aKOHBI B UX Hambojee obIeM
BUJIE BBITVISIJIST JIOBOJIBHO CJIOZKHO, ITO9TOMY CHAdaja Mbl PACCMOTPUM YIIPOIIECHHYIO
3aJ1a9y — JIBUKEHUE OJTHOW YacTHUIlbl. BiinmsgHue BceX OCTaJbHBIX OObEKTOB Ha YaCTH-
1y OyJieM OIHMCHIBATH HEKOTOPBIM 3((HEKTUBHBIM CHIOBBIM MOJIeM. MareMaTuieckKu 3To
CHJIOBOE TIOJIE 3a/1a€TCsl MOTeHIAaIbHOl sHeprueii yactuipl U (7, t), KoTopast 3aBUCHT OT
KOOPJMHAT YaCTHIIbI U, BOOOIIE TOBOPsi, OT BPpEeMEHU. XOTs TaKOe OICaHue KBAHTOBBIX
SIBJICHUIT 110 CAMOfi CYTH SIBJISIETCs TPHOJIMZKEHIEM (KaK TOBOPST, “OfHOYACTHIHBIM IPU-
6zkerneM”), OHO HeIIOXO paboTaer BO MHOTUX PeasIbHBIX CHTYaIlUAX, €CJH YIaeTcs
HaiiTu moxo/dIee Bbipazkenue jyist U (7 t).

3.1. KBaHTOBOe cocTosiiue dJacTuibl. [IpuHIun npuynHHOCTH]
B KBAHTOBOII MeXaHUKE

JIrobast MexaHUKa COCTOUT M3 JIBYX YacTeil: KHHeMaTUKU U JuHaMuku. KnnemaTtnka
JIAeT MaTeMaTHIECKOE OIICAHUE COCTOSIHUS JIBUZKEHUS CUCTEMBI (HJIU IPOCTO COCTOSIHUSI
CHCTEMBI), a B THHAMUKE (GDOPMYJIUPYIOTCsT 32aKOHBI H3MEHEHU ST COCTOSTHIST CO BDEMEHEM.
Hamomuum, 9T0 B KJIACCHYECKON MEXaHWKE COCTOSHUE JIBUXKEHUS OJIHOM YaCTHUILI B
MOMEHT BpPEMEHH ¢ ONHUCHIBACTCS €€ PaJiyCOM-BEKTOPOM 7 () W BEKTOPOM CKOPOCTH
U (t) (mmm BekTOopoM mmitysbca P(t)). OCHOBHBIM 3aKOHOM KJIACCHYECKON JHMHAMUKN
YACTHIIBI CJIY?KUT BTOPOit 3akon HbioToHA.

B kBaHTOBOIT MeXaHUKe COCTOSTHUE JaCTUIBI MATEMATUIECKN OMNCHIBAETCST BOJTHOBOI
dbyuknueit W(7, 1), crarueTuaeckuii CMbICJI KOTOPOii 06Cy 7K 1aicst seime!. Ecin 3a1ana
BostHOBasi (byHKIws dactunbl V(7 ;) B “HaYaJbHBIN’ MOMEHT BpEMEHH t, U H3BECTHA
ee TioTeHIMAasbHast sHeprus U (7, t) Bo BHEIIIHEM 10JIe, TO 3aKOHbI KBAHTOBOI JIMHAMUKI
JIOJTZKHBI OIIPEJIEIATh BOIHOBYIO dyHKImo V(7 t) Bo Bce MOMEHTHI BpeMenn t > t,. B
9TOM COCTOUT NPUHIUATI IIPUYUHHOCTHY B KBaHTOBOH Teopun. OH 1M0O3BOIAET “yragars’
B OOIIIX vYepTax, KaK JIOJYKHA BBIIVISAIETh KBAHTOBASA JTUHAMIKA.

Uraxk, mpeamnosiokuM, 9To u3BecTHa BoJiHOBast pyHkiust V(7 ¢) B HEKOTOPBI MO-
MeHT BpeMenu t. Torja TPUHIUI NPUIUHHOCTU TpedyeT, YTOObI MOXKHO OBLIO HANTH
BostHOBY10 dyHKImo V(7 t + dt), e dt — GeCKOHEUHO MAJIbIl MPOMEXKYTOK BpEMe-
uu. CorjlacHO MaTeMaThKe, HOBasl BOJIHOBas (PYHKIIUS B KayKJ0i TOYKE [IPOCTPAHCTBA
JaeTcsa popMyIIoin
OV (7, 1)

ot

rjge OV /0t — 4dacTHash TPOU3BOJHAS 110 BpeMeHH. TakuMm oOpa3oM, MbI MOXKEM CIe-

e 99

JaTh “OeCKOHEYHO MAJILI’ Iar mo BpeMeHun B IIpeJCKa3aHun ITIOBEACHUA TaCTUIbI, €CJIN

U(r,t+dt) = W (rt) + dt, (3.1)

TTonsaTre BOMHOBOHM (DYHKIMHU €CTECTBEHHBIM 00pa3oM 0000MAeTca Ha IIPOU3BOJILHYIO CH-
cremy, cocrosryto n3 N gactur. B aToM crydae BomHOBast (QyHKINST 3aBUCUT OT KOOPIMHAT
Beex vactuil u Bpemennm: VU = W(7, 7, ..., 7y, t).
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JacTHAdA MMPOM3BOJIHAS BOJHOBON (QYHKIMH B JIIOOOH TOYKE MPOCTPAHCTBA T B MOMEHT
BpPEMEHHU t OIpejiesercs: 3HaueHusIMu BosiHoBOM dbyukiuu W (77, ¢) B TOT Ke MOMEHT
BpeMenn. CHMBOJIMYECKU CKA3aHHOE BBIIIE 3AIMCHIBACTCS B BUJIE YPaBHEHUsI

oV (r,t
% = F{r,t;¥}, (3.2)
rjae F — HEeKOTOpasi BeJIMYMHA, 3aBUCAIIAsl SIBHO OT 7, ¢ (sIBHAS 3aBUCHMOCTD OT © BO3-
HUKaeT TOrJa, KOTJla BHEIIHee I0JIe sBJIAeTC [ePEMEeHHBIM) U OT 3HAYeHUi BOJTHOBON
dbyskun Bo Beem npocrpancrsel. @akruuecku (3.2) u GyJeT OCHOBHBLIM ypaBHEHHEM
KBAHTOBOI JMHAMUKHN YACTHUIIBI, €CJIU HAWTH BbIpakeHue g F. 3aMeTuM, 9TO OJHO
BayKHOE CBOWCTBO MpaBoil yacTu ypaBHeHUs (3.2) MOXKHO 3apaHee MpeJICKa3aTh, €C/in
BCITOMHUTBH IPUHITAI CYIIEPIIO3UIINA KBAHTOBBIX COCTOsAHMIA. COrIacHO 9TOMY TPUHITU-
Iy, IPOM3BOJIbHASI JIMHeHas KoMOuHanus jaByX pertenuit ¥, u W, ypaBuenus (3.2) Toxe
JIOJIZKHO OBITH pellieHrneM 3TOro ypasHenus. llosromy mpaBas dacTh ypashenus (3.2)
JIOJIZKHA, OBITH AUHEHa OTHOCUTETLHO BOJTHOBOM (DYHKITUN.

3.2. VYpasuenme lllpenuHrepa ajist 0O4HOI YACTUIBI

[IpaBusbHOE BBIpasKEHHE IS [PABOW dYacTH ypaBHeHus (3.2) yaaaoch HaiTH
9. llpenunrepy, KOTOPBIH T€M CaMBbIM ITOCTPOUJI BOJTHOBYIO MEXaHUKY. B pa3BepHyTOil
dopme ypaBHenme IllpenmnHrepa i BOJHOBOI (DYHKIMKM YACTUIBI MACCHI M
3aIMChIBAETCS TaK:

- 2 T2 (7 20 (7 2 (7
. OV (7, t) _ o U (7, t) N OV (7, t) N 0" (7, t)
ot 2m 0x? 0y? 0z

+ U7 )W (7, t), (3.3)
rjae U(F,t) — noreHIuajbHasi SHEPrUus YacTHUIbI BO BHelmHeM mojie. OTmerum, 9To
ypasuenue Ipemunrepa nmeer Buj (3.2), T.e. coriacyercss ¢ KBAHTOBBIM ITPUHITAIIOM
HPUIHHHOCTHU, U SIBJISETCS JUHEHHBIM YpaBHEHHEM OTHOCHTE/IHHO BOJIHOBON (DYHKITUN.
Vpapuenue [lIpegunrepa IpUHSATO 3aIIUCHIBATH B KPATKOM CUMBOJIMYECKOM BHJIE

)
ih—r = H(H)V, (3.4)

rJ1e BBeE/IeH oIrepaTop Tl'aMmuabTOHA MM raMUJIBTOHUAH

H(t) = —% V2 4+ U(7, ). (3.5)

B maremaruke pudpdepeHnuaabHbil onepaTop

Vie —+4 —+— (3.6)

!B MaremaTuKe BeJMUIMHBI, MOAOOHBIE F, KOTOPBIE 3aBUCAT Cpa3y OT BCEX 3HAYEHUil (DyHK-
11U, HA3bIBAIOT (PYHKIIMOHAJIAMMU.
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HasbIBaeTcd oreparopoM Jlammaca!. Ero MoxxHO hopMaIbHO IPEICTABATH KaK CKAJIAP-
HOoe npousBeenne V - V, rie

- 0 0 0
V=eé¢ —+¢€,—+¢, — (3.7)
Yoxr Yoy @ FOz
— BEKTODHBI{i onepatop “Habsia”, €, €,, €, — OPTHI JIEKAPTOBOI CHCTEMBI KOODJIMHAT.

Ypasuenue Ipeaunrepa, 3amucantoe B popme (3.4), cipaBe [inBo Jist TPOU3BOJIb-
HOIl KBaHTOBOIl CHUCTEMbI, HO $BHOE BBbIPayKe€HUE JIJId IaMHUJIbTOHUAHA OIPE/Ie/IsAeTCs
cBoiicTBamMu cucteMmbl. Jlazke Jj1s1 OJHON YACTHUIBI, KAK Mbl YBUJIUM II037K€, MaMUJIb-
TOHHMAH He Beerja numeeT B (3.5), TaK KaK BO3JEHiCTBIE Ha JYACTUILY HE BCETJa yIaeTcs
OINCATH HOTEHIUAILHON SHeprueii?.

Vpasuenue [Ipeaunrepa B KBAHTOBOH MeEXaHUKE NOCMYAUPYEMCA, KaK B KJIaCCHU-
JeCKO MeXaHUKe MOCTYIUPYIOTcsa 3akoHbl Hbiorona. OTmeTnm, OJHAKO, UTO ypaBHE-
rue [peaumnrepa (3.3) camo 1o cebe sBisgeTcss npuOIIKeHneM. B wacTrocTH, OHO He
YUUTBIBAET pejigaTuBucTckue 3pdekTol. B peJadaTuBUCTCKOl KBAaHTOBOII MeXaHUKe
ypasuenue [llpequnarepa sveodumces Kaxk mpubIMKEHHOE YPABHEHUE, CIIPABEJJINBOE B
CJIydasX, KOrjla CKOPOCTH JIBUXKEHUs YACTHUIL 3HAYUTETHHO MEHbBIIE CKOPOCTH CBETA.

Crenaem HeCKOJIBKO 3amedannit o0 ypasaennn [lIpennrepa ¢ MmaremMaTnaeckoit To4-
K1 3penud. [Ipexkje Bcero zameTnm, 4To B OOIIEM C/Iydae PEHIeHUsIME TOI'O ypaBHEe-
Husl sABJsoTcd byHKuuu V(7 ), IpuHUMaoIue KOMILIEKCHbIe 3HadYeHus. Brpodem,
Ha cTp. 15 y2Ke oTMedasioch, YTO caMa BOJHOBasg (DYHKIIUA He SBJISETCS HaOJ/IIOIaeMO
BEJIMIUHOM, KOTOPYIO MOXKHO HEIOCPEICTBEHHO M3MepHUTh npudbopamu. [losromy HE K
KakuM “riapaJjiokcaM’ UCIIOJb30BaHNe KOMILIEKCHBIX perreHuit ypasuenus IlIpeaunrepa
He TTPUBOJIUT. B npuHImIe, MOKHO BOOOIIEe 000ATHCH O€3 KOMILIEKCHBIX (DYHKIINI, TaKk
Kak BMecTo W MOXKHO HCIIOJIL30BaTh ABe deticmeumensvrvie dyukimuun W u U, koropoie
OTIPEIETIAIOTCS COOTHOIIEHUEM

U(r,t) = V'(F,t) + 0" (7, t). (3.8)

U3 ypapuenus (3.4) jerko nojyuutsb cucremy ypasaenuit qs W' u U” (em. ynpaxkxe-
are 3.2.).

Hamee, ypasuenue [llpenunrepa co/lepKUT NEPBYIO ITPOU3BOIHYIO BOJTHOBON (DyHK-
IUU 110 BPEMEHU U BTOPBIE IIPOU3BO/IHBIE TI0 KoOpauHaTaMm. st Toro, 9To0bl CyIecTBo-
BAJIH 9TH [TPOU3BOJIHBIE, HEOOXO MO OTPeboBaTh, YT00bl W (I, Y, 2, t) OblIa HelPephIB-
HOIT (DyHKIMEH BpeMEeH! U KOOPJMHAT 1, KpoMme Toro, 4robet OV /dx, OV /dy, 0V /0z
ObLIM HelpepbIBHBIME (DyHKIUsIMEU KoopauHaT. OdeBuaHO Takke, 910 VU j10/2KHA OBITH
BCIOJIy KOHEYHO# u ojiHO3Ha4YHON (yHKIumeir. Ilepeunciiennbie TpeboBaHUsA K BOJIHO-
BOIl (DYHKIMKE 0COOEHHO BAXKHO YUUTBIBATH IIPU OCTPOCHUU NPUOAUHCEHHDIT PEITCHUI
ypasuenus [IIpeaunrepa.

3.3. CTaI_[HOHaprIe KBAaHTOBbIEC COCTOAHUA

PaccmorpuM Tenepb 9acTHBIN, HO BaKHBIN CJIydail, KOIJl[a YaCTUIA HAXOJUTCA B
cmayuonaprom BremHeM 1oste U(T), He 3aBucsineMm or BpemeHu. lcHo, 9TO TOrIA
PaMIJIBTOHUAH JacTUIbl (3.5) TakKe He 3aBHCHT SBHO OT BpeMeHH. llokazkem, 9TO B

! st oneparopa Jlamiaca nciosib3yercs Takzke obosHadeHue A.
2BazKHBIl TpUMep TaKOrO POJIa — JABUZKEHNE 3aps?KEHHON YaCTUIBI B MATHUTHOM IIOJIE.
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sToM ciaydae ypasuenue [Ipemunrepa (3.4) numeer perieHust ¢ pa3aeIsaioNMUCs TTepe-
MEHHBIMMU:

U(r t) = () At). (3.9)
[Mogcrasisgs sty dyuknuio B (3.4), noaydaem
CdA(L)
g ) 3.10)
Aty O

[TockosbKy BbIpazKeHue B JIEBOIl YacTu eCcTh (DyHKINS BPEMEHH, a BhIpayKeHue B IIPABOI
4acTu — (PYHKIUA KOOPJUHAT, PABEHCTBO MOXKET BBIIIOJIHATHCS JIUITH TOT/Ia, KOTjia 0be
€ro YacTU PABHBI OJHON U TOI Ke nocmoannot Beamanne. OO03HAYUM 3Ty BETUIHHY
E. Takum 0b6pa3oM, MbI IIPUXOJUM K JIBYM YpPaBHEHUSIM

LdA(t)
Zh? = EA(t), (3.11)
Hi(7) = Ey(F). (3.12)

Pemtenne ypasnenus (3.11) serko maxomurcs:

A(t) = exp (—%Et) | (3.13)

Boobime roops, mepes SKCIIOHEHTOR CJIeayeT HOCTABUTH IIPOM3BOJILHBIA MOCTOSHHDIA
MHOXKHUTEJIb, Tak Kak ypasuenue (3.11) omHOpojHOe U JIMHEHOE, OJJHAKO 3TOT MHO-
JKUTeJIb MOXKHO OTHecTH K (yHKImm t)(7), KOTOpas caMa ONpeJessieTcs M3 ypaBHe-
Hust (3.12) ¢ TOYHOCTBIO JI0 TIPOU3BOJIBLHOIO MOCTOSTHHOTO MHOXKHUTENA. VITaK, Mbl TIOKa-
3aJi1, 9TO B CJ/Iy4dae, KOI'la IIOTEHIMaJIbHAasd dHEPIrusd 9aCTUIIbl HE 3aBUCUT OT BPEMEHH,
ypasaenue [lIpenunrepa uMeeT pemeHus Buga

U (F.t) = . (F) exp (—%Et) | (3.14)

rje Y (7') yAOBIETBOPSET yPABHEHUIO

Hipy(7) = Evp(F). (3.15)

Mer caabaum dynkin W, 1 1) NHIEKCAMA, YTOOBI IO TYePKHY Th, YTO X BI/J] 3aBUCHT
OT 3HAYEHUs IIOCTOAHHON F.
Bosrosbie dyukimn (3.14) o6a1a0T BaxKHBIM CBOHCTBOM

0 (7, O = [p(7). (3.16)

OrmernM, uro XoTs cama BosiHOBast (yHKius (3.14) 3aBucur oT BpeMeHH, KBAJIpaT ee
MOJLyJII, T.€. IIJIOTHOCTH BEPOSATHOCTHU, OT BpeMeHU He 3aBucHUT. lIHave rosopsi, Be-
POATHOCTb PETUCTPAIUN YACTHUIILI B JIIOOOM 0ObeMe He m3MeHsgeTcd co BpemeHeM. [lo
9TOI IPUYNHE KBAHTOBBIE COCTOSTHUS, KOTOPbIE OIUCHIBAIOTCA BOJTHOBBIMU (PYHKITUSAMU
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Buyia (3.14), HA3BIBAIOTCS CTAIMOHAPHBIMM COCTOSTHUSIMHU. Ypashenue (3.15) mia
KOOD/IMHATHON 4acTh BOJHOBON (DYHKIMU CTAIMOHAPHOIO COCTOSIHUS OOBIYHO HA3bIBa-
10T cTanuoHapHbIM ypaBHeHueM IlIpeaunrepa. Vcnosb3ys Bbipaxkenue (3.5) st
raMuJIbTOHHAaHa, cTalmoHapHoe ypasaenue [IIpejnHrepa MOXKHO 3allcaTh B BUJIE

Vi + o (B~ D) =0, (3.17)

riae U = U(7). Takas 3anuch Hanbosiee yiao0Ha, eCi Hy»KHO sIBHO DEIaTh ypaBHEHHe.

B manbueiiem Mbl Oyj1eM 9acTO HHTEPECOBATHCS CTAIIMOHAPHBIMU COCTOSHUSMU Ya-
cTurpl B 3a0aHH0M BHerHeM 1oste U (7). [les1o B ToM, 9TO CTAIlOHAPHBIE COCTOSTHUS —
9TO COCTOSIHUSI, B KOTOPBIX YaCTHIIA MMeeT olpe/iesieHHyto suepruio. [locrosnnas F B
ypasueruu (3.15) u B BostHoBo# dyuKImu (3.14) — SHEPrUs CTAIMOHAPHOTO COCTOSHUS.
JloKazaTeIbCTBO 3TOr0 YTBEPKJIEHUA MbI JIaJ UM MTO3KeE.

Bo m3bekanne HeJ0pa3yMeHHN IMOTYEPKHEM, YTO JayKe B CIydae CTalOHAPHOTO
gHerHero nosist U(7) ypasuernune IlIpeaunrepa mMeer He TOJBKO PeIIEHHUs, OMUCHIBA-
Iolue cranuoHapHble coctogHus. I[IpuBenem mpocroit npumep. IIpemanonoxknm, uto
Wy (7, t) u U (7,t) — BoaHOBEIC (DYHKINM JBYX CTAIlMOHAPHBIX COCTOSHMI C Pa3-
JmaHbIME 3HaYeHusaMU sHeprun F. [lockonbky ypasuenne [llpenunrepa nuneitHoe, TO
byHKIIST

U(rt) = a, Vg (1) + a Vg, (71 (3.18)

C IPOU3BOJIBHBIME KOMILIEKCHBIMU KOI(DMUIMEHTAMI a1 U G, TAKIKE FBJIAETCA PEIeHN-
em ypasuenust [Ilpemunrepa. fcro, aro cocrosinue, onucbiBaeMoe BOJTHOBOM (hyHKIH-
eit (3.18), He SIBJISIETCS CTAIMOHADHBIM.

3.4. ,ZLI/IHELMI/I“IGCKI/IG ImepeMeHHbIE€ B KBaAHTOBOII MexaHUuKe

Urak, ecau BoanoBasi dbyHKiwst V(7 ) u3BeCTHA, TO MOXKHO MPEJCKA3aTh BEPOSIT-
HOCTH PErvucTPallid YaCTUIIBI B MOMEHT BPEMEHU ¢ B Pa3IUIHBIX MaJbIX o0bemax dV
[em. dopmymy (2.24)]. Oxmmako 10 — eme He Best nHMOPMAIHST O YACTHUIE, KOTOPAst
MOKET TPEJICTaBIATEH (PU3NIECKNil nHTepec. BepHeMcsd K KIaCCUYIECKON MeXaHUKe, Te
COCTOSIHME JIBUYKCHUS] TaCTHUIbI OIUCHIBACTCS 3aBUCUMOCTBIO PaJInyCa-BeKTOpa OT Bpe-
MeHH, T.e. 3aKOHOM JBuzkeHusi 77 = 7 (t). Kpome 3akoHa JIBUZKeHUsI, BasKHYIO POJIb
Urpaju TaK Ha3bIBAEMbIE JTUHAMUYECKUE IEPEMEHHBIC: WMITYIbC YACTUIBI P, KHHETH-
Jeckas sHeprud 1', moTeHIMa bHag dHeprus dactunbl U, mMexanudeckas sHeprus F,
MOMEHT UMITYJIbCA L ur 1 B KiIaccuueckoil MexaHIKe BCe JUHAMUTIECKUE epeMeHHbIe
JIETKO BBITHUC/IAIOTCS, €CJIM U3BECTEH 3aKOH JIBUKeHUs. HamoMHUM COOTBETCTBYIOIIHTE

dopmyJIbI:

semi—m® T2 p T+UF), L=7FxFp (3.19)
= MU =m— = — = 7 =7 g .
b dt’ 2m’ ’ b

3/ech u fajiee CUMBOJIOM A x B obosnauaercs BEKTOPHOE IIPOU3BE/IEHNE BEKTOPOB.
BosnukaeT ecrecTBeHHBII BOIIPOC: KAaK OIMUCHIBAIOTCS JIMHAMUYECKHIE TIEPEMEHHbBIE B
KBaHTOBO# Mexanuke? Vm: MOXKHO Jiu, 3Has BOJHOBYIO (DYHKIIMIO, TIPE/ICKA3aTh Pe-
3yJIbTATHI U3MEpEeHUsl JII000H JIMHAMUYIECKON MepeMEHHOI (CKaXKeM, SHEePrur 9aCTUIIbI
i ee uMmiysibca)? [IpuBesem npumep, MOKa3bIBAOIMIMIA, YTO BOIPOC O AUHAMUIECKUX
IIepeMEHHBbIX B KBAaHTOBOIl MeXaHHMKE He TaK IIPOCT, KaK B KJIACCUYECKON MeXaHUKe.
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[Ipenmosoxkum, uTo B cocrogunu ¥V, m3MepeHne JIMHAMUYECKOI repeMeHHO A Bcerya
naer 3nadenne A, a B cocrosuun W, — 3Hadenune A,. CoriacHO IPHHIUIY CyIIEp-
IIO3UINN KBAaHTOBBIX COCTOHHI/IfI, JacCTulla MO2KET B JaHHBIX YCJIOBUAX HaXOJUTLCA U B
COCTOSIHUU C BOJTHOBOM (DyHKITHEIH

IJie a; U 4, — HEKOTOPbIe KOMIIEKCHBIE dncia. Kakoe 3HaUeHne TOTyYnTCs IPU H3Mepe-
HUU JIMHAMUYIecKoit iepemennoit A B cocrostanm (3.20)7 flcno, uTo oHo He GyJeT Beera
paBHo A, mm A, , Tak kak ¥ — “cmecy” JByX cocrosiHM. Bompoc o ToMm, KakK CBsI-
3aHO M3MepsgeMoe 3HaUeHre JUHAMIYEeCKON IIepeMeHHON B CYIIEePIO3UIINN JIBYX 1 OoJjiee
COCTOSIHUI, HEBO3MOXKHO PENIUTH YUCTO JIoTMYecKuM myteMm. [Ipuxojures, onupadch
Ha 3KCHEPUMEHTHI, NOCMYAUPOSAMSb ITO TIpaBuio. [locTymar o pesyiapTrarax m3MepeHns
JIMTHAMIYECKUX IIePEMEHHBIX B KBAHTOBOI MeXaHWUKe IJIACUT:

e Eciu msmepenne HekoTopoit Bemannbl A B cocrogann W, Bcerya jgaer pe3yibraT
A,, B cocrosinun W, — pesyiabrar A, 1 T. 1., TO CyIE€PIO3UIINS

v=> a7, (3.21)

OIHCHIBAET COCTOSAHME, B KOTOPOM MHOT'OKDATHBIE M3MEPEHUs TOW K€ BeJMINHBI
OyayT gasarh jinbo A, mubo A, U T. 1. ¢ HEKOTOPBIMU 6EPOAMMHOCTNAMU, 3ABUCH-
IMIIMH OT 3HaYeHN! KO3 OUIMEHTOB a;.

Uraxk, B ob1iem ciaydae pe3ysbrarbl U3MepeHns GU3NIeCKUX BeJTUIUH (JIMHAMUIECKIX
[IepEMEHHBIX) B KBAHTOBOI MeXaHWKe HeJb3sT OJHO3HATHO MTPEJICKA3ATh, JaXKe eCJId Mbl
3HAEM, B KQKOM COCTOSTHMM HaXOJUTCs YaCTHIIA.

3.5. Cpennune 3HaUYEHUS JUHAMUYIECKUX MEePEMEHHDBIX.
OmnepaTopsbl

Ecymm ipm usmepenunn ojiHON u TO# Ke PU3MIECKON BEJTMINHBI B HEKOTOPOM KBaH-
TOBOM COCTOSIHUU IOJIYYalOTCS PA3JIMYHbIE CJIydailHble 3HAYEHUs, TO B KadecTBe 00b-
€KTHUBHON XapaKTePUCTUKN (DU3UYIECKON BEJIMIUHBI B JIAHHOM COCTOSHUU €CTECTBEHHO
B34Th ee cpeJHee 3HaYeHue 110 OOoJIbIIoMY YucIy usMepenuii'. Takum o6pasom, Ham
TpedyeTCst MPAaBUJIO BLIYUC/ICHUS CPETHIX 3HAUCHU N (DUBUIECKUX BEJINYUNH B COCTOSAHUM,
KOTOpOE OIHCHIBAETCS MPOM3BOJIBHON BOJHOBOI (dbyHKkImeir V(7 t).

[IpemonoxuM cHAYATIA, ITO MHTEPECYIONas HaC JUHAMIYeCKas rnepeMennas A 3a-
BHUCHUT JIUNTH OT KOOPJAUHAT YacTHUIlbl. [Iprumepamu aBIM0TCSA caMu KOOPAUHATHI 9acTH-
bl X, Y, 2, TOTeHInabHast SHeprust YacTurpl U (7) BO BHEIHEM TI0JIe, CUJIa

F(7) = =VU(7), (3.22)

nefictByiomas Ha gacruity. JIjisg Takux JUHAMAYECKHUX IIEPEMEHHBIX JIETKO chopMy -
pOBaTh MPABWJIO BBIUUC/IEHUs cpeaux 3Hadenuii. Obosnavas yepes A(r) = A(x,y, 2)
3HAYEHNE JUHAMUYIECKON IIEPEMEHHON B TOYKE MPOCTPAHCTBA C PaJIUyC-BEKTOPOM 7° W

!B Teopum BeposaTHOCTEl CpejiHee 3HAMEeHNe HA3bIBACTCA TAKKE ‘“MATEMATHIECKIM OXKHJIa-
99
Huem’.



27

BCIIOMUHAsI BbIpazkeHue (2.24) s BEPOSITHOCTH OOHAPYKUTH YACTHILY B MAJOM O00b-
eMe BOJIMBU 3TOH TOUKH, JIg cpejnero sHadenus (A)' quHaMuUUecKoil mepeMeHHo B
MOMEHT BpeMeHH t mojydaeM (popMy/1y, OUEBHIHYIO JIJI UUTATEe I, 3HAKOMOI'O C 3Jie-
MEHTApPHON TeOpUueil BEpOATHOCTEN]:

MY:/AWMMﬁQE/AWHMﬁmMV. (3.23)

\4 Vv

Nurerpuposanue BejeTcs 1Mo BceMy obbeMy V| rie MokeT ObITh OOHApY2KeHa JacTHUIlA.

[Tpocreiimas nuHaMudeckas mepeMeHHas, Koropas He ABjIgeTcs pyHKImel Koopay-
HAT, — UMILYJIbC JacTUIbl. K coXKaJeHUIo, Terepb Mbl HE MOXKEM IPUMEHUTH (PopMy-
ay (3.23). YTob6bl PABUIO BBIUUC/IEHUsI CPEJIHETO 3HAYEHUs MMITY/ThCa YaCTUIBI (KO-
Topoe GaKTHIECKN MOCTYIUPYEeTCs B KBAHTOBOW MeXaHUKe) He MOKA3aJ0Ch IHTATEO
CJIMIITKOM aDCTPAKTHBIM, TIPUBEJIEM HEKOTOPbIE HABOJIAIIME COODpaykeHust. BeroMHuM,
YTO HAM YK€ U3BECTHA BOJIHOBas (DYHKIMA COCTOSHUS, B KOTOPOM HMMILYJIhC TaCTHIIbI
nMeer onpedesernoe 3HaeHue, — TO BOJHOBas (DyHKIWMs cBOOGOAHON dacTuIlbl (2.26).
B pannom ciaygae (p)' = p. YuurbiBas ycioBue HOpMUPOBKE (2.25), 3amuiineM mpoeK-
U0 UMITYJIbCA HA OCh X BUJE WHTerpaJa, Moxoxkero Ha (3.23):

(p,) = [ p, V(T DAV = [ U7, t) p, V(7 t)dV . (3.24)
/ /

Bamerum Tenepb, 4To JJId BOJHOBOI dyHKImN (2.26)

Ut

p, V(7 t) = —ih 5 (3.25)

Nrax, mo kpaitHeil Mepe Jjisi CBOOOIHON TaCTHIIbI,
t * (= . a =
(po) = [ W7 1) { —ihg ) U(F ) aV . (3.26)
T
1%

Amnastornvnbie GOPMYIIBI C TPOU3BOIHBIMHE 110 Y U 2 MOYKHO 3aIMCATH U JIJIs JIBYX JIPYTHX
POEKINI UMITy/Ibca (IIPOBEPHTE ITO caMu). XOTs Jijis CBOOOJHON YaCTUIBI B IIPUBE-
JICHHOM BBIIII€ YIIPA’KHCHUK Mbl, KOHEYHO, HE MOJIy4aeM HUYero HOBOI'O, OJHAKO IIpa-
BuJio (3.26) MOXKHO Telepb PACIPOCTPAHUTDL HA NPOUZBOALHOE COCMOANHUE. BO BCIKOM
caydae, ero MOYKHO MPUHATH KaK Pa3yMHYIO THUIOTe3y. JTa THIoTe3a OKa3ajach Bep-
HOIl B TOM CMBICJIe, YTO OHa COIJIACYeTCs C SKCIEPUMEHTOM U C JPYTUMH IIpPaBUIaMU
KBAHTOBOI MEXaHUKMU.
Benewm cirenytoniue nuddepenimaibabie OepaToph:

b, = —ih a%’ py=—iho, P, =il (3.27)
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KOTOpBbIe HA30BEM OIlepaTOpaMM MPOeKIMii MMIyJabca YacTUHbI. Torjaa s Jio-
OOro COCTOAHUS YACTHUIILI IIOCTYJIUPYEM IIPABUJIA BHIUUCICHUS CPEJIHUX 3HAYCHUH 1IPO-
eKIUiI UMITYJTbCa (apryMEHTBI OIYCTHM JIJIsi KPDATKOCTH ):

29 Z/\I’*ﬁx\I’dV, (py) z/\lf*ﬁy\I/dV, (p.) :/‘If*ﬁZ\IJdV. (3.28)
1% \% 4

JloroBopumcsi, 4To Jit000it ortepaTop Beerja jgeficTByer Ha (DYHKIIUIO, PACIOIOKEHHYIO
crpaBa OT Hero.
Tpu npasuia (3.28) MOKHO 3alKcaTh B BUJIE OJHOTO, €CJIM BBECTH BEKTOPHBIN Orle-

parTop

P= —ihV olepaTop MMIIyJbCa, (3.29)

—

riae V — oneparop “nabia” (3.7). @opmysibl (3.28) SKBUBAJEHTHBI BEKTODHOMY DaBeH-
CTBY

() = /\If*ﬁ\PdV. (3.30)
\%

C(bOpMyIII/IpOBaHHOG BbIII€ IIPaBUJIO BBIYUCJ/ICHUA CPpEeIHEro UMIIYJIbCa YaCTUILbI I1€-
PEHOCUTCA B KBaHTOBOI MEXaHHKE Ha BCE JAUHAMHUYIECKUE II€pEMEHHBIC!

e Kazkmoit nunammdaeckoil mepemennoit A coorBercrByeT omeparop A, HeiicTByfO-
it Ha BoJiHOBBIE (byHKIMH. Cpe/iHee 3HaYEeHME JTUHAMUIECKON MEPEeMEHHON B
COCTOSTHUHU, KOTOPOE OIUCHIBAETCsI BOJIHOBOI (byHKImeit V(7 t), BbIUUC/ISIETCS 110

dbopmye!

(A) = / TFAV AV | (3.31)

14

Bepuemcs Terepb K BbIpaykeHHIo (3.23) Jist CpeTHUX 3HAYECHUT IMHAMIYECKUX TePEMEH-
HBIX, KOTOPBIE ABJISIOTCS (PYyHKIUIMU KOOpauHAT dacTuilbl. CpaBHUBas 9TO BbIpazKe-
Hie ¢ obmuM mpaBuaoM (3.31), IpUXOAUM K 3aKJIIOUEHUIO, YTO OIEPATOPhI KOOPIMHAT
JaCTHUTIHI COBIAJAIOT ¢ CAMUMHM KOOp/IMHATAMHU, T. €.

T=u, 7=y, 3=z, (3.32)

WIW, YTO TO K& caMoe, OIepaTop pPaJnyca-BeKTopa YacTUIbl COBIAJIAET C CaMUM
PaIyCOM-BEKTOPOM:

F=7 olriepaTop paJuyca-BeKTopa. (3.33)

eiicTre omeparopos (3.32) u (3.33) Ha BOJTHOBYIO (DYHKITHIO CBOJUTCS K YMHOKEHHUIO,
Hanpumep, W = xW.

'Y706bI MOUEPKHYTH KBAHTOBBIN XapaKTep JHHAMHUTIECKON II€PEMEHHOI, ee cpejHee 3Ha-
genne (A) gacro 3anuceiBaercs B Buje (A). Ml 6yzem ucnonbp3oBaTh 0ba BapuaHTa 3aliuCch
CpPeIHNX 3HAYCHUN.
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3.6. IIpumepsbl ortepaTopoB AMHAMHUYECKUX IMePEMEHHbBIX

B mamem pacropsizkenun rerepb umeercs (opmysia (3.31) jist BBIYUCIEHUS CPe/I-
HUX 3HAYCHUI JTUHAMWIECKAX MEPEMEHHBIX U JBHBIE BBIPAXKEHUS JJIsI OIIEPATOPOB T° 1

p. Kaxk crpositest oneparopbl Apyrux JMHAMAYECKUX HepeMeHHbIX? Bo MHOrux ciyda-
X paboraeT Takoe mpasusio. Ecim Kiaaccudaeckast muHaMudeckas nepemenuas A(7) p)
aBJIsieTcs (PYHKIUEH KOOPUHAT W UMITYJIbCA, TO KBAHTOBBIH OllepaTop 3TOoi [uHaMUYe-

CKOI1 miepeMenHoil A mostydaercs B pesysibraTe 3aMeHbl 7 — 7, p'— P, T. €.

A

A(Fp) — A= AFp). (3.34)

Hanpumep, uts MOMEHTa UMITy/bca qactuis L [em. (3.19)] s1o npasmio gaer

=p

L=

X ﬁ oliepaTop MOMEHTAa UMNYJIbCA. (3.35)

Pekomenyem auTaTesio caMOCTOSTEILHO 3alINCATh BbIpayKEHUs JIJIsl OIIEPATOPOB IIPO-
ekiuil MomenTa nmuysbca L, L, L, (em. ynpaskuenue 3.5.).
JIpyroii BaKHBIII TPUMEp OIepaTopa, KOTOPBI MOYXKHO IIOCTPOUTH IO IPABU-

ay (3.34), — omeparop SHEpruM YaCTHIIBL.  3aMeTHM, 9YTO KBaJpaT OlepaTopa
umiysbea (3.29) pasen p? = p - p = —h?*V?2. TlosTomy ramunsronnan gacTuibl (3.5)
MOKHO 3aIUCaTh TaK: )
2 p 5
H(t)=—+U(7,1). 3.36
() =L +ui.) (3.36)

Mb! B, 49TO omepaTop H COOTBETCTBYeT KIACCHYECKOH IMHAMUYECKOH MepeMeH-
noit £ = p?/2m + U(7,t), To ecTb sHeprum vacTuipl. Takum 06pa3oM, B KBAHTOBOIL
MEXAHUKE 20MUADTMOHUGH — ONEPATNOP IHEPLUL.

K cozkajienuio, mpaBujio HOCTPOEHNsT KBAHTOBBIX OLIEPATOPOB, BhIpazkaeMoe hopmy-
noit (3.34), He sABJIsIETCA YHUBEPCATIbHBIM. Jl€0 B TOM, 9TO HEKOTOPBIE AMHAMUICCKUE
nepeMeHnble B KBAHTOBOIT MEXaHUKe He MMEIOT KJIACCHIECKHX aHajoros'. B kaxmom
U3 TOJOOHBIX CJIydaeB POOJIEMY MOCTPOEHUS ITPABUIBHONO KBAHTOBOI'O OIEPATOPA
IPUXOJIUTCS PEIMIATH OT/IEIBHO.

YipakHeHus

3.1. TIpoBeputsb, uTo BosHOBasI (byHKIMsI CBOOOAHON dacTuilb! (2.26) yaoBaerBopsier
ypasuenuto [Ilpemunrepa (3.3), rae U = 0.

3.2. Ilogcrasuts Beipaxkenue (3.8) B ypasuenne [1lpeunrepa (3.4) u mokasarh, 9T0
U u U yaoBierBopsaioT cucreMe ypaBHEHUi

ov . ov” -
h— = HU" h— =—-HV'. .
ot ’ ot (3:37)

YKazaHue: Y4eCTb, 9T0 TaMIJIbTOHUAH (3.5) — JieficTBUTEIbHbIN OepaTop.

'Baxkuplil npuMep Takoi JMHAMHYECKON IepeMeHHON — cruH (COOCTBEHHBIH MOMEHT MM-
IyJIbCA) YACTHIIBI.



30

3.3. KBanToBoe cocrosiHue 4acTHIIbI OMUCHIBaeTCst BOMHOBOH dynkiumeit (3.18), rue
a, M a, — JeiicrBuTesabHble uncia. [lokaszaTh, 9TO IJIOTHOCTH BEPOATHOCTH B 3TOM
COCTOAHUN MMECT BUJL

(U(F4)? = af [p, (7)]° + a3 [p, (F)]° +
+ 2a,a4 Re {@ZJTEQ(F)wEl (7") exp |:%(E2 - El)t} } : (3.38)

Kax npunsito B MaTemaTuke, cuMBosioM Re{z} obosnauena jeiicTBuTe/bHAs 9aCTh KOM-
IJIEKCHOTO YHCIa Z. B KakoM cjIydae IJIOTHOCTH BepositHocTH (3.38) He 3aBUCUT OT
BpeMeHn !

3.4. 3amucarh gBHOE BbIpayKeHUE JIJId ollepaTopa KUHETHUIECKONH SHEPIUH YaCTUIIbI
T. Boraucsmts cpeanee 3nadenue (1) ayist cBOGOHON YACTHUIIBI ¢ BOJHOBOM (DYHKIM-
eit (2.26).

3.5. Ucnosb3yst Beipazkenue (3.35) 1ist oliepaTopa MOMEHTa UMITYJIbCA, BBIBECTH CJIe-
jytorye (pOpMYJIbI JIJIsi OTIEPaTOPOB MPOEKIIN MOMEHTa MMITYJIbca Ha OCH JIeKapTOBOM
CHUCTEMbI KOOpJIMWHAT:

. , 0 9, A : 0 0 - . 0 0
L””__Zh(y@_z(?_y)’ Ly——zh<z%—x$), LZ——zh<xa—y— %)

(3.39)

4. AJaredpa omepaTopos

[TockoIbKYy KBAHTOBBIE JUHAMUYECKHE II€PEMEHHbBIE OITMCHIBAIOTCS OIlepaTOpPaMMU,
JIEHCTBYIOIIMMHU Ha BOJIHOBBbIE (DYHKIIUU, UMEET CMBICJ OOCYJIUTh Hambojee BayKHbIE
CBOICTBaA OIIEPATOPOB U UX CBA3b ¢ (PU3MIECKUM COJIEPKAHIEM KBAHTOBON MEXaHUKH.

4.1. OcHOBHBIE CBOIICTBa ONEPATOPOB AMHAMUIECKIX
nepeMeHHbIX

B maremaruke oreparopom A naszpiBaercs moboe npeobpasoBanue oHoN byHKIMN
® B apyryto dyukimo P’
(7)) = (AD) (7). (4.1)

OrmepaTopbl, KOTOPbIE COOTBETCTBYIOT JUHAMUYECKUM TIEPEMEHHBIM, JTOJI2KHBI Y/IOBJIC-
TBOPATH HEKOTOPBIM YCJIOBUSM, BBITEKAIONINM U3 OCHOBHBIX ITPUHITUIIOB KBAHTOBO Me-
xanuku. Hampumep, jaJibiiie Mbl yBUJIUM, 9TO JIJIsi CIIPABEJIMBOCTH TIOCTYyJIaTa 00 n3-
MEpEeHHH JIMHAMUYECKUX TePEeMEHHBIX, C(OPMYIUPOBAHHOTO Ha CTP. 26, HEOOXOIMMO,
9TOOBI OoIeparTop J00# IMHAMUYIECKON ITepeMeHHO ObLI JIMHEMHBIM. TpeboBaHmst K
JINHEITHOMY OII€PATOPY TAKOBBI:

(a®) = aAd, (4.2)
(q)l + q)z) = A(I)l + A(I)za .

5 SER N

!OnepaTopsl MOTYT JeHCTBOBATH HE TOJLKO Ha (DYHKIUH, HO W Ha JAPYyTHe OOBEKTHI, HO
3/1eCb MBI HEe OyJIeM CTPOUTDH OOIIYI0 TEOPUIO OIEPATOPOB.
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rJe a — IIPOU3BOJILHOC KOMIIJIEKCHOE IHCJIO. I/ICHOJ'Ib3yH TN CBOI‘/’ICTBa7 JIEI'KO JOKa3aTh,
9TO OJIdA JII000r0 JIMHEHAHOrO orepaTopa ClipaBeI/JINBO PaBEHCTBO

A a®, | =) a, AP, (4.3)

i

Yurareto Oy/ieT MOJIE3HO CaMOMY IIPOBEPUTH, UTO BCE OIEPATOPhI JUHAMUYIECKHUX IIe-
PEMEHHBIX, KOTOPbIe ObLIN BBEJIEHDBI B IIPEJIbLLYIIEM Maparpade, siBIdioTcs JITHETHBIMA
olepaTopaMH.

E1re o/1HO cBO#CTBO O1epaTopoB B KBAHTOBOI MEXaHUKE CJIe/IyeT U3 OYEBUTHOTO TPe-
OoBaHus, 9TOOBI CpejiHee 3HAYEHHE JTI000i TMHAMUIECKON ITepeMeHHOi OBLIO JIeCTBH-

TEJIbHBIM, T. €. (A)* = (121> Y10o0bI chHOPMYTUPOBATE ITO CBOHCTBO, HAM MOTPEOYIOTCsT
HOBbIE TIOHSATHS.

Bo-neppbix, onpe/ie/nM KOMIIEKCHO CONPs>KeHHbI{ ollepaTop A*, KoTopsiii 1o-
JlydaeTcs u3 oneparopa A samenoii i — —i. Ecam Munmas C/IUHANA HE BXOJUT ABHO B
oneparop A, To, koneuno, A* = A. B takom CJly™ae TOBOPST, ITO A — peiicTBuTeND-
HEBIi oniepaTop. Bo-BrophIx, 114 onepatopa A MOXKHO BBeCTH TPAHCIIOHMPOBAHHBDII

ortepaTop A, KOTOpPHIil OIpeIe/IsseTcss paBeHCTBOM

/ D, (Ad,) dV = / @2(Z¢1)dv, (4.4)

e &, u ®, — npousBosbHbIe QYHKIMU KOOpAMHAT. HakoHell, BBejeM 3PMHUTOBO
COIIPsI>KeHHbII1 onepaTop’

At=A . (4.5)

[Ipenaraem dyuTaTe/ 10 B Ka4ecTBe yIPaXKHEHUs ITPOBEPUTD, YTO SPMUTOBO COIPSIZKEH-
HBIII OIlepaTop Y/I0BJIETBOPSAET COOTHOIIEHUTO

*

/ PAD, AV | = / PrATD, av, (4.6)

rae ¢, ®, — aBe npousBoIBHBIE (DYHKINN.

PaccmoTrpum Teneph cpejliHee 3HaYeHUE JIMHAMUYIECKON IIEPEMEHHOI, KOTOPOil coOT-
BETCTBYET OIlepPaToOp A. Ncnonb3ys onpejieieHne SpMATOBO COMPSAKEHHOTO OIlepPaTopa
u paBeHcTBO (4.6), 3ammirem

(Ayr = /xp*fw v ) = /xp*Ahp dv = (A,

Tax Kak /I Npou360avH020 KBAHTOBOIO cOCTOAHNA U JOJZKHO BBIIIOJIHATHCS PABEHCTBO
(A)* = (A), To omneparop 060N JTUHAMUYECKON MepeMeHHON 06s3aH yI0BJIETBOPATD
YCTIOBHIO

At = A SPMUTOBBIN OIepaTop. (4.7)

'Hazpanue omnepanuu (4.5) ceszano ¢ damumineil dpanmnysckoro maremarnka XIX Beka
Tapsas Dpmura.
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Omeparopsl, yaoBIeTBOPSIONIe yCaoBuio (4.7), HA3BIBAIOTCI IPMUTOBBIMH WU Ca-
MOCOIIPSIY2KEHHBIMU OIlIePATOPaMHU.

[Toxsogst uror, MOKHO CHOPMYIUPOBATHL HEOOXOIUMOE TpeboBaHue K olepaTopaM
JINHAMUYIECKUX MTEPEMEHHDBIX WJIN, JPYTUME CJIOBAMH, — K OIlepaTopaM HabJIIoIaeMbIX
(1)I/I3I/I‘{CCKI/IX BCJIMYNH:

e OnepaTopbl, KOTOPbIE COOTBETCTBYIOT JMHAMUYECKUM MEPEMEHHBIM, OOI3aHbI
OBITH JIMTHEIHBIMUA SPMUTOBBIMUA OTIEPATOPAMH.

4.2. lIpousBeaeHune onepaTopoB

Bo MHOruX NpUIOZKEHUsIX KBAHTOBONX MEXAHUKI BOSHUKACT [POU3BEICHHE OLIEPATO-
poB. CMbIcst cumBota AB CTAHOBHTCS OMEBUIHBIM, €C/IN CIpaBa [OCTABUTH (DYHKIIIIO
W, Ha KOTOPYIO JIEUCTBYIOT orepaTopbl. V3 BbIpakenms ABU BUJIHO, YTO CHadYaJIa Ha
dyukimio ¥ neiictByer ornepaTop B, a sarem — omeparop A. Dro npasmio HY>KHO
XOPOIIIO 3AIIOMHUTH, MHAYE MOXKHO TOJIYYUTh HEBEPHbIE PE3Y/IbTATHI.

[IycTn A— SPMUTOBBIN OIIEPATOP JTUHAMUYIECKON ITepeMeHHoi A, a B— SPMUTOBBIN
oriepaTop JIPYroit TUHAMIYIECKON repeMenHoi B. KcrecTBeHHO TTPEIIIONIOKUATD, TO TIPO-
M3BeIeHne onepatopos AB Toxe COOTBETCTBYET JIMHAMUYECKON MEePEMEHHOMN, KOTOpas
€CTh IPOU3BEIeHNE MCXOIHBIX JTUHAMUIECKUX 1epeMeHHbIX. OHaKo 9TO He Bcerja Tak
IO CJIEJTYIONTUM TTPUYUHAM. Bo-TIepBBIX, pe3yJIbTaT JeHCTBUS ITPOU3BEJICHUS OIEPATO-
POB Ha BOJIHOBYIO (DYHKITUIO MOYKET 3aBUCETb OT UX IMOPSJIKA B IIPOU3BEJICHUU, T.€. B
o0I1IeM citydae

ABU + BAU.
Y100bI yOEIUTHCS B 9TOM, JOCTATOYHO B3SITh A=2uB= p,. Tak Kak
p, ¥ = —ih:pa—\p, D2V = —ihﬁ (xW) = —ih (xa—qj + \If) , (4.8)
ox ox Ox
BUJIHO, 4TO TP, # P,T. Bo-BTOphIX, ecim omepaTopsl A u B — 3pMUTOBbIE, 9TO ellie
He o3HAUAeT, 9T0 AB — TOKe SpMHUTOBBL omepartop. MOKHO TOKa3aTh (eM. ympakhe-
uuie 4.7), 910 111 JIIOOBIX JIBYX OMEPaTOPOB CIIPABEJJINBO PABEHCTBO

(AB)' = BTAT, (4.9)

T.€. S5PMUTOBO COLPSKCHHBLI OLEPATOp MPOU3BEACHUSI PABEH LPOU3BEICHIIO SPMUTOBO
COIIPSAZKEHHBIX OIIEPATOPOB, HO B3ATBIX B 0bpamuom nopadke. Ecan At = Awu Bt = B
to dopmyia (4.9) maer

(AB)' = BA JIJISI SPMUTOBBIX OIIEPATOPOB. (4.10)

Taxum obpaszom, JIjIst SPMUTOBBIX orepaTopoB A n B ux nponssenenne AB Toxe SBJIsI-
eTCsl SPMUTOBBIM OIEPATOPOM (U, 3HAYUT, MOXKET [PETEHI0BATH HA 3BaHUE JIHHAMUIC-

CKOIil lIepeMeHHOi1 ), TOJBKO eC/Iu AB = BA T. €. IIPOU3BEJIEHNE OIIEPATOPOB HE 3aBUCUT
OT TIOpsIJIKA COMHOXKHTE/Iel. BBhIBO, K KOTOPOMY MbI IIPUIILIN, — IPUMEDP KPACUBOI CBSI-
31 MAaTEeMaTUKH U (PU3UKH B KBAHTOBOW Teopuu. B camoM jiesie, mpoBepuB, MOKHO WA
HeJIb3s MEHSATH TOPSAJIOK OTIEPATOPOB JIMHAMIYECKUX TEPEMEHHBIX B ITPOU3BEIEHNH, MBI
3aKJII09aeM, MOYKHO JIM B 9KCIIEPUMEHTE U3MEPUTDH MPOU3BEIEHNE ITUX JTMHAMUIECKUX
IIepEMEHHBIX.
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4.3. KomMmmyTaTop oreparoposn

BBuy ckazaHHOTO BBINIE, B KBAHTOBOU MeXaHUKEe BaXKHYIO POJIb UTpaeT KOMMYTa-
TOP /BYX OIEPATOPOB JIMHAMUYECKUX HEPEMEHHbBIX, KOTOPBII 0003HATACTCA CUMBOJIOM

[A,B]|= AB — BA KOMMYTaTop. (4.11)

[A,A]=0, [A B]=-[B,A. (4.12)

IIpuBenem erie ABa IMOJIE3HBIX TOXKJIECTBA,
[A,B+C) =[A B +[A,C), (4.13)
[A,BC] = [A,B]C + BIA, (), (4.14)

KOTOPbIE YACTO UCIIOIb3YIOTCH JIJIsi SBHOT'O BHIUUC/IEHIS KOMMYTATOPOB. IIpoBepKy aTnx
TOXKJIECTB OCTaBJIIEM UUTATEI0 B KadecTBe yIParKHEHUs; HYZKHO IIPOCTO 3allCaTh B
Da3BEPHYTOM BHJI IIPABbIC H JIEBBIC TACTH H yOeIUTHCs, YTO OHU COBITAIAIOT.

Ecmu [A, B] = 0, 1. e. st mo6oit bysxmun W sbimosHsercs pasencTso [A, B]U = 0,
TO TOBOPAT, UTO OIEPATOPDI AuB KOMMYTUPYIOT. fCHO, YTO B 3TOM C/Iydae MOXKHO
[I€PECTABIATH OIEPATOPHI B IIPOU3BEICHUN.

Ha Oymyiee mosie3no BBIYUC/IATD KOMMYTATOPBI YK€ 3HAKOMBIX HAM OIIEPATOPOB
JMHAMIYECKUX TepeMeHHbIX. [Ipexkie Bcero 3aMeTuM, 9T0 OrepaTropbl KOOPJAUHAT Ya-
crutpl (3.32) KOMMYTHPYIOT YT ¢ apyrom. O4eBuHO, 9T0 J11060it orepaTop IpoeKIm
UMITYJIbCa (3.27) KOMMYTHPYET € JIFOObIM JPYTUM OIEPATOPOM ITPOEKIIUH UMITYJIbCA, TaK
KaK BBIUHC/ICHUE YaCTHBIX ITPOM3BOJHBIX MOXKHO IIPOBOJIUTEL B JIIOOOM Iopsjike. Kpo-
M€ TOrO, JIETKO COOOPa3UTh, YTO KAXKJbI M3 ONEPATOPOB KOOPJMHAT KOMMYTHDPYET C
oTepaToOpoOM “dy2Koil” IPOEKINH UMITYJIbCA, T. €.

A A

[Z,p,] = [2,0,] =0, [9,0]=1[9,0.]=0, [£0p,]=1[%0p,]=0. (4.15)

Ecm, onaako, Mbl BO3bMEM 1Iapbl OLEPATOPOB & U P,, Y U D, Z U D,, TO OOHAPYKUM,
YTO X KOMMYTATODBI He paBHBI HyJ0. [leficTBuTesibHO, ucnosb3ys dhopmydisr (4.8), a
TaKKe aHAJIOTMYHbIe (DOPMYJIbI JJId JAPYTUX IPOEKIINii, HaXO UM

[,p,] = th, [§,p,] =ik, [2p.]=ih. (4.16)

B JaHHOM CJIyda€e KOMMYTaTOPbI ABJIAIOTCA YHCJ/IaMU. CTpOFO T'OBOp#A, KOMMYTaTOP
BCErJla ABJIACTCA ONEPAmOopOoM. [Tosromy B hopmyrnax (4.16) Bmecro ifi ciegoBaso Obl
HaIncaThb zhl rie 1 — eQuHudHbI omepaTop, JefcTByomui Ha mobyio dbyHKImo U
110 TIPaBUITY 1\11 = V. g yuopomenus hOpMyI eIUHUYIHBINA OllepaTop MOYTH BCETIA
ABHO HE€ BBIIINCBHIBACTCA.

[IpuBeseM BarXHBIM TPUMEP, MOKA3BIBAIOIIUI, YTO KOMMYTATOP JIBYX OIIEPaTOPOB
JAMHAMHUYICCKUX II€ePEMEHHBIX MOXKET BbIpazKaTbCdA Yepe3 OollepaTop TpeTbeu JuHaMu4de-
CKoi1 lepemMenHol. Bermomunaga omnpe/iesieHne orepaTopoB MPOEKINi MOMEHTA UMITYIbCa
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gactuibl (3.39) U BBIUUC/IAST KOMMYTATOPBI [T PA3JINIHBIX POEKIINii, HETPY/IHO PO~
BepuTh (cM. yrpazkHenue 4.8.), 910

A

(L

A A A

oL, =ihLl,, [L,L)=ihL, [L,L,)=ihL, (4.17)

Ot TP KOMMYTaTOpa MO2KHO KpPaTKO 3alliCaTb B BHU/E€ OJHOI'O BEKTOPHOI'O paBEHCTBa

~
-

L x L =ihL. (4.18)

[Tpoeknym omepatopa B JieBo#t 4acTh Hajlo Beraucaarh tax: (L x L), = L, L, — L, L,;
OCTaJIbHBIE JIBE MPOEKITUH IOy Jal0TCs ITUKIMIECKOM IePEeCTaHOBKON MHIEKCOB T, ¥, 2.
Dopmyia (4.18) meMOHCTPUPYET pas/udie MeK Ly CBOHCTBAMI BEKTOPHBIX OMEPATOPOB

1 OOBIYHBIX BEKTOPOB, st KOTOphix A X A = (.

4.4. KsaHTOBas HeEOIPEIEJIEHHOCTh (PUBMIECCKUX BEJIMINH

B paznene 3.4. yxke oTMedasioch, YTO MHOTOKpATHbIE U3MEPEHUs OJIHON U TOU Ke
duU3TIECKON BEJIMINHBI B OJJHOM 1 TOM YK€ KBAHTOBOM COCTOSHHUU OYIyT JaBaTh, BOOOIIE
T'OBOp#, pPa3/IndHbIE PE3YJIbTATHI. Ha HepBbIﬁ B3IJIA/, B 9TOM yTBEP2KACHUUN HET HUYIEr'O
VJUBUATEIBHOIO, TaK KaK B 1000M SKCIEPUMEHTe Bcerja JIeHCTBYIOT ciydaiinbie (ak-
topbl. [losTomy m B Kiaccmyieckoit (pu3mKe CYUTAIOCH, YTO HU OJHY JUHAMUYECKYIO
IIEPEMEHHYIO MTPAKTUIECKH HEBO3MOYKHO U3MEpUTh abcostorHO TodHo. [lo kiaccude-
CKUM IIPEJCTABICHUIM, OJIHAKO, JJIs HMOBBIIIEHUsT TOYHOCTA W3MEPEeHUil HeT NpuHil-
NUANOHYIE OTPAHIMYEHU; yIydinas TpUOOPhI, MOXKHO IIOJIYUUTh SKCIIEPUMEHTAIbHBIE
3HAYCHUSA (PU3MIECKON BEJUUINHBI, CKOJIb YTOJHO OJIM3KHE K €e UCTUHHOMY 3HAYEHHUIO.
B kBaHTOBOII MexaHUKe YyTBEPXKIAETCsI, ITO, KpoMe pasdpoca IKCIIEPUMEHTAIbHBIX pe-
3yJIBTATOB, CBI3aHHOIO C HECOBEPIIIEHCTBOM PeaIbHBIX ITPUOOPOB, y (PU3NIECKON BeIH-
YUHBI B JIAHHOM COCTOSHHH MOKET ObITh KBAHTOBasl HEOIIPEIEJIEeHHOCThb, KOTOpasd
3aBUCUT OT CaMOI'0 COCTOAHUA M HE MOXKET 6bITb YCTpaH€Ha IIOBBIIIIEHUEM TOYHOCTU
npudopos. ['pybo rosops, eciin y pU3NIECKON BEJIUINHBI UMEETCd KBAHTOBas HEOIPe-
JIEJIEHHOCTh, TO MbI HE MOKEM abCOJIIOTHO TOYHO U3MEPUTH 3Ty BEJMUYUHY HE IIOTOMY,
YTO HAIKM NPUOOPHI HECOBEPIIEHHBI, & IMOTOMY, UTO Y (DU3UUECKONW BEJIMIUHBI ITPOCTO
Hem HUKAKOro “UCTUHHOIO 3HAYeHUsS B JTaHHOM COCTOSHUM.

Aurebpa orepaTopoB JaeT BO3MOYKHOCTH BBECTH KOJIUIECTBEHHYIO XapaKTePUCTHKY
KBaHTOBOI HeOoIIpeJe/ICHHOCTHU (1)H3I/IquKI/IX BeJINYUH. STa XapaKTepUucCcTuKa BBOJIUT-
¢ IO aHAJOTHH C TaK HA3bIBAEMOI cpedneli KeadpamuuHol nozpeusHocmbvro, XOPOIo
HU3BECTHOM KasKJIOMY, KTO IIPOBOJUI XOTs ObI IpocTeiilnme sKcrepuMeHThl. [Ipesmo-
JIOXKHUM, 9TO (PUBHIECKON BeJIMYNHE COOTBETCTBYET SPMUTOBBIN OllepaTop A. Beesem
TaKzKe OIEPATOP

AA = A— (A). (4.19)

Ero MoxHO cunTaTh OomeparopoM OTKJIOHeHHs (PU3MYECKON BEJIMYMHBI OT €€ CpejHe-
ro sHavenns.. OUEBHIHO, UTO ITOT ONEPATOp 3PMHUTOBBIL, ecm A cam siBIsieTcs 9p-
MHUTOBBIM olleparopoM. KBaHTOBOII HeOompeaeJeHHOCThIO JAMHAMUYECKOI mepe-
MeHHOI A B cocrosinnu W Ha30BeM cpejHee KBaJApaTUdHOoe oTKIoHeHne AA, KoTopoe
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BBITHUCIACTC 110 (hopMyIIe

AA =\/{(AA)?) = \/(/\p (AA)* T dV) . (4.20)

[Moscrasnss B Hee Boipaxkenue (4.19), mosryaaem cieryonty o hbopMyITy Jjisi KBAHTOBOI
HeOIpeIeJIEHHOCTH:

AA = \/(A2) — (A)2. (4.21)

Omna anajioruydna XOpOIIO U3BECTHON hopMmysie JIJist cpejineil KBaIPaATUIHOMN ITOIPEIHo-
ctu u3Mepennit. Ilo cymecTBy, KBaHTOBas HEOIPEIETEHHOCTb (PU3NIECKON BEJTUINHBI
€CTb CPeJIHAA KBaJpaTU4Has IIOIPENIHOCTb NP MHOTOKPATHOM HU3MEPEHUU ITOH Be-
JIMYIUHBI “UJIeAJTBHBIM IPUOOPOM, KOTOPBIN HE BHOCUT JIOTOJHUTE/ILHON TOTPEITHOCTH,
CBSI3aHHOM C HETOYHOCTBIO peaIbHbIX N3MEPEHMUIT.

4.5. CooTHonieHne HeolIpeae/IeHHOCTe

Tenepb MbI JJOKaKeM OJIHY BaXKHYIO TEOPEMY O KBAHTOBBIX HEOIPEJIE/IEHHOCTIAX (hu-
3uyecKnX BeJnm4nH. lIpejmmonoxkmm, 9To 9acTUIla HAXOIUTCA B HEKOTOPOM KBaHTOBOM
cocrosgnun W 1 pacCMOTPUM JIBe IPOU3BOJIbHBIE JIMTHAMIYECKHUE ITepEMEHHBIE, KOTOPBIM

COOTBETCTBYIOT 5PMUTOBBIE oreparopbl A u B. B obmem ciydae KOMMyTaTOp 3THX
OIIePaTOPOB MOYKHO 3aIlUCATh B BUJIE

[A, B] = iC, (4.22)

ryie C' — HOBBIH (SpMUTOBHIL) omepaTopl. B camom fene, serauciss [A, B]f u yanrbisas,
9TO oneparopbl A u B 3pMHUTOBbIE, T10JIyYaeM

A A A A A A T A ~ A A A A
A, Bt = (AB - BA) — BA— AB=—[A, B
Orciona caexyer, uro C' = [A, B]/i — spMuToBbIit omeparop.

Tax kax omeparopsl AA u AB nomxyuaorcs us A u B sorauranuem wucea (A) u
(B), 10 ux koMMyTarop cosrajaer ¢ (4.22) (uposepbre!), T. €.

[AA,AB] =iC. (4.23)

Bsenmem BcroMorarebHBI HHTEIPAT
N N 2
I0) = / ‘(A AA +iAB)U| v, (4.24)

KOTODBIfl 3aBUCHUT OT IPOU3BOJIBLHOTO JeficTBUTEIbHOTO mapamMerpa A. Ilockosbky
HOJIbIHTErpaJibHast (DYHKIUS Beerjia HeorpunareibHa, 1o I(A) > 0 mnpum Jsobom

B wacrrocrn, C' MOKeT OBITH IIPOCTO JICHCTBUTEILHBIM YHCIIOM [cM., Hanpumep, (4.16)].
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suadernn A. VaTerpas (4.24) MoKHO mpeobpa3oBaTh CJIEIYIOMIM 06pa3oM:

) = /{(AAA* —iaB)w H{(Ad+iaB)w | av -
= /\If*(AAA—z’AB)(AAA+z‘AB)\IJdV:

_ / U (N2 (AA? + (AB) +iAAA AB)) WV,

Bo BTopoit cTpoke MbI “niepedbpocuin’ jielicTBre onepaTopoB Ha W ¢ TIOMOIIBIO orepa-
uu TpaHcrornpoBanus [cM. (4.4)] u yamm, uro AA u AB — 3pMHUTOBbIE OIEPATOPHL.
Benomunast Teneps dbopmysier (4.20) u (4.23), Haxoqum

I(\) = XH(AA)?2 — X (C) + (AB)? > 0. (4.25)

Kak uzBecTHO M3 3/IeMeHTAPHOI MATEMATUKH, JJIs TOr0, YTOObI NIpH JIIOOOM 3HAYEHUN
A BoIpazkenue (al? — b\ + ¢) GbLIO HEOTPHUIATEIBHBIM, €ro JUCKPUMUHAHT JO0JIZKEH
yioB1eTBOpATh yeaosuio (b2 — 4ac) < 0. Ilpumenus sTo yciosue K (4.25), mosydaem
HEPABEHCTBO

AAAB > % )<é> , (4.26)

KOTOpOEe Ha3bIBAE€TC COOTHOIIEHUEM HeollpeldesIeHHOCTel 11 (PU3nIeCKUX BeJIu-
g A u B. Haubosee unTepecubie ciencTBust u3 HepaBeHcTBa (4.26) mosydarorcs
JIIE KOOPJAMHAT YACTHILL T, i, 2 1 COOTBETCTBYIOIINX IIPOEKIUiT MMITyIbca. Vcnoabsys
Boipazkenus (4.16) 111 KOMMYTATOPOB, HAXOUM, UTO

1 1 1
AIA%Zéh, AyApyzéh, AzApzzih. (4.27)

DT0 — 3HAMEHHTBHIE COOTHOIIIEHUsI HeomnpejeseHHOcTel laiizenbepra, mosyuen-
Hble UM B 1927 romy.

Coornotienns Heonpeseaeaaocteil aiizenbepra B ¢Boe BpeMsi ChIIDaJl BaXKHYIO
POJIb B OCMBICJICHUN KBAHTOBOII MeXaHUKMH. I/I3 HUX, B 9aCTHOCTH, CJIeAyeT, YTO JIBU-
JKeHIEe MUKPOYACTHIIBI HEJIb3sl MPEJICTABIAThL cede Kak JIBIZKEHHE 110 TpaeKTopuu. B
caMoM JieJie, JIJisi CYIeCTBOBaHUS TPACKTOPUU HEOOXOIUMO, YTOOBI B KaXK/IbI MOMEHT
BPEMEHH YacTUIa UMeJIa OIIPeJIeJIeHHbIe PAJIyC-BeKTOD T U CKOpoCTh ¥ = p/m. [py-
UM CJIOBAMHU, HEOOXOIMMO, 9TOOBI HEOTIPEICTICHHOCTH KOOPINHAT U ITPOEKITHT CKOPOCTH
B OJHOM U TOM YK€ COCTOSIHMM ObLaM paBHbl Hyao'. U3 coornomennii (4.27) cieyer,
OJTHAKO, ITO

h
AxAv, > — 4.28

rjie Av, — HeOIpeJe/IEHHOCTh IIPOEKIIMN CKOPOCTU Ha OCb Z. ‘eM MeHbIle Heolpe-
JIeJIEHHOCTh KOOPAUHATHI T YACTHUIIBI, TeM OOJIbIIe HEOIPeIe/IEHHOCTD ¥, U Ha0DOPOT.

x?

MMoauepkueMm ere pas, 4To pedb HIET O NPUHUUNUAALHOT BO3ZMOXKHOCTU CKOJIb YTOHO
TOYHOI'O U3MEPEHUsI KOOPJUHAT U CKOPOCTU YaCTHUIIbl, & He O IPAKTUUECKON OCYIIECTBUMOCTH
TAKOI'O U3MEPEHUS.
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Taxum 06pa3oM, He CyNMIECTBYET KBAHTOBBIX COCTOSHUMN, B KOTOPBIX HEOIPEIEIeHHOCTN
KOOPJIMHATHI ¥ IPOEKIMH CKOPOCTU 00e paBHBLI HYJIIO. B 3TOM CMbICIE HEJIb3s Hpel-
IIoJjiaraTb, 9TO ABH2KEHUE YaCTUIbI IIPOUCXOAUT 110 TPacKTOPHUU. BaMeTI/IM TaK2Ke, 9TO
HepaBeHCTBO (4.28) obbsicHsieT TOT (akT, 4T0 KBAHTOBbIE (DPMOEKTHI He MPOSIBJISIIOTCS
y Makpockommieckux Teji. Bee meno B macce obbekTa m. BBujy MasiocTu mocTosiHHOM
[Inanka (A~ 1073 JI:x-c) nepaBencTio (4.28) CyIeCTBEHHO TOIBKO JIjIs MUKPOYACTHIL .
JL1s1 MaKpOCKOIMYIECKUX TeJI 3TO HEPABEHCTBO BBIIIOJIHAETCS C OIPOMHBIM 3aI1aCOM IIPH
BCE€X Pa3yMHBIX OI'DaHUMYCHUAX Ha HEOIIPpEJAC/JICHHOCTH KOOPpJAUHAT U CKOPOCTH. HOQTOMY
KBaHTOBOE OIMCAHWE IBUKEHUS MaKPOCKOIMUIECKUX TeJ MPAKTUIeCKN He OTINIaeTCs
OT KJIACCUYIECKOT0. B HEKOTOPBIX CJIyvasx HepaBeHCTBO (4.28) BBIIOJIHSETCS U JIJ1si MUK-
POYACTHUIL, €CJTH pa3Mepbl 00JIACTH JIBUZKEHNUS | 1 XapaKTepHasi CKOPOCTb MUKPOYACTHIIHI
U YJIOBJIETBOPSIIOT YCJIOBUIO

mul > h. (4.29)

Tak Kak IIPU 9TOM OJIHOBPEMEHHO MOT'YT BBIIOIHATHCS HepaBencTBa Ar < [, Av, < vu
Ax Av, > h/2m, To, He BCTyIas B IPOTUBOPEURe ¢ cooTHOIeHnsIMu [aiizenbepra, MoxK-
HO TpeHeOpedh KBAHTOBBIMU HEOPEICICHHOCTAMU KOOPINHAT U CKOPOCTH M ONUCHIBATD
JIBUKEHIE MUKPOYACTHUIL C IOMOIIBIO YPaBHEHU KJIaCCHIeCKON MexaHuku. Takoe mpu-
O/TMKeHne Ha3bIBaeTCs KBA3UKJIACCUIeCKUM. Hampumep, oHO 4acTo NpUMEHSeTCsd B
dusmKe TBEPJIOTO TeJIa JIjId ONUCAHUS JBUXKEHUA JIEKTPOHOB ITPOBOIUMOCTH.

[Ipusesnem apyryio dopmy ycaoBus KBa3UKIACCUICCKOTO MPUOIMKEHUA. 1aK Kak
h/mv = h/p = \/2m, tme A — miawHa BOJHBL Je-Bpoiiis gacruisl, To yeaosue (4.29)
9KBUBAJIEHTHO HepaBeHCTBY A < [. TakuMm 00pa3zoMm, KBa3MKIACCHIECKOE MPUOTNKEHIE
MOXKHO ITPUMEHSATH TOTJIA, KOT/a JIIMHA BOJIHBI Jie-Bpoiiisg ropas3/io MeHbllle pa3MepoB
00J1aCTH JIBUKCHUS IACTHUIIHI.

4.6. N3meHeHme cpeJHWX 3HAYEHUl (PU3MIECKUX BEJIMINH
CO BpeMeHeM

Paccmorpum errie o1HO BaxKHOE IpUMeHeHue aaredpbl orepaTopos. [lycts A — orre-
paTop HekoTopoil dpusnueckoii Besmannbl, a V(7 t) — BoaHOBas (DYHKIMs KBAHTOBOI'O
COCTOSTHUS JaCTHIBI. Boobire roBopst, cpeiHee 3HadeHne BenanHbl A

(A) = / T*AV 4V (4.30)

U3MEHSIeTCS CO BPEMEHEM. DTO MOYKET IIPOUCXOJUTH 10 JBYM HPUIMHAM. BO-TIEpBBIX,
BosinoBad yukimsa ¥V m3MeHgercd co BpemeHeM coryiacHo ypasuenuio [Ilpemmrre-
pa (3.4). Bo-Bropsix, cam omepartop A MozKer sIBHO 3aBHCETH OT BpemeHn?. Boramesmm
npoussonnyto d(A)'/dt, koropas xapakrepuzyer OBbICTPOTY HU3MEHEHUS CPEIHEro
3HAYEHUS JIAHHOW JIMHAMUYECKO# mepeMennoit. C 3toit nesbio npoauddepeHiupyem
obe gacru (4.30) mo t:

~

t * *
d4) :/{\If*%\l/—i-aiA\I/—l—\I/*Aai}dV

dt ot ot ot

!B KadyecTBe XapaKTEpHOr0O 3HAYEHHS MACCHl MEKPOYaCTUIEL MOXKHO B34Th, HalIPIMep, Mac-
cy ajekrpona m, = 0,911 - 1073 kr.

2Hanpumep, BO BHENIHEM IIEPEMEHHOM I10JI€ TaMUJILTOHUAH YaCTUIbl H 3aBUCHT OT BpeMEHH
[em. (3.5)]. B manbHeiimem HaM BCTPETSTCS W APYTHE ONEPATOPHI INHAMUYIECKIX TEPEMEHHBIX,
KOTOPBIE MOTYT BKJIIOYATh ABHYIO 3aBUCUMOCTD OT t.
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[IpousBognas JA/Ot ormdaHa OT HyJsisl B CJlydae, KOTJa orneparop A sBHO 3aBUCHT OT
Bpemenu. Vck/iounm Terepnb MpOU3BO/IHbIE BOJTHOBBIX (DYHKITUI C TOMOIIBIO yPABHEHU S
Ipemunrepa (3.4) 1 KOMIUIEKCHO CONPSIKEHHOTO ypaBHeHust. [locraBiss BeIpazKeHus

ov

- ov* 1
H(t)w — = ——H*(t)¥*

ov _ 1
ot ik

HoJIy 4aeM

A" _ / {xp %’j - % (pr) AU + %@*Aﬁqf}dv.

B kauecrse mocsieiHero Iara Hamux mpeo0pasoBaHuil lepeHeceM BO BTOPOM “ICHE B
duUrypHbnIx ckoOkax Jeiicraue H* na dyHKIHUIO AV ¢ nomompio omeparun TPaHCIIOHU-

POBaHUAd. Tak Kak raMuIbTOHUAH Bcer/la dBJideTcd SPpMUTOBLIM OllepaTOpOM, TO MbI
IPpUXOAMM K COOTHOIIECHUIO, KOTOPOE Ha3bIBACTCA TeOpeMOﬁ O CpeAHuX 3HAa4YCHUAX:

~ t
d(A)! dA
2 4.31
dt dt (4.31)
B,ZLGCI) BBeIcH onepaTop
dA  0A 1. . .
L JAH 4.32
dt ot zh[ ], (4.32)

A

KOTODBIil IPUHATO HAa3bIBATL MOJIHON IPOM3BOJAHOI omeparopa A 10 BpeMeHH.
TIpe/TaraeM THTATETIO CAMOCTOATEILHO JIOKA3AT, YTO eCJIH OMepaTop A SpMuTOB, TO
€ro IoJIHAasl IPOM3BOHAS 110 BPEMEHH TAKIKE SBJIAETCS SPMUTOBBIM OIIEPATOPOM.

Ob6paTuM BHEMAaHUE Ha OJHO HHTepecHOe cieicTsue u3 pasencrsa (4.31). Ilpesmmo-
JIOZKIM, UTO OIEpaTop A He 3aBHCHT SBHO OT BPEMEHH H KOMMYTHDYET C TaMILIHTO-
mmamom. Torma dA/dt = 0 u, ciemoBarensro, cpeanee 3uatuenue (A) He m3MeHsCETCH
CO BPEMEHEM B .11000M KBAHTOBOM cocrosinnu! EcTecTBEHHO Ha3BATh TAKue JAMHAMIIC-
CKHe IepeMeHHble COXPAHAOIINMUCS [I€PEMEHHbIMU. /11l HUX HCIOIB3YIOT TAKIKe
Ha3BaHUe MHTerPasIbl ABuKeHus. [IpuBeseM 4acTHbI, HO BasKHBIH IPUMED COXPAs-
fomeficst epementoit. IlycTh yacTuiia HAXOUTCSA B CTAIMOHAPHOM BHEIHEM IIOTEHIIH-
asbroM noste. Torya ee ramusbTOHNAH H He 3aBHCHT SIBHO OT spemenn. Kpowme roro,
ouesunno, aro [H, H] = 0. Msl upuxomum K 3ax/modenmo, uro (H) = const. Kak
y7Ke OTMevaJsioCh, PFaMHI/JIBTOHIAH COOTBETCTBYET aHepeuy dacTunbl. IlosTomy B cranu-
OHADHOM BHEIIIHEM I10JI€ SHEPIHsi YACTHIBI €CTh HHTErDAJ JBIKEHUS. DTOT BBIBOJ,
KOTOPBII SIBJIsA€TCS MPSMBIM cileicTBreM ypasaenus lllpennnrepa, aHaaoruden yTsep-
JKJICHHIO, XOPOIIO U3BECTHOMY U3 KJIACCHYECKOH MEXaHUKU: IIPHU JBHKEHUHU B CTAIIHO-
HADHOM MOTEHIIHAJILHOM II0JIE COXPAHSETCS MEXAHUYIeCKas SHEPIUs IaCTUIILI, PaBHAL
CyMMe KHHETHYECKOIl U IoTeHnuaabHoil suepruit. [logaepkuem, ogHako, 4To JyIst npo-
U360.4bH020 KBAHTOBOI'O COCTOSIHUS, [a’Ke B CTAIHOHAPHOM IIOJIe, COXPAHSETCH JIMIIb
CPEONAA IHEPRUA HACTNUYDL' .

!9Heprust 4acTUIBI UMeeT MouHoe 3HAYEHHe TOJBKO B CTAIIMOHAPHOM COCTOSHWH. Eciun
COCTOSIHHME €CTh CYIIEPIIO3UIHsI CTAIMOHAPHBIX COCTOSIHUI € PA3JMIHBIMUA SHEPTUSIMU [CM, Ha-
npumep, (3.18)], To sHEprUS MMeeT KBAHTOBYIO HEONpeaeaeHHOCTh AF.
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PaccmoTpuM Tenephb 0HOMEpPHOE JIBUZKEHNE YaCTUIIBI BJOJIb OCH & W IPUMEHUM CO-
ornomenue (4.31) K omeparopaM KOODAMHATBHI & W UMIYJIbca pP,. Tak Kak o6a 5Tu
oriepaTopa He 3aBUCAT sIBHO OT BPEMEHU, TO JIJI HUX

Z—f _ %[@,ﬁ], dcfl’; _ % b, . (4.33)

BaHHCbIBaH raMMNJIbTOHHAQH 9aCTHUIIbI B BHJIE
H= Do +U(x) (4.34)

2m

U BBIYUCJIsSIE KOMMYTATOPBI (OCTABJISIEM 9TO YUTATEO B KAUECTBE YIIPAYKHEHUs ), HAXO-
JIIM, 9TO
di _pe . OU
a  m’ dt Oz’
BameTum, 9UTO Fx = F, = —0U/Ox ectb onepamop cuavl, TEHCTBYIOIIEl HA YaCTHILY,
[I09TOMY OIlepaTopHble paBeHcTBa (4.35) HAOMUHAIOT YpPABHEHUsI JIBUZKEHUs YACTUIIBI
B KJIACCUYIECKON MeXaHHUKe

(4.35)

de p dp
— == —= =F,. (4.36)
dt  m dt

Bamedennas anajgorud me ciaydaiiia. [lokaxkem, 94To Kiaaccuieckue ypaBHEHUS JBUKE-
HUS TIOJTy9aI0TCs U3 3aKOHOB KBAHTOBOW MEXaHUKHU KaK HEKOTOPOE NPUOAUIHCEHUE.

13 dopmyn (4.31) u (4.35) caemyer, 9To

d{z)  (p,) d(p,)
L=l L — (F,). (4.37)

OTu paBeHCTBa Ha3LIBAIOTCS TeopeMaMmu JpeHdecTa B 4ecTh IIBEHIapcKoro (pusnka
[Tayns Dpendecra, KoTopsbiit BeiBesT uX B 1927 roay. Mbl nosryaman TeopemMbl Dperde-
cTa JjIsi OJITHOMEPHOTO JIBU2KEHUsI, OJHAKO UX JIET'KO OOOOIIUTH HA CIydail TPeXMEPHOIro
nBmKeHnsi. OcTaBiisieM 3TO YNTATEI0 B KATeCTBe YIIPAXKHEHUS.

[IpubmKeHHoe ommcaHue IBUKEHUs] YaCTHUIIBI YPABHEHUSIMUA KJIACCUIECKON Mexa-
HUKH OKa3bIBAETCsI BO3MOXKHBIM, ecsu BosHOBas yHkuus V(z,t) owmmdHa OT Hy/IsA
JUIIb BOJIM3U cpeHero 3Hadenust Koopauuarsl T = (z)'. JlelicTBUTeIbHO, TOTIA IPU
BBIMHCICHIN CpeHeil cuibl MoxKHO 3amucats F (x) = F, (T + dz), toe 0x = x — T, un
BOCIIOJIb30BAThCSI pa3/IOKeHneM B psijl Teiljiopa OKOJIO 3HAYUEHUS T:

_ 0 /o
F,(Z +dx) :Fz(f)+m&ﬁ+lw
dz 2 dz?

[Toxcrasisis 910 pasnoxenue B (4.37) u yunrbiBasd, ato (0x) = 0, moIyInM

(6x)* + ...

dz  p, dp, _ ., 1d&F,(2)
PR e R O S = el

)+ ..., (4.38)

e p, = (p,), a Besmumna (Ax)? = ((0z)?) = ((z — Z)?) ecTb He UTO UHOE KAK KBaJIpaT
KBAHTOBOII HEOIPE/IEJIEHHOCTH KOOP/IMHATHI YaCTUIbL. EC/IM BBIIOJIHIETCS yCIOBHE

d*F, (T)

-
F@)] > | =5,

(Az)?, (4.39)
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TO ypasHeHns (4.38) MpakTHICCKN COBIAIAIOT C YPABHEHUSAMH JIBIKCHIS B KJIACCHHIC-
CKOI MeXaHHKe, IPIYEM POJIb KJIACCHYECKUX 3HAYEHUN KOODIMHATHI U UMILYJILCA UIPa-
I0OT CpedHue 3HAYEHUsI T U P,,.

Yeaosue (4.39) BBINONHACTCA TEM JIydIlle, YeM MeHBIIe KBAHTOBAs HEOIPE/Ie/ICH-
HOCTb KOOD/IMHATHI YacTHIbl U 4eM 0OoJiee IIJIABHO M3MEHSAETCs B IIPOCTPAHCTBE CUIIA,
JeHCTBYIOINAsT HA YaCTHILy. 3aMeTHM, OJHaKo, 4To yciaoBus (4.39) erme HegocTaTod-
HO JIJIs1 TOT'O, 9TOOBI MOYKHO OBLJIO IOJIB30BATHCS KJIACCUIECKUM ONUCAHUEM JIBHZKEHU.
Jleso B TOM, 9TO, COIJIACHO COOTHOIIEHUIO HeoupenesneHnocreil Ap, Az > h/2, npu
OYeHb MAJIBIX 3HAYCHUSAX AT BOZHUKAET OUCHD OOJIbINAas KBAHTOBAS HEOIPEICICHHOCTD
UMILY/IbCa, T.€. TepseT CMBICJI HOHSATHE TPAEKTOPHU JBHKeHUs JacTuipl. Ilosromy
HEeOOXOJMMO TaKzKe MOTPeOOBATH, YTOOLI BBIIOIHAIOCH yeIoBue | p, | > Ap, uam, 91o
TO 2Ke caMoe,

h
Pa | > (4.40)
Yeaosus (4.39) u (4.40) BBITOMHAIOTCA DU JBHKEHUH YACTHUIL C JOCTATOYHO GOJIb-
IMIIMHU UMITyJIbCAMHA B IIJIABHO MEHSIOIIUXCS BHENTHUX IOJIAX. B Takux Ciydasx
JIUI ONMCAHUs] JIBUKEHHsI MOXKHO IIOJIb30BAThCS 3aKOHAMM KJIACCHYECKOH MEXaHUKH.
Hepagencrsa (4.39) u (4.40) MOXKHO paccMaTpUBaTh KaK YTOUYHEHHBIE YCIOBHUS IIPUMe-
HIMOCTH KBa3WKJIACCHIECKOro npuosmkenns. Ilosydennas mamu panee orenka (4.29)
daxTuueckn sKBuBaseHTHa HepaseHcTBy (4.40).

YnpakHeHUsI

4.1. I[TpoBeputb, 4TO OIIEpaTOPHI UMITYIIbCA (3.29), paauyca-BeKTopa (3.33), MOMeHTa
nMIyibea (3.35) u ramuasroHnaH (3.36) ABIIAIOTCH JTUHEHHBIME OEPATOPAMIL.

4.2. Onpeie/uTh, KaKue U3 OlepaTopoB, BBEJEHHBIX B naparpade 3, sBJistiorcs jiefi-
CTBUTEJIbHBIMU.

4.3. [IpoBepuTh CJIeIYIONINE COOTHOIIICHMS:

A

i=4& p,=—-p, L,=-L, H=H. (4.41)

4.4. okazath paBeHcTBO (4.6).

4.5. [IpoBepuTh, YTO ONEpPaTOPHI 7% ﬁ, E H spnsmores SPMUTOBBIMU.

4.6. Oneparop MoMeHTa HMITYJIbCa 1acTHIp! (3.35) — BEKTOPHOE NPOU3BEIeHHe Olle-
paTopos 7" 1 p. Kak 13BecTHO U3 MaTeMaTHKM, I BEKTOPHOIO IIPOU3BE/eHHs OOBIMHbIX
BekTopoB A x B = —(B x A). TIpoBepuTh, MOKHO I 3aIHCATH ONEPATOP MOMEHTA

UMITYJIbCA B BHJIE - —(ﬁx F)
4.7. JlokazaTh omepaTopHoe paBeHCTBO (4.9).
Ykazanue: 13 (4.6) cremyer, 1To

/@;(AB)TWI AV = /\V;AB\DQ av) = /\IIIA*B*\I/; dv.

Uctonb3yst (4.4), MoKHO “niepebpocuTh’ jieficTBUE OIepaTOPOB B MOCJIEHEM HHTEIPAJIE
Ha dyukiumo U, 1 ybeanThest B ClpaBeinBocTH paBeHCTBa (4.9).
4.8. ITpoeepursb pasercrsa (4.17).
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Ykazanwue: s yuporneHus MaTreMaTUIeCKUX Tpeodpa30oBaHuil yI00HO 3alucaTh,
nanpumep, L, = gp, — 2p,, L, = 2p, — 2p,. Torna, cormacno roxecrsy (4.13),

[f/z7 f’y] = [(gﬁz - ’%ﬁy)7 (Aﬁx o jﬁz)] = [gﬁw éﬁx] - [Qﬁz"i‘ﬁz] -
- [Aﬁy) Aﬁm] + [’%ﬁgﬁ iﬁz]

Temepb MOXKHO BOCIOJIB30BaThCs TOXKAecTBOM (4.14) n dopmyrmamu (4.15), (4.16).
4.9. BeiBectn ypaBuenns jprzkenus (4.35), ucnonn3ys Boipazkenne (4.34) mis ra-
MIJIBTOHUAHA TACTUIIBL.

5. CobcrBeHHBIE DYHKIINN I COOCTBEHHbIE 3HAYUEHUS
dbu3mIecKnxX BeJIMIUH

B srom naparpade MbI Mpogo/nKuM u3yderne (pU3NIECKUX BEJIUYNH B KBAHTOBOMN
MeXaHUKe.

5.1. CoekTp 3HaYeHU (PU3NIECKON BEJININHBI

[Iycth A — nHekoropasi pusHyuecKas BeJMUUHA, XapaKTepU3yIomas MUKPOIACTHILY .
Kak yke ormedaoch, MHOTOKpPATHBIE U3MEPEHUs ITOH (PU3MIECKON BEJIMINHBI B IIPO-
U3BOJILHOM KBAHTOBOM COCTOSHHH OYYT JaBaTh, BOOOIE TOBODs, pa3/IMIHbIE 3HAE-
uHus. B kBaHTOBOII MexaHUKe BO3MOXKHbBIC 3HAUYCHUS (DUBUICCKON BEJIMUUHBI IIPUHATO
Ha3bIBATH €6 COOCTBEHHBIMU 3HAYEHUAMMU. Bcd COBOKYITHOCTH COOCTBEHHBIX 3HAYE-
HUl Ha3bIBAETCs COEKTPOM 3HadeHUil pusmdeckoili BesuduHbl. Eciim cobersen-
Hble 3HaYeHnsd 00pa3yioT JUCKPETHBIN HAOOP, TO IOBOPAT, YTO (hU3UUECKas BEJIUIUHA
nMeeT JUCKPETHBIN CIeKTP 3HadYeHuil (Wiu, Jyist KPATKOCTH, IPOCTO ‘TUCKPETHBIN
criekTp”). B arom citydae pasHOCTD JIIOOBIX JIBYX COOCTBEHHBIX 3HAYCHUIT MMEET KOHEU-
HyI0 Beqmuuny. Ecium »Ke coOCTBeHHbIe 3HAYeHUS HEIPEPBIBHO 3aIl0THAIOT HEKOTOPDLIN
UHTEPBAJI, TO CHEKTp (PU3NIECKONl BeJIMYNHBI Ha3blBaeTCsd HempepbIBHBIM. [Ipocreii-
ITUM IIPUMEPOM HEIIPEPBIBHOTO CIIEKTPA SBJISETCS CIEKTP 3HAYCHUI JTI000H KOOPIMHATHI
qacTuibl (cKaxkeM, KOOpJAuHATH ). Hakoner, BcTpedarorcs curyarnuu, Koraa Gpusnde-
cKas BeJImvInHa 00J1a/[aeT B OJHON 00JIaCTH CBOMX 3HAYEHUI JIMCKPETHBIM CIIEKTPOM, &
B JIPYTOil — HENPEePBHIBHBIM.

PesynbraramMu namepenus pu3mdecKoil BeJTMIUHDI SIBJISAIOTCS €€ COOCTBEHHbIE 3HAYE-
uus. [losTomy oyHa M3 OCHOBHBIX 3a/1a94 KBAHTOBON MEXaHMKH COCTOUT B HAXOXKJIEHUU
CreKTpa 3HavYeHuit Jiro60it (pu3nIecKoil BeIMINHbI.

5.2. YpaBHeHUE JJIsd COOCTBEHHBIX (DYHKITHt

PaCCMOTpI/IM HEKOTOPYIO (bI/I?)I/I‘{eCKYIO BEJINIUHY (I/IJII/I7 9TO TO 2Ke caMoe, JHUHaMM-

YeCKyI0 [IepeMeHHYI0) A, KOTopoil cooTBeTCTBYeT 3pMUTOBLIi oneparop A. Byuem cun-
TaTh, YTO CIIEKTP ee COOCTBEHHBIX 3HavYeHuil — auckperHelil. Ilycrs A, — cobcrBennble

'HamoMHuM 9uTaTe 1o, 9To noKa pedb UJIeT O KBAHTOBBIX COCTOSIHUAX 1 (PU3UIECKUX BEJIH-
YUHAX, XapaKTePU3YIoNux oy Mukpodactuily. OiHaKO BCE OCHOBHBIE BBIBOJIbI IEPEHOCITCS
Ha CHUCTEMBI, COCTOMAIINE U3 IIPOU3BOJILHOIO YUCJIa MUKPOYACTHIL.
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3HAYeHUs TaHHO husnaeckoit Benauabl. COryiacHo MOCTYIATY 00 N3MEPEHUH JINHAMI-
YEeCKUX MEPEMEHHBIX (CM. CTp. 26), B IPOU3BOJILHOM KBAHTOBOM COCTOSIHUM U3MEPEHMUsI
OyayT JaBaTh 3HadeHus: A, ¢ HeKoTopbIMU BeposaTHOCTsME. [locTaBuM ciemyromue Bo-
IPOCHI:

1) CymecrByer Jin Takoe KBAHTOBOE COCTOSIHUE, B KOTOPOM MHOTOKPATHBIE U3Mepe-
HUS JaHHOM (PU3MUECKON BEJIMIUHBI JIAIOT 00HO U Mo dHce cOOCTBEHHOe 3HavYeHne A, 7

2) Eciin Takoe KBAaHTOBOE COCTOSIHUE CYIIECTBYET, TO KAK HAWTH COOTBETCTBYIOILYIO
BOJTHOBYIO (DYHKITHIO?!

3) Kak HailTi BepOSITHOCTH MOSIBJIEHIH COOCTBEHHBIX 3HAUYEHU TAaHHON (bU3nIecKoil
BEJINIUHBI IIPU €€ MHOTOKPATHOM H3MEDEHUH B ITPOU3BOJILHOM KBAHTOBOM COCTOSTHWN !

KBanToBoe cocrosinme, B KOTOPOM MHOTOKPATHBIE M3MepeHUsi (DU3UIECKON BeJn-
quHbl A Beerjia JaioT 3nadenne A, , Ha3bIBaeTCsd COOCTBEHHBIM COCTOSTHMEM, OTBe-
JAIOIIUM 9TOMY 3HAYCHHIO, a COOTBETCTBYIOIIAs BOJTHOBas (DYHKIW 1, (7) Ha3bIBACT-
csi COBCTBEHHOU BOJIHOBOI yHKIMeEN (1in IpocTo COGCTBEHHOUN dyHKIHENR).
CobcrBennbie MyHKIME HU3MIECKUX BEJTUIUH Oy/ieM 0003HAYATH CTPOYHON OYKBOIl 1),
9TOOBI IO TYEPKHYTh, YTO 3TU (DYHKIIUU 3aBUCIAT OT KOOP/IMHAT YACTHUIILI, HO HE 3aBUCST
oT BpeMeHHu. 3ariaBHoit 6ykBoit W OyimyT 0003HaIATHCS BOJTHOBBIE (DYHKIIUU YaCTHIIHI,
3aBUCAIIE OT BpeMeHU 1 yjoBjeTBopstomue ypasuenuio [[peaunrepa (3.3).

e [lokaxkem, uro cobcTBenHble (DyHKIUU JII000 (PU3NIECKON BETUINHBI HAXOIATCS
KaK PeIleHnsl ypaBHEHUsI

Ay = Ay, (5.1)

e A — nocrosinnas. Cobcrennble 3Hadenus A, puzmaeckoil BeJUINHBI €CTh
Te 3HaYEeHUs TOCTOSHHONW A, mpm KoTopbix ypaserue (5.1) mmeer perenus 1),
Y/IOBJIETBOPSIOIINE TPeOyeMbIM yCJIOBIAM! .

(7") siBasiercs perenuem ypasaenus (5.1), 1. e.

A, = A, (5.2)

[IpemmonokuM TakzKe, 9To 1), HOpMUPOBaHA Ha euHuILy [cM. (2.25)]. Boraucinm cpej-
Hee 3HaueHne (PU3NIECKON BEJTUUUHBI B 9TOM COCTOSHUM:

IIpeanonoxkum, uro v, =,

(A) = /zp;;fx W, dV = An/w;;wn AV = A,.

Met BujuM, uro (A) = A,,. D10, 0AHAKO, €Ilie He 03HATAET, ITO B COCTOAHUN 1),, MHOI'O-
KpaTHBIe U3MepeHnst OyyT 6cezda naBarh 3Hadenne A,. Hyxuo Takxe ybeanTbes, 110
KBaHTOBas HEOIPEIeJeHHOCTD JAaHHOM (PU3UIECKOil BeJIMYUHLI B COCTOAHUU 1), PaBHA
Hys0. Bemomunast hopmyaty (4.21), sanuimem

@7 = [, av - a2 = a2 [0, av - 22 =0,

LCoberBennble (DYHKIMK JTOKHBI ObITH HENPEPLIBHLIMU U OJIHOZHAYHBIME. 1T HEKOTO-
PBIX JIMTHAMUYECKUX [IEPEMEHHBIX COOCTBEHHBbIE (DYHKIUN JIOJXKHBI OBITH [IEPUOInIeCKuMU. B
JIPYTHUX CJIydasix HeoOXO/IMMO MOTpeboBaTh, YTOObI JTI0bast cOOCTBeHHAS (DYHKIIAS CTPEMUJIACD
K HyJII0 Ha OeckoHedHOCTH. lloguepkHeM, UTO JOMOJHUTENbHBIE YCIOBUsI, KOTOPBIM JTOJIK-
HBI Y/IOBJIETBOPSATEH COOCTBEHHBIE (PYHKINN, (DOPMYTUPYIOTCST, UCXOST U3 PUUUECKO20 CMBICAA
JUHAMUYECKON IIepeMEeHHO.
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Mpr toKazasm, 9To ecau BoJHOBas (bYHKIWs ), yI0BIeTBOpsieT ypasHeHuio (5.2), 10 B
9TOM cocTosiHuU busnydecKas Beandnaa A nmeer onpesesenHoe 3naderue A,. MoxkHO
JIOKa3aTh U 00OpaTHOE yTBEpXKJIeHne: ecju (pu3nvdeckass BeJUUNHA B COCTOSHUU C BOJI-
HOBOI (yHKIMel 1), MMeeT oupejieleHHoe 3Hadenue A, , TO ra BoJHOBas (PyHKIIULI
yaoBjerBopsier ypapuernto (5.2). [Ipemiaraem auraresto HOMBITATHCS CAMOCTOSITEIEHO
IIOCTPOUTH COOTBETCTBYIOIIEE JIOKA3ATE/THCTBO.

Nrak, criekTp 1000 TMHAMUYECKO ITepeMeHHOI A u cobeTBenRHDBIE BOTHOBbIE byHK-
MU MOYKHO HaiiTu, permus ypasuenue (5.1), KoTopoe, TakiuM 00pa3oM, UrpaeT UCKJIO-
YUTEJIbHO BaXKHYIO POJIb B KBAHTOBON MEXaHUKE.

W3 nipuBeieHHBIX BBIIIE PACCYKJICHHUI CJIE/IYIOT BaXKHbIE BBIBOJIBI, OTHOCAIINECS K
CMAYUOHAPHBLM COCTOSTHUSIM JacTuiibl u ypapueruto [IIpemunrepa (3.15) ms stux co-
CTOSTHUIA:

e B CTallMOHapHOM COCTOAHMM SHEPIrud MMeeT TOYHOE SHa1dYeHue E.

e CobOcTBeHHBIE 3HAYCHUs raMUIbTOHMAaHa H oOpasyloT CIHeKTp 3HAYeHWH SHEePruu
JaCTHUIBI B 3aJaHHOM BHerHeM 1ose U (7).

B camom jiene, cramponapuoe ypasuenune [Ipenunrepa (3.15) ectb 4acTHBIN corydait
obrmero ypasuenus (5.1) myst coberBenabix ynknuii. Posb onepatopa A urpaer ra-
MHUJIbTOHUAH H — oreparop SHepruu.

5.3. CsBoiicTBa cOOCTBEHHBIX (DYHKINIT 1 COOCTBEHHBIX 3HAYEHMIA

CobcrBennble (DYHKIMN U COOCTBEHHBIE 3HATEHNsT (PU3NIECKUX BEJTUINH 00/IaIaf0T
PSIJIOM CBOMCTB, KOTOPBIE HEOOXOIMMO YIUTHIBATH IIPU MCIIOJIH30BAHUH allllapara KBaH-
TOBOII MEXaHUKU B KOHKPETHBIX 3aJa4vax. Ha‘{HeM C IIOYTHU OYE€BUAHOI'O, HO Ba2KHOI'O
CBOICTBA COOCTBEHHBIX 3HAYEHUIA:

e Bce cobersennbnle 3HaYeHnA (1)I/ISI/ILIGCKI/IX Be€JIMYUH — ,ZLGIZCTBHTGJ’H)HBIG qHucJia.

DTO CBOMCTBO HEMOCPEJICTBEHHO CJICAYEeT W3 JOKA3aHHOTO HAMHU YTBEPKJICHHA, UTO B
COCTOSIHUU 1), CpejHee 3HadeHrne (pu3ndeckoil Beaumdnubl pasno A, . lelicTBuTenHO,
Ha cTp. 31 MBI IOKa3a/M, 9To cpejiHee 3HadeHne (A) Beera SBISeTCs IeHCTBUTETbHBIM
THCIIOM, €CJII omepaTop A SpMHETOBBII, a Bee OmepaTopbl (PH3HUECKUX BEINMIH 00S3aHbL
OBITH SPMUTOBBIMH.

[TpenmosiozkuM Tenepb, 9T0 COOCTBEHHBIE BOJHOBBIE DYHKINNT 1, U 1, dusnaeckoit
BEJIMYNHBI A COOTBETCTBYIOT JABYM Pa3AUMHbLM COOCTBEHHBIM 3HaueHnsaM A, u A . Otn
BOJTHOBBIE (DYHKITHH y/IOBJICTBOPSIOT YPABHEHUSIM

Ay =A o Ay = A . (5.3)

YMHOKHIM IIepBOe ypaBHEHHe cJleBa Ha 1), a BTopoe — Ha 1) . llocie sToro nmpounnre-
rpupyeM oba ypaBHeHHs 10 Bceil obsiactu V', rje MoxKeT ObITh OOHApyrKeHa YacTHUIIA.
B pesynbrare mosyunm

ViAW, dV = A [ i dV, (5.4)
/ /

WEAY dV = A [ i dV. (5.5)
/ /
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B obenx gacTgax mocje Hero paBeHCTBa 3aMEHUM ¢ Ha, —i, T. €. IepeiieM K KOMILJICKCHO
COIIPSIZKEHHOMY DPaBEHCTBY. YdTeM IIpu 3ToM, 4To A, — jeficTBUTeIbHOE YHCIO0, U

BocnoJb3yemcs paBeHcTBoM (4.6). ITockosbky onepatop A spMuTOBBI (HATIOMHIM, 9TO

OH COOTBETCTBYeT busmieckoit Besmumne), T.e. AT = A, To mocyie Beex npeobpasosanmuit
paBeHcTBO (5.5) TIpeBparaeTcs B

/ YrAy dV = A, / i dV.

Haxowery, Beraurast 5170 paBeHCTBO 13 (5.4), HAXOAUM, UTO

Mer npeanosnoxum, uro A, # A, cile0BaTeIbHO

/1/);%” dV =0, ecmm A, #A,. (5.6)

DTO CBOMCTBO COOCTBEHHBIX (DYHKINN (DU3NIECKUX BEJIUUUH WIPAET BaXKHYIO POJIb B
KBAHTOBOI MEXaHUKe, IIO9TOMY OOCY UM ero nojpodbHee. B maremaTnke uHTErpaJs BUIa

/F;F2 dv (5.7)

Ha3bIBaETCA CKaJAPHBbIM Ipous3BedeHueM dyHknmii [ un F,. Ha nepsslil B3I
TaKoe Ha3BaHHe KayKeTcs HeCKOJBLKO CTPAHHBIM!, OJHAKO OHO BBOJUTCS HE CIIyHaiiHo.
[esto B TOM, 9TO B HEKOTOPOM CMBICJIE MHOYKECTBO (byHKIUil F'(x, Y, 2) MOXKHO paccMmar-
puBaTh KaK OECKOHETHOMEPHOE BEKTOPHOE IMPOCTPAHCTBO. 3HaUYeHWe (DYHKINH B KarK-
JIOH TOUKe SIBJIIeTC aHAJIOTOM npoekuuy eexmopa. [1omobHO TOMY, KaK CyMMa OOBIYHBIX
BEKTOPOB A+ B umeer MIPOEKIINH, pPaBHBIE CYMMe ITPOEKIIHil cJlaraeMbIX, 9J1IeMeHT (DyHK-
IMOHAJILHOT'O IpocTpancTBa F) + F, aBisgercd dyHKImeil, 3Hadenne KOTopoil B KazK 10
TOYKe paBHO cyMMe 3HadeHnit [} u F),. laTepecHo, 9TO 1151 DYHKIINI BBITOTHAIOTCS BCE
AKCHUOMBI BEKTODHOI areOphl, eC/Ii MOJIXO/IAIIIM 00Pa30M ONpee/IUTh TOHATH, BBe-
JICHHBIE JIJIs OOBIYHBIX BEKTOPOB. B wacrHoCTH, BhIpaykenue (5.7) sBJIsIETCS €CTeCTBEH-

HBIM 0000IIEHNEM CKAJIAPHOrO Npousseienus sekropos A- B =A B, + A B, + A, B,.

To, uro B crajasgpHOM mpousBeenun dbyuknuii (5.7) onHa u3 HUX GepeTcss KOMILIEKCHO
CONPSI?KEHHON, HEOOXOIUMO JIJI TOTO, ITOOBI BEJIUIIHA

[all :/F*FdV:/|F\2dV, (5.8)

KOTOpasi Ha3bIBAETCA HOPMOIT (DYHKIUM U sIBJISIETCST AHAJIOIOM KBAJIPATA MOJLYJIsI BEK-
Topa, OblIa JeHCTBUTEIbHOI U OJI0KUTEIbHON. B KBAaHTOBOI MeXaHWKe JjIs OIUCAHMS
COCTOSTHUIT UCIIOJIL3YeTCsl BEKTOPHOE IPOCTPAHCTBO BOJHOBBIX (DYHKIMHA, HOPMa KOTO-
pbIX paBHa ejuHuIe [cM. (2.25)].

!B sneMenTapHOil MaTeMaTHKe CKaJIspHOE IIPOU3BEEHNE BBOAUTCA JIJIS 6EKIMOPO6 B O0BIY-
HOM IIpocTpaHCTBe. Tam OHO mMeeT IPOCTON TeOMEeTPUIECKHUI CMBICI.
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B nanbreiiiem OyaeT yao0HO MCIOIB30BAThH MPUHATOE B KBAHTOBOW MEXaHUKE CO-
KpalleHHoe 0003HaYUEHNe I CKAJISIPHOIO IPOU3BeeHs (DYHKIINIA:

(F\|F,) = /Fl*F2 v . (5.9)

B HOBBIX 0003HAYEHUSX YCIOBUE HOPMUPOBKH BOJIHOBON (PYHKITMU MMEET BU]

(T = 1. (5.10)

[IpuBesem Tak:Kke MpocThbie, HO BayKHbIE CBOMCTBA CKAJISAPHOIO ITPOU3Be/IeHns (DyHK-
Ui, IIPOBEPKY KOTOPBIX OCTABIAEM YATATEIIIO:

<F1’F2>* = <F2|F1>7 <5~11)
(¢1 Fy + o | F) = ci(F{|F) + c5(Fy|F), (5.12)
(FleyFy + coFy) = ¢ (F[Fy) + co(F| Fy). (5.13)

3/1eCh ¢, U €, — IPOU3BOJIbHBIE KOMILJIEKCHBIE YUCJIA.

Anajiorust MexK1y BEKTOPAMH U KBAHTOBBIMU COCTOSHUSIME OKa3aJaCh BEChbMa ILIO-
norBopuoii. Ha ee ocuoe Ilonb Hupak B 1930 romy moctpons Hanbosiee KPaCUBBIN 1
MOIIHBI MaTEMATUIECKII anapaT KBAaHTOBOW MeXaHUKU. B rajibHeiilneM HEKOTOPbIE
OCHOBHBIE 9JIEMEHTBI 9TOTO allllapaTa HaM ITPUJIETCs UCIO0JIH30BaTh, TAK KAK KBAHTOBBIE
COCTOSHUS He BCErJa MOYKHO 3a/1aTh BOJHOBBIMU (DYHKIUAMU', B TO BpeMs KaK MeTO/
Hupaka paboraeT mpu JitoOOM ONMCAHUU KBAHTOBBIX COCTOSIHUI.

Bepuemcs k cBoiictBy (5.6) cobcTBeHHBIX (byHKIHIT J1t060i (DU3UIECKOIT BEJIUIMHBI.
B BekTOpHOiT anarebpe paBeHCTBO HYJIIO CKAJSIPHOTO ITPOU3BEJICHUST BEKTOPOB O3HAYAET,
YTO 9TU BEKTOPBI OPTOrOHAJILHBI JIPpYT K Jpyry. Crieys aHAJOTHH Me¥KJy TPOCTpaH-
CTBOM OOBITHBIX BEKTOPOB 1 IIPOCTPAHCTBOM BOJTHOBBIX (DYHKIHIT, pe3ybrar (5.6) MoxK-

HO c(HOPMYJIUPOBATH TaK:

e CobcrBenHnble (DYHKINHI, KOTOPbIE OTHOCATCSA K PA3JIMIHBIM COOCTBEHHBIM 3HAME-
HUAM (DU3UUECKON BEJTUIUHBI, OPTOTOHAJIBHBI JIDYT K JPYTY.

Ypasuenue (5.1) st cobcTBeHHBIX (DYHKIMIT HEKOTOPOii (DU3NIECKON BETMIUHBI MO-
JKeT UMETh HECKOJIbKO HE3aBHCHUMbBIX PeIeHuil s 00H020 U M020 2ice CODCTBEHHOTO
3HavYeHNsd. B TaKux cirydasx rOBOPAT, YTO COOCTBEHHOE 3HAUEHNE BBIPOXKJIEHO.

e Yucio IMHEITHO HE3aBUCUMBIX COOCTBEHHBIX (DYHKITNI, COOTBETCTBYIOIINX OTHOMY
U TOMY K€ COOCTBEHHOMY 3HAYEHUIO, HA3bIBACTCH KPATHOCTHIO BBIPOXKIEHUS
9TOr0 COOCTBEHHOT'O 3HAYEHUS.

Ecnu cobcTBennoe 3HaUeHne BHIPOZKIEHO, TO COOTBETCTBYIOIINE MY JIMHEITHO He3aBUCH-
Mble COOCTBEHHBIE (DYHKIINM, KOTOPbIE HAXOJSTCS TP SIBHOM perieHun ypasuenus (5.1),
He 00s13aTe/IbHO OPTOTOHAJIBHBL APYT K JApyTy. OJIHAKO BCErjia MOYKHO COCTABUTD TAKUE
JITHEHbIe KOMOWMHAITMY 3TUX (DYHKIINI, KOTOPBIE y2Ke OyIyT B3AMMHO OPTOTOHAJILHBI.

'Hanpumep, kBaHTOBOE COCTOsTHME (DOTOHA HEBO3MOXKHO OIMCATH C ITOMOIIBIO BOJHOBOM
dYHKINN.



46

[TycTp, Hanpumep, cobcTBEHHOMY 3HaUYeHUIO A, cOOTBETCTBYIOT K JIMHENHO He3aBH-
CHMBIX HOPMHPOBAHHBIX (HO He 00s3aTeJIbHO B3aUMHO OPTOIOHAJIbHBIX) COOCTBEHHBIX

dbynkmmit ¢,,,, « = 1,2,..., K. [lokaxkeM, KaKk MOKHO IIOCTPOUTHb U3 HUX K B3amMHO
OPTOTOHAJBHBIX (PyHKIWIT 1, ,. PaccmorpuMm e dyHKINN
7\pnl = @n1> an =C ((pn2 - awnl) ) (514>

rje C' 1 @ — TOKa Hen3BeCTHBIE KOMILJIEKCHBbIE Yncya. [lorpebyem, 4ToObI BBITOTHSIIOCH
paBeHcTBO (1,,,]1,,5) = 0. Inmem

<wn1|¢n2> = O(@nl’@n? - a’@nl) = C<<(10n1|(10n2> - a’) =0.

Orcroia HaXo UM
a = <Q0n1|<)0n2>

[Ipu TakoMm BbIGOpE a BosiHOBBIE DyHKIMK (5.14) opTroroHaabHBI ApyT K Apyry. [Tocro-
auayto C' HailjeM u3 ycjioBHs, 4TOOBI BOJIHOBas (pyHKIUsS 1), , Oblla HOPMHPOBaHa Ha
equnuiy. Borancrss (¥,,]1,,,) ¢ yaerom csoiicrs (5.11)—(5.13) ckansgproro npomnsse-

JAeHusd, 110JIyYUM ]

VI=la?

Teneps naes MOCTPOEHUs cieyIONIell BOJHOBOI (DYHKIUN 1), MOHATHA. Imem ee B
BH/JIE

Y3 = C’ (Pnz — @101 — Ag¥,5) -

KosdbdunuenTsr a; u a, HaxoagaTCs N3 YCIOBUil, YTOOBI 10,3 OblIa OPTOrOHAJIBHA 1,
u a noctosgHHas C'' HaxoaUTCS U3 YCJIOBUS HOPMUPOBKH. lIpoiie a “oprorona-
n2»
Jmsanun’ IPOJIOJIZKAETCA JI0 TeX 0P, MOKa He MOJIyInTCsd HabOp OPTOHOPMHUPOBAHHBIX
byukmit {1, }
B nasbaeiimem Mbl yacTo OyiieM IIpealoaraThb, YTO TaKad onepalud IpoBeieHa 1Jid
b
KazKJI0r0 BBIPOXKIEHHOTO COOCTBEHHOTO 3HAYEHUS M, CJIeJ0BATEIbHO, 6ce COOCTBEHHDBIE
byHKIMI GU3NIECKO BeTMUIHBI OPTOrOHAIBLHE! IPYT K JAPYTY..

5.4. PazjoxkeHne BOJHOBBIX (DYHKIUII MO COOCTBEHHBIM
bYyHKIUIAM JUHAMIUYIECKINX MepeMeHHbIX

PaccemorpumMm ere o/1HO BaKHOE CBOHCTBO COOCTBEHHBIX (DYHKIINI (DU3UIECCKUX Be-
qans. [lyers {1, } — cOBOKYITHOCTD 6cexr cOGCTBEHHBIX (DYHKINIT HEKOTOPOIi husnue-
ckoit Besmmannbl A. Kak u pambiie, Oyjem Ipeoiararb, 970 cOOCTBEHHbIE 3HAYECHUsT
9TON BeJaU4MHbI A, oOpasyeT JUCKPEeTHBIN clHeKTp. MBI MOKeM TaKxKe CUUTaTh, YTO
dbyukuu {1, } 06pazyoT opTOHOPMUPOBAHHYO cucreMy hyHKIHUIL:

(,,|,) =9,,, | oproHOpMHUpOBaHHasi cucreMa yHKITHIA. (5.15)

3ech 6, — Tak Ha3bIBaeMblil cumBoJI Kponekepa: 0, = 1, ectum =n, ud,,, = 0,
ecan m # n.

!OTmernM, 9TO BBIOOP B3aMMHO OPTOrOHAJIBHBIX BOJHOBBIX (DYHKIHIA, OTHOCAIIUXCSA K BbI-
POXKJEHHOMY COOCTBEHHOMY 3HAYEHWIO, HEOTHO3HAYEH (CM. yIpakHeHue 5.2.).
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Kak m3BecTHO, B COOCTBEHHOM COCTOAHMN 1), (bm3mdeckass BeJMINHA NMEET TOIHO
oupe/iesiennoe 3nadenne A,. Eciam ke cocTosiHme 4YacTHIBI OIMCBIBAETCH JHHEHHON
KoMbuHaImeil (cymeprnosuueii) cocTosHIi

U =a;Y; +aypg+... + a0, + ..., (5.16)

TO MHOTOKpATHBIE U3MepeHns (hu3ndeckoit Besmanuabl A Oy/iyT gaBaTh pasjndHbe coO-
CTBeHHble 3Ha4YeHnsT A, C HEKOTOPBIMH BEPOATHOCTSMHE, HPHYEM OyIyT HOSBIIATHCH
TOJIBKO T€ 3HaY€HHUs, KOTOPbIE COOTBETCTBYIOT BOJIHOBBIM (DYHKIIUSAM 1), BXOIAIINM
B Boipazkerue (5.16). B npoussosvrom kBanTOBOM cocrosiiun W M3MepeHus: MOIYT Jia-
BaTb A100ble BOBMOXKHbBIE 3HAYUEHUS (PU3NIECKON BEJIMYUHBI, IIO9TOMY B ODIIEM Crydae
cyneprosurust (5.16) BriouaeT Bce cobcrertble dyHKIWN 1, O606Imas npuBe/IeH-
HbIE BBINE COOOPaYKeHMs, MOXKHO C(OPMYJIMPOBATH OJINH U3 BayKHEHIINX MOCTYIaTOB
KBaHTOBOI MeXaHUKHU':

e IIpousBosibHas BosHOBas (yHKIMA dacTuibl V(7 t) MoxKeT ObITh MpeJICTaBIeHa
B BUJIE PsiJia

U ) = a,(t),(7), (5.17)

n

rJ1e 1,, — cobcTBeHHbIe (DYHKINY 410001 JUHAMIYECKON 11epeMeHHoi A, a ko3 du-
[UEHTHI a, () — KOMILJIEKCHBIE BEJIMUYUHbBI, KOTOPBbIE MOT'YT 3aBHCETh OT BDEMEHH.

®opmyita (5.17) BBINIAIUT OUeHDb IPUBJIEKATEbHOM. B camom meste, pemus 3ajady Ha
coOcTBeHHbIE (DYHKITUN HEKOTOPOi (pU3MIECKOil BETMINHBI, MBI MOYKEM OIMUCHLIBATDH U3-
MeHeHHe JTI060r0 KBAHTOBOI'O COCTOSHUS C MTOMOIIBIO (DYHKIWI a,, (1), 3aBUCSIIIX JINIIH
OT OJTHOI TIEpEMEHHOil, — BpeMeHU. DTa BO3MOXKHOCTDH IMUPOKO UCIOJb3yeTcd. Vmen-
Ho GJiarojiaps el perenre MHOTUX 33/1a9 B KBAHTOBOW MEXaHMKe OKa3bIBAETCS rOPa3io
6oJiee TPOCTBIM, YeM B KJIACCUYECKOI MexaHuke. J[ejlo B TOM, 9TO JOBOJILHO YacTO U3
Beero psizia (5.17) MOXKHO OCTABUTD JIMIIb HECKOJIBKO “IVIABHBIX” YJIEHOB U MpeHeGpedb
OCTAJbHBIMU, BKJIAJ] KOTOPBIX MaJl [0 T€M WJIM WHBIM (PU3UIECKUM HpUYnHam. loraa
KBAHTOBOE COCTOsiHHE OYJIET ONMUCHIBATHCS BCErO HECKOJIbKUMU (byHKImsMA a,(t). B
JlabHeleM OyJeT mokKaszaHo, Kak n3 ypasuHenus [lIpeamnrepa MOKHO BBIBECTH IS
9TUX (PYHKIUH OTHOCUTEIBLHO MPOCTYIO CUCTEMY JIMHEHHBIX YPaBHEHUIA.

[IpeamonozkuM, 910 BOJTHOBasi (DYHKIMs TpejcTaBieHa B Buie psaga (5.17), u BbI-
scHrM bu3nIecKuii cMbIcst Ko3bOUIuenTos pasioxkenns a, (t). Beraumcinm cnadana
unTerpas or Kpajpara moyiist | W |2 ucnonszys (5.17) (apryment ¢ oryckaeM Jijist KpaT-
KOCTH):

(W0) = > ana, (b,

Cortacuo (5.10) u (5.15), u3 9TOr0 paBeHCTBaA CJIEJIYeT, 4TO

> a, @) =1. (5.18)

13 1ech MBI IPUBOIUM 3TOT MOCTYJIAT B IPUMEHEHNN K OJHOI 9aCTHUIIE, OJHAKO OH CIPaBe/I-
JIUB U JJIsT KBAHTOBBIX COCTOAHUIT MHOTOYACTUYIHBIX CHCTEM.
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Teneph BbruncaNM cpejHee 3Hadenune dbusndeckoil Beamanabl A B cocrosiamm (5.17).

[Tockosbky omnepatop A (Kak u oreparop Jiroboit hU3nIecKoil BeJIMIMHBL) JTHHEHHBIH 1,
KPOMe TOro, 1, — ero cooCcTBeHHbIe (QYHKITNH, HAXOIUM, YTO

AV = E a, Ay, = E a, A,
n n
Ucnionb3ys Teneps obIee IPaBUIO JIJIs BHIYHCICHNA CPEJIHUX 3HAYCHUN, 3aIIUIIeM

W) = [ WAV = 3 a0, 4, (0,10 = 3 Afa,

Mbr mpuxoum K (opmysie (BoccTaHaB/IMBasi ApIYMEHT t)

(A =Y"A, |a,®). (5.19)

Yrobbl ocmpicauTh pasercTBa (5.18) u (5.19), mpeamosokuM cHadaga, 9T0 BCE COO-
CTBEHHBbIE 3Ha4YeHUs A, He BBIPDOXKJEHBI, I BCIOMHHIM HEKOTODBIE CBEJICHH: U3 T€OPUU
BeposiTHOCTEl. IlycTh MHOrOKpaTHbIE U3MepeHNN (PU3NIECKOl BendnHbl A B cOCTOsI-
nur W B MOMEHT BpeMeHU ¢ JafoT 3uadenns A, ¢ BEPOATHOCTAMUI wn(t). CymmMma 3Tux
BEPOATHOCTEN paBHA eaunuIe’. Kpowme Toro, apudmerudeckoe cpemgHee u3 OOIBITOTO
YUCJIa U3MEPEeHUuil CaydalHOW BeJIMYMHBI PABHO CyYMMeE BCEX €€ BO3MOXKHBIX 3HaYCHUN
Ha, COOTBETCTBYIOIIHE BepodTHOCTU. [losTOMYy

w,t)=1, (A= A w,().

Cpasnusast stn paserctsa ¢ (5.18) n (5.19), MBI BuuM, 91O
e Kgaspar momyns |a,(t)]? xoadpdurmenra a,(t) B pasmoxenun (5.17) BoaHOBO!
GYHKIUN 10 OPTOHOPMHUPOBAHHON CHCTEME COOCTBEHHBIX (DYHKIUI (DU3MIeCKOit
BesimauHbl A ¢ Heauposicdennvimu cCOOCTBEHHBIMU 3HAYEHUSIMU €CTh BEPOSTHOCTD
TOr'0, YTO U3MePeHne 3Toil (PU3NIeCcKOil BeIMInHbI B MOMEHT ¢ 1acT 3nadenne A, .

B kBanToBoil Mexanuke Ko3pburmenTst a,,(t) 0ObIMHO HA3BIBAIOT AMIIUTY/IAMH Be-
posiTHOCTH Jij1si cocrostnus W (t).
Ha amimryaer BepogrHoCTH @, (f) MOXKHO B3LVISIHYTD C APYTOH TOUKU 3PEHUS:

e Kgaspar momyns |a,(t)|? xosddurmenra a,(t) B pasnoxenun (5.17) BoaHOBO!
GYHKIUN 10 OPTOHOPMHUPOBAHHON CHCTEME COOCTBEHHBIX (DYHKIUI (DU3MIECKOi
BeJINYUHBI A €CTh BEPOSTHOCTD TOT'O, YTO B MOMEHT { 4aCTHUIla HAXOJNTCH B KBAH-
TOBOM COCTOSTHUH ), .

OtmeTuM, 9TO TOCTe/Hee yTBEP:K/IEHNEe CIIPABEJINBO U B CJIydae, KOIJa HEKOTOPbIe
COOCTBEHHBIE 3HAUEHUsI BBIPDOXKIEHBI (JIOKA3aTELCTBO OCTABIISIEM YUTATEIIO).

ICymma Beex w,, ecTb BEPOSTHOCTH JOCTOBEPHOTO COOBITUS — IOJIYYEeHHs KaK020-HUubYyob
3HAYEHUsT (DU3NIECKON BeTmInHbl A.
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st Toro, arobbl HCIOIB30BAThH pasiiozkeHre BoHOBON dyHKIwK (5.17) B KOHKpeT-
HBIX 33/[a9aX, Hy?KHO YMETb BBIYUAC/IATH AMILUIUTY bl BEDOSTHOCTH «,, (1) J1J1sT IPOU3BOJIB-
noit BostnoBoit pynkmmu V. [lokazkeMm, 9TO 3TO He CJIOYKHEE, YeM BBIUYUC/IATH NHTETPAJIBL.
Nrak, mycrs ¥ n3BecTHAa. YMHOXKEM cieBa obe dacTu paBeHcTBa (5.17) ma ¢f, (m —
IPOU3BOJILHBIN (DUKCUPOBAHHBIN UHJIEKC) U IIPOUHTEIPUPYEM II0 BCeil 06JIACTH JIBUZKe-
Hust yactuipl. Vcmob3yst obosnadenue (5.9) 1yisi CKAISIPHOTO TIPOU3BeieHnst Oy HKITHIA,

3allIlIeM
(W) = a, (¥,10,).

Tak kak cucrema dyukuuit {1, } oproHOpMHpOBaHa, TO B MpaBOil YacTU OCTAHETCsH
TOJILKO OJIUH WieH ¢ m = n. [lo3ToMy MBI TPUXOIUM K TTPABUILY

o (1) = (¥ [B(t)) = /w;“n(F)\IJ(F, v . (5.20)

C ero nomorrpio passtozxkenne (5.17) BOJHOBOI (DyHKINE MOXKHO 3aIIICATH B TAKOM BHJIE:

W t) = Y () (W (2)). (5.21)

5.5. CobcTBennble PYHKITMN HECKOJIBKAX JTMHAMUIECKNX
nepeMeHHbIX

PaccmoTpuM citeryrormuit Borpoc: MOTYT JIU JIBe JUHAMIYECKUe ITepeMeHHble NMeTh
obuyue cobcrrennbie yakiun! Ha dusndeckom si3bike BOIPOC 3BYUUT TaK: CYHIIECTBY-
0T JIM TaKne KBAHTOBBIE COCTOSIHUsI, B KOTOPBIX JWHAMUYeCKue repemenubie A u B
OJTHOBPEMEHHO MMEIOT TOUYHbIe 3HavYeHusd ! [lokaxkeM, 4TO HEOOXOIUMBIM YCIOBUEM JIJIs
9TOro sBJIseTC TpeGoBanme, ITo0bI oepaTopbl A 1 B KOMMYTHPOBAJIM APYT C APYTOM.

Urak, mycTb 1), , OIHOBPEMEHHO SIBJIETCS COOCTBEHHOH (DYHKIMEN TUHAMIYECKUX
nepeMeHHbIX A u B, T.e. BBIIOJIHAIOTCS PABEHCTBA

By, = By, (5.23)

[ToneiicTByem Ha 06e wactu (5.22) omeparopom B, Ha 06e gactu (5.23) — omepaTopom
A, a 3aTeM BBIUTEM IIEPBOE MOJIYIEHHOE PABEHCTBO U3 BTOPOro. B pesysbrare moryanM

(4B - BA) v =0,

Orcioza, IpaB/a, elle Helb3s CIEMaTh BBIBOJ, UTO OHepaTopbl A 1 B ofs3aHbl KOMMY-
THPOBATh, TaK KakK 1), , He sBJISETCI NPouseosvHol BOJHOBON dyHKImel. BenomuuM.
OJIHAKO, UTO JIIOOYIO BOJTHOBYIO (DYHKITHIO MOXKHO IPEJICTABUTD B BUJIE PsIJIa 110 COOCTBEH-
HbIM dyHKIWAM [bopmyna (5.17)]. B manHOM ciaydae B KadecTBe cucreMbl (DyHKITHIA
sozbMmeM {1, }. Torma
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9TO 1 TpeboBaJIOCh JoKaszaTh. MTak, ecian aBe pusndecKne BEJIUUNHBI IMEIOT OO0IIne
cobcTBeHHbIe (DYHKITUHU, TO UX OIIePATOPbl KOMMYTUPYIOT. MOKHO JIoKa3aTh 1 0OpaTHOoe
yTBepKeHne!: ecin onepaTopbl (PU3HUECKUX BEJIMUUH KOMMYTHPYIOT, TO 9TH (bU3Hte-
CKHE BEJTMIMHBI UMEIOT O0IIyIo cucteMy cobcTBeHHbIX yHKIwmit. Chopmynmupyem uror
HaIlUX PacCyKICHUN:

e HeoOXoauMbBIM 1 IOCTATOYHBIM YCIOBHEM TOT'O, UTO JABe (PU3NIECKUE BETUNINHBI A
u B umeror o0Iiyo cucreMy COOCTBEHHBIX (PYHKIINMA, sIBJIsI€TCA PABEHCTBO HYJIIO
koMMmyTaTopa [A, B].

Ecim MbI paccMoTpuM HecKOJIbKO busnyeckux Besmdud Ay, A,, ..., T0 HETPYIHO CO0D-
Pa3uTh, YTO OHU UMEIOT ODIILYIO0 CUCTEMY COOCTBEHHBIX (DYHKITUI, €C/IN JIJId JIF0OO0# Tapbl
OTIepPaToOpPOB [Az, 121]] = 0. U3 3T0ro yreepKeHus MOKHO U3BJI€Yb PsiJl TOJIE3HBIX U BasK-
HBIX (pusndecKkux ciaeacTBuit. Bor ogHo m3 HEUX. MBI y:Ke oTMedan, 970 cOOCTBEHHbIE
GYHKIMN raMUJIbTOHIAHA H onucbisator CTaIlMOHApPHBIE COCTOSTHUS YaCTHUIbl. Kcau B
KOHKPETHOIl 3ajja4ue HalijeTcsa auHaMudecKasl rmepeMeHHas A, i KoTopoii [fl, H |=0,
TO BOJIHOBBIE (DYHKITUN CTAI[HOHAPHBIX COCTOAHHMI 1), , MOXKHO BBIOpATb TaKUMH, ITO

OHHU OJTHOBPEMEHHO OY/IyT ABIAThCA U cobcTBeHHbIME byHKImsamu A. Wraxk, ecom {A, }
— cOOCTBEHHbBIE 3HAUCHUS JIMHAMUYIECKON 1epeMeHHOo# A, TO BBIIOJIHIIOTCI PABEHCTBA

f]¢nk = En ¢nk7 Awnk = Ak ¢nk’ (524)

rjae E, — yposuu sueprun. MoxKeT cilyduTbCs TaK, YTO HECKOJILKUM Pa3/INIHbIM UHICK-
caM k1, k5, ... COOTBETCTBYeT OJIHO U TO ¥Ke 3HadeHne 3Heprun. Torga ypoBeHb SHEprun
OyeT 6upostclenHviLM, TIOCKOJIBKY €My COOTBETCTBYIOT HECKOJILKO JIMHEHHO He3aBUCH-
MBIX COOCTBEHHBIX (DYHKIIHIA wnkl’ wnkQ, ..., T.€. HECKOJbKO Pa3JIMIHbIX KBAHTOBBIX
cocrosnuii. Mek 1y npounm, HaJIU4INEe JIMHAMHUYECKUX TEPEMEHHbBIX, OIePaTOPbl KOTO-
PBIX KOMMYTHUPYIOT C TaMUJIBTOHUAHOM, SIBJI€TCS TUMUIHON MPUYNHON BBIPOXKIEHUS
YPOBHE# SHEPIUU KBAHTOBBIX CHCTEM.

5.6. HemnpepbIBHDBII CIIEKTp 3HAUeHU (PpU3MIECKNX BEJIMINH.
Henbra-pysknusa JIupaka

Jlo cux 1op BCIOJTY MPE/IITOJIArajoCh, 9T0 COOCTBEHHbIE 3HAUEHUs 00PAa3YIOT JUCKPET-
HbIil criekTp. OMHAKO I MHOTHX (DUBUIECKUX BEJIUYUUH 3TO HE TAK U UX COOCTBEHHBIE
3HaveHusl (T.e. BOSMOYKHBIE PE3YJIbTAThl M3MEPEHVsi) HEPEPBIBHO 3aIlOJHAIT HEKOTO-
poiit naTepBas. CobcTBenHble (DYHKIMU 14 (7') TAKOH BEJMIUHBI HyMEPYIOTCS Helpe-
PBIBHBIM HHJIEKCOM A, KOTOPBIi COBIAIaeT ¢ COOCTBEHHBIM 3HaUEHUEM (DU3MIECKON Be-
Jguaunbl. [lepexos Bo BceX COOTHOMIEHUAX OT JMCKPETHOTO CIHEKTPa K HEIPEPHIBHOMY
o3HadaeT (HPaKTHUIECKU MePexXoi] OT CYMMUPOBAHUS 110 JUCKPETHOMY UHIEKCY 1, KOTO-
PBIil HyMepoBaJl cOOCTBEHHbIEe 3HaUeHUs A, , K HHTErPUPOBAHUIO 110 HEIIPEPHIBHOM Ie-
pemennoit A. B wacrnoctu, passoxkenue (5.17) mpon3BosIbHON BOJHOBOIN (DyHKIUE 10
coOCcTBEHHBIM (DYHKIUAM (PUBNIECKON BEJTUIUHBI IPUHUMAECT TAKOW BUT:

U(rt) = /aA(t) Y, (7) dA. (5.25)

lEFO J0Ka3aTeJIbCTBO HECKOJIBKO CJIOZ2KHEE M MbI €I'0 OIIyCTHUM.
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Bb110 661 2KeIaTebHO COXPAHUTD BEPOSITHOCTHBIH CMBICST aMIuTyi a 4 (). TTockoabky
Tereph A — HempepbiBHAg CilydaiiHast BeJIMduHa, norpedyem, 9Toon |a 4 (t)]? dA umesno
CMBICJT BEPOSTHOCTH dw 4(t) TOTO, UTO M3MepeHne B MOMEHT BPEMEHH ¢ JIaCT 3HAUCHUEe
dusnveckoit BeJIMInUHbI, Jiexkaliee B OECKOHEIHO MaJjioM mHTepBaje or A 1o A + dA.
Torya st aMIuTyT @ 4(t) JOJZKHBI BBITOTHATHCS PABEHCTBA

/]aA(t)|2dA:1, <A>t:/A|aA(t)|2dA. (5.26)

Bamernm, 9TO TpHU BbIBOJE ycsaoBust (5.6) OPTOrOHAJIBHOCTH COOCTBEHHBIX (DYHKITHIA,
COOTBETCTBYIOIIUX PA3AUYHbLM 3HATEHUAM (DU3MIECKONW BEJIMYUHBI, Mbl HUTJE HE UC-
MOJTb30BAJIN TO, YTO CIEKTP JIMCKPeTHBINA. [[oaToMy U B ciiyvyae HEPEPBIBHOIO CIIEKTPA
BBIIIOJIHACTCH yCJIOBUE

/@Z)Z@DA, dV =0, ecmm A# A (5.27)

B ciaydae auckpeTHOro crieKrpa Mbl uMesn Takzxke dopmyrty (5.20) st aMIumTy L Be-
pogrHOocTH. EcTecTBenHOE 00001IeHIE 9TOIT POPMYIIBI Ha HENPEPBIBHBINA CIIEKTD IJIACUT

axlt) = A VO) = [eiEE Y. (5:29

C TouKM 3peHUsl BEpPOSATHOCTHON WHTEpIIpeTaIuy U3MePEeHUil B KBAHTOBOI MeXaHWKe
[PUBE/IEHHBIE BbIIE TPEOOBAHUS BBIIVISIAT BIIOJHE PA3yMHBIMHU. 3J€Ch, OJIHAKO, BO3-
HUKaeT IpobjieMa ¢ HOPMUPOBKOW cOOCTBeHHBIX (byHKIMit. [lokazkeMm, 9T0 Terepb MbI
HE MO’KeM TpeGoBaTh, YTOOBI MHTErpas oT |1 ,4]? 1o Beeit 061acTn JIBUKEHHsT JaCTUILbI
OBLT PaBeH €JIMHUIIE.

[ToncranoBka paszsnoxkenus (5.25) B dopmyny (5.28) maer

a, = / W ( / aut dA’) dv = / a, ( / Wb dV> dA’. (5.29)

BuyTpenHuii uHTErpas M0 MNpOCTPAHCTBY B HOC/IEHEM BbIDAXKEHUU €CThb (DYHKIHsI OT
Au A'. QakTuuecKn OH 3aBUCHT TOJBKO OT pasHocT A’ — A, TOCKOJIBKY paBeH HYJIIO,
eciim A # A’ |em. (5.27)|, u moka memssecren suiib it A’ = A . O6osnaunm

/ Wi dV = G(A' — A). (5.30)

13 (5.29) cremyer, uro Beenennas Hamu dbyuakius 0(A — A') nomkaa obiajgaTh CBOIi-
CTBOM

0, - / 0 S(A — A)dA' (5.31)

Kpowme toro, cormacuo (5.27), mbr umeem yciosue §(A" — A) = 0, ecrm A # A’. Tak
Kak JieBast u mpaBas dacTd (5.31) JOJKHBI cOBIaJaTh, moiaydaercs, 4to 6(A" — A)
OTJIMYHA OT HyJist TOJLKO npu A' = A, npudem ee mHTErpas ¢ HelpepbIBHON dyHKIME
a , “BBIpE3aeT’ 3HaveHne a 4. Hu ogna u3 dynkImii, KOTOpble BCTPEYAIOTCA B OOBITHOM
aHajm3e, He 00J1a/Iae€T TAKUMU CBOWCTBAMMU.
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[Tosie Jlupak HpemioKuia paccMaTpuBarh QYHKIWMIO d(x — ;) Kak npedes (npu
k — o0) dbyskmit 6, (xr — xp), KOTOpble OTJMIHBI OT HyJs (HAIPHUMED, HOCTOSHHBI)
B MaJjioil OKPECTHOCTU (DUKCUPOBAHHON TOYKU Lo, NPUIEM C POCTOM k pasmep 3Toi
OKPECTHOCTH CTPEMUTCS K HYJIO, & 3HAYCHUS 0, PACTYT Tak, YTOObI IJIONA/Ib O] I'Pa-
dburom ocraBasiack pasuoiil ejunuie (em. Puc. 5.1.). Torma, ecom f(x) aBisiercs riaj-

KOl (byHKIMEHl B OKPECTHOCTU TOUYKH T, TOJIyIaeM

k—o0

QOyuxiusa  d(r) Temepb  HA3BIBAETCS
nesibra-dpyuknueit lupaka. Owna sapiis-
ercd IMpuMepoM O0O0O0OIIeHHOM (QYyHKINN,
KOTOpasi OIpPEJIeIsieTcsl ee WHTerpajaMu ¢
oObIaHBIME TyaakuMu  pyaKImamu.  Camu
3HAYEHUA O0ODOIIEeHHOW (YHKIUA B OT-
JIEJIHBIX TOYKAaX 9acTO HE MMEIOT CMBIC/IA.
MaremaTuku j1oJiroe  BpeMsi KPUTUKOBa-
Jim (PU3MKOB 3a TO, YTO OHHM HUCIOJB3YIOT
Takie ‘martosormueckue’  (QYHKIUM, Kak
nenbra-pyaknua.  Opaako B 1940-e rojbr

+0o0
lim [ (2) i~ ) do = f ().

JI.C. Cobonesbim u JI. IllBapuem ObLia
IIOCTPOEHa CcTporasi Teopusi ODOOIIEHHBIX
dyHKIMit, oboraTuBImas caMy MaTeMaTHKY.
OTrmeTuM, KCTaTH, 9TO MHOI'E BasKHbIE HIIEH
MPUIIIA B MATEeMATHKy UMEHHO 13 (DU3UKH.

Hepe‘{I/ICJII/IM OCHOBHBIE CBOICTBAa ,ILGJII)Ta—(l)yHKHI/II/II

d(ax) = — d6(x), (a = const),

+oo

/5(:v—y)5(y—2)dy

—0o0

]

=

Puc. 5.1.

DakTuaeckn cBoiictso (5.33) caemyer u3 (5.32), ecau B3aTh f(x) = 1.
CroiicTrBamu JeibTa-pyHKINNT 00/1a/1a€T He TOJBKO IPee CTYIeHIaThIX (PyHKITHIA,
HoKazaHHbIX Ha Puc. 5.1. JIs cripaBoK IpuBeJieM HECKOJIBKO IOJIE3HBIX allllPOKCHMa-

(5.32)

(5.33)

(5.34)

(5.35)

(5.36)
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Uit JieJIbTa~-pYHKIUN HepPepbIBHO JuddepeHnupyeMbiMu (DyHKITHSAMU:

Sa) = lim (5.37)
.« sin(ax)
i(z) = lim — ———=, (5.38)
a—oo T (6%
2
sin®(a)
o(x)=1 5.39
(z) = lim — (5.39)
B KBaHTOBOII MeXaHWUKe JTOBOJBHO YaCTO UCIIOIB3YETCs TaAKZKE COOTHOIIEHIE
+o00o
Sz —xy) = L / el@=20)@ o (5.40)
0 27T Y
KOTOpOE BBIBOJUTCs B Teopun nHTErpaioB Oypoe.
PasencTBo
(Yaltha) = 0(A = A) (5.41)

JTsi cOOCTBEHHBIX (DYHKIMI HEMPEepBIBHOTO CIIEKTpa 3aMeHsieT paBeHCTBO (5.15) s
coOCTBeHHBIX (DYHKIMI JIMCKPETHOTO CrieKTpa. [oBopst, uro yeiaosue (5.41) coorser-
CTByeT HOPMHUPOBKE Ha JieJibTa-PyHKIUIO, a yciosue (5.15) — HOpMHUpPOBKe Ha

eVHUILY .

5.7. CruekTp n cobcTtBeHHbIe DYHKIINNA UMITYJIbCA TACTHUIHI

Baxkubim nipumepom (hbu3mdecKoil BeJIMIUHbBI, UMEIONIEl HellPEePbIBHbIN CIIEKTD 3Ha-
YEHU, ABJIAETCA UMITYJILC YaCTHIL. B BEKTOPHOM BHUJE ypaBHEHUE JJIsi COOCTBEHHBIX
dyHKIIMIT UMITyJIbCa 3aIUCHIBAETCH KaK

Py =pY wm — iV = b, (5.42)
STO ypaBHeHI/Ie 9KBHUBAJICHTHO TpeM ypaBHeHI/IHM JLJTA ,ZLeKapTOBbIX HpOGKHI/IfI HMHyJ’IbC&Z

~in Y =D ¥ —in =Py ¥, —in Y~
0z

Pemernne (1) cymectsyer npu mobom p = {p,,p,,p,} 1, KaK Jerko IPOBEPUTDH Ips-
MOIt IOJICTAHOBKOI! , mMeeT BU,

U (7) = 4y, (2) 0, (4) 0, (2) = C P/ ePuvllgio:2/0, (5.44)

Y

rje C' — mpou3Bo/IbHAS KOMILIEKCHAs TIOCTOsIHHASA. B KOMIAKTHON (hopMe 3a1ucu

s (7) = C e /M, (5.45)

!Cmorpu Takxke ynpaxknenust 5.4. u 5.5.
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Ota BosHOBas (DYHKIMS OIUCHIBAET KBAHTOBOE COCTOSHUE CBOOOHOI YaCTHIIB, JIBUZKY-
meiicst ¢ umirysbeoM p. Iocrosinnas C' nosnKHa OUPeNesaThCA U3 YCIOBUS HOPMUPOB-
ku (2.25). IlockosbKy cBOOOIHAS YacTUIA MOXKET OBITH OOHADYrKeHA B JIIOOOI TOUKe
IIPOCTPAHCTBA, UHTEPAJIBI 110 T, Y U 2 BBIMHCISAIOTCH 0T —00 10 +00. OgHako, Kak
cuepyer uz (5.45), [, (77 )|? = |C|?, mosronmy muTerpan B esoii wact ycaosus (2.25)
PACXOUTCS U, CJIC/IOBATEIBHO, COOCTBEHHbIC (DYHKINHA MMITY/IbCa HEBO3MOXKHO HOPMH-
posarh Ha exunuiy. llocMOTpHM, He/b3sl JIM UX HOPMHUPOBATL HA JIEJIbTa-QYyHKIIHIO.
970 6bLI0 OBI BIIOJIHE €CTECTBEHHO, TaK KaK CIEKTD MMIIY/IbCa HEIPEPLIBEH.
Boramcmm cKaspHOe IPOU3BEEHNE JIBYX COOCTBEHHBIX (DYHKIHIT, COOTBETCTBYIO-
IUX 3HAYEHUAM UMy Ibca pu p . [Ipeanonaras, uro C' He 3aBUCHT OT P, 3anuiiem’

(05155) = ]o s 7 dy ]O A5 (7) Y (7) =

— |C’|2 /ei(pé—pz)x/hdx /ei(p;—py)y/ﬁdy /ei(pz’—pz)/hdz

Bce Tpu nnTErpasia 0JJMHAKOBBI, IIO9TOMY PACCMOTPHUM TOJIHKO OJIMH UX HUX. Bceriomunas
npescrasienne (5.40) g genbra-GyHKIMI U UCIOJIB3Ys ee cBoiictBa (5.34) u (5.35),

HaXOoJuM, 9TO
]

/ i (Pe—pa)x /R 1, 2rhd(p, — pl). (5.46)

Urax, ecim B chopmyie (5.45) sribpars C' = 1/(27h)%/2, 1.e. onpenemnts cobeTBeHHbIC
dbyHKIMU onepaTopa UMITy/IbCa Kak

ﬁ .
() = amnr " (5.47)

TO CKaJIdpHOe IIPOU3BEJICHUEC JABYX TaKHX (byHKHI/Iﬁ IIpPUMET BH I
(Vpls) = 0(p, — ;) d(p, — p,) 6(p, — p.)- (5.48)

DTO COOTHOIIEHNE SBJISETCSA €CTeCTBEHHBIM 00001enneM yciosus (5.41) Ha cirydaii, Ko-
ryia cobcTBeHHast (PYHKIMSA 3aBUCUT OT TPEX HEIPEPBIBHBIX UH/IEKCOB, B JIAHHOM CJIydae
— OT Pyy Dy, P st ynporenust popmysibr (5.48) 1 MHOIHX JIDYTHX aHATOTHIHBIX HOp-
MyJT yJI0OHO BBECTH JIEIbTa~-(DYHKIIUIO O (/T ) BEKTOPHOT'O apryMeHTa A= {4, 4, A}
[Io omnpejiestennio,

6(A) =0(A,)0(A,)6(A,). (5.49)
Torna ycmoBue HOPMUPOBKH /1T COOCTBEHHBIX (DYHKINIT NMITYJIbCa MOYKHO 3allCATh B
KOMITaKTHOI opme

(5 ls) =00~ ") (5.50)

TIpeamnosnoxkenue, 910 HOPMUPOBOYHAast nocTosiHHAst C' He 3aBUCHUT OT MMITYJIbCA, ITOTBED-
JKJIAETCs KOHEIHBIM pe3ysbraroM [em. (5.47)].
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HpI/IBe,H‘eM TaKyKe COOCTBEHHBIE d)YHKL[I/II/I UMITYJIbCa W yCJIOBHE HUX HOPMUPOBKU HJIdA
CJlIydasd OAHOMEPHOI'O JABU2KECHUA IaCTUIIBI (B,HOJH:; ocHu l’):

by (1) = ——— &P (i) = (p, — L. (5.51)

e \/2mh

[Ipu perrernn KOHKPETHBIX 3a/a4 HaJUYIUe HEIPEPBIBHOIO CIIEKTPa Y (bU3nIecKux
BEeJINYMH U, KaK CJIEJICTBUE, HEOOXOIMMOCTh padOTaTh C BOJHOBBIMU (DYHKITUSIMU, HOP-
MHUPOBAHHBIMU Ha JIeJIbTa-PYHKIINIO, HEPEJIKO MPUBOJUT K MATEMaTUIECKUM TPYIIHO-
crsiM (0COBEHHO [T HaurHAKIMNX ). Kpome Toro, MHOTHE pacCyzKIeHusI U BBIBOJIbI BbI-
DJISIIAT OOJiee sSICHBIMU U IIPOCTBIMU B CJIydae JUCKPETHOrO crieKTpa. Mbl oluireM oguH
BeCbMa, TIOYJ/ISIPHBINA M TIOJIE3HBIN ITPUEM, TTO3BOJIAIONINI UCIIOJIB30BATh JI/Isi UMITYJIHCA
JaCTUIBI COOCTBEHHBIE (DYHKIINH, HOPMUPOBAHHBIE Ha, €IUHUILY.

JL1st TpOCTOTHI HAYHEM CO CJIydasi OJHOMEPHOTO JIBUXKEHUA, KOTJIa BOJIHOBas (DyHK-
1Al 3aBUCHUT JIMIITH OT OJHON IepemenHoit x. [lomycTum, 4To BoHOBas (DYyHKIHUSA Ua-
CTHIIHI OTJIMYHA OT HYJIsl HE Ha BCeill OCU T, & TOJbKO HA KOHEYHOM OTPE3KE JJTUHDI
L, ckaxeM, B mpoMexkyTke 0 < x < L . Ecam B KOHIe BBIYHACIEHWI MBI BBIIOJ-
HUM IIpeJIeIbHBIN 1Tepexos L, — 00, TO BepHeMcs K CJIydaio HeOrDaHUYeHHON obJacTu
npuzkeHnst. CobcTBeHHBIE (DYHKIIMH MMITYJIBCA [TO-IIPEXKHEMY UMEIOT BI/I

by, (x) = Cenerin

HO Tenepb 3TH (PyHKIUU MOXKHO HOPMUPOBATH Ha eaunauIly. OcTraBiisieM YuTaTe o Ipo-
JieJIaTh 3TO CAMOMY U BBIIUIIIEM OKOHYATETbHOE BhIPAXKEHUE JIJIs HOPMUPOBAHHBIX COO-
CTBEHHBIX (DYHKITHIL:

1
Y, (x) = \/—fo

Bce 6b110 6BI XOPOIIIO, HO, K COZKAJIEHUIO, €CJIH P, — IPOU3BOJILHOE JIEHICTBUTEILHOE YHC-
O U P, # Py, TO Y, 1 1,,, HE OPTOIOHAJIBLHBL JIPYT K APYLY (cm. yupaksenue 5.6.). D1o
HEIPUSATHOE CBOMCTBO cOOCTBEHHBIX (hyHKIHI (5.52) MPOTHBOPEUNT OOIITIM [IPUHITUIIAM
KBAHTOBOI MeXaHuKu. M30aBUTHCA OT HEr0 MOYXKHO ciieayomum oopasom. [lorpebyem,
aT00blL BCE V), () 6L nepuoduueckumu GYHKIUAME ¢ 1epuogoM L, T.e. 9TOOBI

BBIIIOJIHSAJIOCH yCJIOBHE
1y, (0) = ¥y, (Ly)- (5.53)

¢lcro, UTo Temephb p, He MOXKET ObITH JIFOOBIM JieficTBUTEIBbHBIM dnciaoM. Haiigem ero
BO3MOKHBIE 3HadeHusA. [logcrasissa B (5.53) sBHOE Beipazkenue (5.52) /st cOBCTBEHHOM
dbyHKIMH, TPUXOAUM K YCIIOBUIO

ePa/h (5.52)

ePala/l — 1, (5.54)
D70 ycaoBHe BbIoHseTCd, ecan p, L, /h kparHo 2w. Orciofa cieyer, 9To
2t
p, = Linm n, =0,£1,+2, ... (5.55)

T

Ormernm, 9T0 Jist p, MOJTYyUUIICsT Juckpemmvili CieKTp 3HadeHuil. Terepsb, BhIUUC/IsAs
cKasIApHOe mpousseaenne (1, |¢,,) Jerko mposepuTh (cM. ynpaxuenue 5.6.), 9To
x x

(U, [Wp) =0, 11 (5.56)

x
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r7e BBeJieH cuMBosI Kpornekepa

1, Py = Da

Coornomernne (5.56) mokaseiBaet, uro cobcTBeHHble byHKIWN (5.52) 006pasyor op-
TOHOPMHPOBAHHBIN HA0Op, €CaU CIEKTDP 3HAadeHWil MMITY/Ibca onpeaenserca popMy-
0t (5.55).

[Tepexoly K HeOrpaHMYEHHON 00JIACTU JIBUKCHUS YaCTHUIILI COOTBETCTBYET IPEJIET
L, — oo. Ilpu sTom crekTp 3Hadenuii uMmiyibca (5.55) CTAaHOBUTCS HENPEPHIBHBIM.
B coberennbix dyHkImax (5.52) HEBO3MOXKHO BBINOJTHUTD [IPEJIE/IbHBINA EPEX0Jl, Tak
KaK MHOYKATEH IIePe]T 9KCIIOHEHTOl cTpeMuTes K Hy o', HamoMum, ofiako, 9To cama,
1o cebe BoJIHOBas (PYHKIMA He dBJseTcs HabGJIOIaeMOi, HOTOMY HY2KHO OIPEIC/INTD
IPaBUJIO JIJIsI NIPEJEJBLHOIO Mepexo/ia B BhIParKeHHAX, KOTOPhIe BCTPEYAIOTCs IPH BbI-
YUCJIeHNN HaOMI0aeMbIX BeJndrH. OObLIYHO HPUXOANTCA UMETh JIeJI0 ¢ CyMMAaMK THUIIA,

S i)=Y (2. (5.58)

riae f(p,) — iagkas dynknus uMmiyabca. [lokakem, aro B npemesre L, — 0o cymma
peoOpaszyercs B MHTErPAJI IO OIIPE/IeJIEHHOMY ITPaBHILY.

N306pasum ucKpeTHble cOOCTBEHHbIE 3HAUCHHs UMITysIbca (5.55) TouKaMu Ha OCH
p,. Ilpm 6ospimoM L, coceiHue TOYKU PACHOJIOXKEHBI OYeHb OJIM3KO APYT K JAPYTY, T.e€.
CIIEKTD MMIIYJIbCa “IOYTH HelpepbIBHBIIN. BosbMem nmHTepBan Ap,, KOTOPBI 3HAYH-
TeJILHO MpeBbIaer paccrosiaue 2mhi/ L, MexK 1y coceJHUMEI COOCTBEHHBIMY 3HAYEHUSIMU
uMITysibca. dueso Touek, monasmnmx B uaTepBas Ap, pasHo Ap, L. /2rh. Paznemim
Telepb BCIO OCh P, Ha MHTepBasbl Ap,, IPOHYMEPYEM X MHJEKCOM ¢ U 3allHIIeM IPH-
6amrKkeHHoe 3HadeHne cyMMbl (5.58) B Buje

L

rje p,; — IPOU3BOJIbHASA TOYKA B HHTepBaJie ¢ HoMepoM ¢. Hampumep, 310 MOXKeT OBITH
cepejuna uHTepBasia. Ilycts L, pacrer. OHOBpeMeHHO MOXKHO yMeHbImaTh Ap,. [Ipu
9TOM CyMMa B 1paBoii qactu (5.59) OymeT crpeMuThest K uHTErpasty ot ¢yaknuu f(p,)
II0 BCEM paz MbI IIoJIydaeM IIpaBUJIO IIepexo/Ja OT JUCKPETHOI'O CIIEKTpPa MMIIYJbCa K
HEIIPEPBIBHOMY

1 17
L—x;f(px) o %/f(pw)dpm npu L, — 0. (5.60)

OB606muM Bee cKazaHHOe BbIIIe Ha TPeXMepHbIit ciydaii?. JIMCKpeTHbIil CeKTp UM-
IIyJIbCA COOTBETCTBYET IIPE/IIOJIOKEHNIO, YTO YaCTHUIA HaXOJAUTCs B IlapaJljeselulie/ie

Xorst npu L, — 0o cama BosiHOBasi (DYHKIIUST BCIOLLY CTPEMUTCSI K HYJIIO, pasMep 0bJ1acTu
JABU2KEHUA CTPEMHUTCA K 66CKOH€“IHOCTI/I, IIO3TOMY IIpU JIIO6OM LZ‘ OCTaeTCs CIIpaBeIJINBBIM
coornomtenue (5.56).

2060cHOBaHNE TPUBOIUMBIX YTBEPKICHUI OCTABJISIEM UUTATEIO B KAYECTBE YIIPAXKHEHUS.
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co croponamu L,, L, L, u obbemom V = L L L, . HopmupoBaHHble Ha €JUHHILY U
OPTOrOHAJIbHBIE JPYT K JIPYTY COOCTBEHHBIE (DYHKIINU UMITYJIbCA UMEIOT BH/T

1 ..
Uy (F) = —= €771, (5.61)

a JINCKPETHBIN CIEKTP MPOEKIN UMITYJIbCa JaeTcd (hOpMYJIaMu

2mh 2rmh 2mh
Po= My  Py=—Ny D= T (5.62)
x LI x Yy Ly Yy 4 LZ z
rjie n,, n,, n, HesapucuMo npuHuMaloT 3Havenust 0,+1,+£2,... IIpasuno mnepe-
XOJl@a K HENPEPBIBHOMY CHEKTDPY (OPMYIUPYETCH CIEAYIOMUM 00pPa3oM. Ecmm

f(@) = [Py vy, p.) — Tiaakas dynxmug, To mpu V — oo nmeem

oo o0 oo

v X 0 — g [ o [y [ ). (5.63)

pzzpyzpz

O6brano jy1st pocToThl B bopmyitax (5.62) nomarator L, = L, = L = L. Torja obbem
obsactu apuzkenus V = L3,

B nasbueiiniem, ecyin KBAaHTOBBIE COCTOSTHUS CBOOO/IHOI YaCTHIIBI OYIyT OIUCHIBATD-
cst BostHOBBIME (byHKIHAME (5.61), TO OHI JTOJIZKHBI PACCMATPUBATHCS KAK COOCTBEHHbIE
dbyukImE uMmiybea co cuekrpom (5.62).

YipakHeHus

5.1. okazars coiictsa (5.11) - (5.13) ckajspHOro npousseieHns GyHKIHIA.

5.2. KpaTHOCTb BBIPOXKJIEHUSI HEKOTOPOI'O COOCTBEHHOIO 3HAYEHMs (PU3MIECKON Be-
JINYMHDBI PaBHA JABYM, T. €. €My COOTBETCTBYIOT JIBE JTMHEAHO HE3aBUCHMBbIE COOCTBEHHBIE
dyuKIIMIN @, 1 Y, KaXKIasd U3 KOTOPBIX HOPMUPOBAHA HA €IUHUILY. DTU (DYHKIUU HE
OPTOrOHAJILHBI JIPYT K JIPYTY:

c= [ vtesav £0

[IpoBepuThb, YTO JIMHEIHBIE KOMOUHAIIAN

1 c 1 c
U = 20+ ) (‘Pl‘i‘H@z)? Yy = 20+ ) (‘PQ_HSﬁ)

HOPMUPOBAHBI Ha €JIMHUAILY U OPTOTOHAJBHBI APYT K JIPYTY.
5.3. Hokazars cBoiictBa (5.32) - (5.36) menbra-dynknun Iupaka.
Ykazanue: HykHo yOeiuThCsl, YTO BBIYUCIEHUE UHTEIPAJIOB OT 0O00IEHHBIX (DYHK-
Ui, CTOSIIIUX B JIEBBIX W IIPABBIX YACTsX, C [IPOU3BOJIbHON Tuajkoil dbyskimei f(z)
JaeT OJIMHAKOBBIE PEe3yIbTaThl.
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5.4. Tlokazath, 4To ObIIee pereHre mepBoro u3 ypashennii (5.43) umeer BuJ

Wy, (F) = P 0 (y, 2),
riae ¢(y, z) — npousBosbHAsT QYHKIU.

5.5. Paccmorpers ypaBHeHust Jyis COOCTBEHHBIX (PYHKIMIA ONEpAaTOpOB P, U P, [0
aHaJIOTUH C TPEeBLIYIeil 3a/1adeii| 1 mokasarb, 4To cobcTBeHHAsT (DYHKIIUS UMITYJIBCA
YaCTHUIIbI, COOTBETCTBYIOMIAas COOCTBEHHOMY 3HavYeHnio p = {p,, Py p,}, maerca dbopmy-
noit (5.45).

5.6. Jokazarh uro jBe cobcTBeHHbIE (DYHKIMU UMITyJibca (5.52), COOTBETCTBYIOINITE
COOCTBEHHBIM 3HAYEHUAM D, U D, 7# P,, OPTOTOHAJBHBI JIPYT K JIPYIY, €CJIU CIEKTD
3HauUeHUH umIrysibca umeer Bug (5.55).

Ykazanne: CKaJisipHOE IPOU3BEJICHIUE JIBYX COOCTBEHHBIX (DYHKIINN UMITY/IHCA HA KO-
HegHOM oTpe3ke () < x < L 3anmchIBaeTcs Kak

L

x

(V) = [ 5,006, 0) o

/
T T

0

5.7. Hacruma coseplimaer OJHOMEPHOE JIBUXKEHUE BJIOJb OCH T. 1aK Kak T = X, TO
coOCTBeHHBbIE (DYHKIMH OIlepaToOpa KOOPAUHATHI OIPEJIC/ITIOTC U3 YPaBHEHUS

xwxo (27) = ‘Tod}xo (ZL‘),

e T, — COOCTBEHHBIE 3HAUEHUsI, OOPA3YIOIIUe, OUeBUIHO, HEIIPEPBIBHBIN criekTp. Mc-
nosib3ys (5.36), mpoBepuTh, YTO DyHKIHH

b, (2) = 3z — ) (5.64)

ABJIAIOTCSA COOCTBEHHBIMU (DYHKIUSIME OIIePATOPA T U YIOBICTBOPSIOT YCIOBUIO HOPMHU-
poBkH Ha Jesbra-byaknmo (5.41).

5.8. IlycTh ClIeKTp HEKOTOPOil JMHAMUYECKOI IepeMeHHOi A BK/II0UaeT JUCKpeTHbII
HabOp COOCTBEHHBIX 3HaUeHNit {A, } U yIacTOK HEMPEPLIBHOIO CIIEKTPa B WHTEPBAJE OT
A" no A”. Torpa ecrecrBennoe 06obIEHNe pa3/IoXKeHus BOJHOBOM dyukiuu W (t) mo
cobcTBeHHBIM (DYHKITHAM repeMeHHoit A umeer Buji (apryMeHT 7 OIyIIeH )

"
U(t) =Y a,(t)y, + / a,(t) 1, dA. (5.65)

Bamnuncarhb ycjaoBue HOpMUPOBKE BOJIHOBOI (dbyHkinn V(t) n BbIpazKeHue st CPeJIHero
snavenns (A)' wepes ammmryapl BepositHoct a,,(t) u a,(t). IIpeanonaraercs, aro
JICKPEeTHBbIe cOOCTBEeHHbIe 3HadeHus A, jekar BHe nnrepata A’ < A < A”.

6. IIpumepsl cTallMOHAPHBIX COCTOSAHUI YaCTHUILbI

M310:keHHBII BbIIIE alapaT KBAHTOBON MEXaHUKU siBJIsieTca pOPMAaIbHON CXeMOii,
KOTOPYIO €Ille HY>KHO Hay4IUThCA NPUMEHSTh B KOHKPETHBIX (pU3NIEeCKHX 3ajadax. B
9TOM Itaparpade Mbl 00CYIUM CTAIlMOHAPHBIE COCTOAHUST YACTUIII, UCIIOIB3YsI IIPOCTHIE
MOJIeJIN JIJIsi IOTeHIUaIbHOM suepruu U (7).
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6.1. YacTtuma B ogHOMEpPHOII MOTEHIINAJIHLHOMN sIMe

[IpesronoKumM, 9TO YacTUIA MOYKET JIBUTAThbCs TOJBKO BJIOJIb IIPSAMOi, KOTOPYIO
MBI TIPUMEM 3a OCb & CHUCTEMbI Koop/inHaT. Kpome Toro, OyJeM CUuTaTh, UTO JIBUKEHUE
JaCTHIbl OIPAHUYEHO HEITPOHUIIAEMBIMIA CTEHKaMM, PACIOJI0KEHHBIMA B TOYKax - = ()
n xr = [. Mexay creHKaMu dacTuiia JBuzKercd cBobosjHo. I[loreHrmanbHas sHEprus
JaCTHUIbI 3aIIUCHIBAETCS KaK

0, ectu 0<uz<l,
Ulz) = { 0, ectm 0<uz, x>L. (6.1)

[oBopsiT, UTO OnMCaHHASA MOJIE/Ib COOTBETCTBYET JIBUZKEHUIO YACTHUIIHI B OJTHOMEPHOM
IMOTEHIINAJILHON sIMe.

Ba1ada COCTOUT B TOM, UTOOBI HAWTH CIIEKTP 3HAYEHHUI SHEPruu JacTUilbl F 1 co-
OTBETCTBYIOINE COOCTBEHHBbIE (DYHKIWMN 1)(T) raMUIbTOHUAHA. DyjieM OTCYNTHIBATH
suepruio F or “aua’ norenrnumaabnoit ambl. 13 dusndecknx coobparkeHuii sCHO, UTO
E > 0. [eiictBUTEIbHO, BHYTPHU MBI YACTUIA JIBUKETCS CBOOOJIHO, TIO9TOMY €€ SHep-
rusi (KHHETUIECKast) JOJXKHA OBITH TIOJIOKUTETHHOM BEJIMIHHOI.

[Ipexk e Bcero cpopmynupyem pusmdeckue TpedboBaHUS K COOCTBEHHBIM (DYHKITUSIM
raMujIbTOHNAaHA B paccMaTpuUBaeMoil 3ajade. flcHo, 4To jobasi coOCcTBeHHAsS (PYHK-
sl JIOJKHA ObITh paBHa HysM0 1pu 0 < x u x > [, TaK KaK B 9TU 00JIACTU TaCTUIA
nonacTb He MoxKeT. Ha rpanunax ob/iacTu JBUKEHHs COOCTBeHHas! (DYHKIINS JIOJIZKHA
OBITH HEIIPEPBHIBHA, IT09TOMY BO3MOXKHBI TOJIBKO TaKHe COOCTBEHHBIE (DYHKIINH, KOTOPhIE
VJIOBJIETBOPSIIOT IPAHUYHBIM YCJIOBUSIM

¥(0) = (1) = 0. (6.2)

OrmeTuM, 9TO B JIAHHOM CJIydae Mbl He MOXKEM TPeOOBaTh HENPEPLIBHOCTU IEPBOi
pon3BoHOM 1(x) B Toukax © = 0 u o = [, TaK Kak BHe GECKOHEYHO IIyOOKOI MOTeH-
IUAILHON SMBI caMo cTanuonapHoe ypasnenune Illpemunrepa TepgeT cMbIc!.

st rouex, Jiexkamux BHYTPH siMbl, craiinoHaproe ypasaenue [pegunrepa (3.17)

MMeeT BUI

d*)(z)  2mE
0o = P(x)=0. (6.3)
BBejieM 10J10KUTEIIBHBII TTapaMeTp

2mE

k=k(E)= Y2 (6.4)
h

Torya ypasuenne (6.3) MOXKHO 3aIMCaTh B BH/JIE
d*y () 2

Obi1riee periierre 3TOro JUHEHHOTO OHOPOIHOTO JinddepeHInaJIbHOr0 YpaBHEHUS ¢ 110-
CTOAHHBIMU KO3 dUImenTaMu J0JKHO OBITH XOPOIIO U3BECTHO YUTATEIO U3 MaTeMa-
TUKH:

Y(x) = A sinkx + B cos k. (6.6)

!B ciyyae mOTEHIMAIBHON SIMBI CO CTEHKAMU KOHEYHOT BEJTMUUHBLI HepBas MPOU3BOIHAS
BOJIHOBOH (PYHKITUU JO/2KHA OBITH HEIIPEPLIBHA HA IPAHUIAX SMbI.
217151 OJTHOMEPHOTO JIBHKEHISA OIepaTop V2 CBOJUTCH KO BTOPOil HPOM3BOIHOM 10 .
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OHO COJEPKAT J[BE MPOU3BOJIbHBIE TTOCTOSAHEBIE A 1 B, KOTOpPBIE U3 CAMOro ypPaBHEHHUS
He ompejieisiiorcst. BemomunM, ogHako, 4to GyHKIms (6.6) M0/KHA YIOBJIETBOPITH
rpaHraHbIM yesoBuaM (6.2). U3 yeaosus B Touke x = 0 caeyer, ato B = 0, a ycaoBue B
touke ¢ = | maer Asinkl = 0. Tak kak A # 0 (unaqe Bee pyuxmu (6.6) TOXKIECTBEHHO
PaBHBI HYJIIO), IPUXOJUM K BBIBOJLY, UTO

sin kl = 0. (6.7)

Orcroia HaXoMM BO3MOYKHBIE 3HaUeHHs apamerpa k B cobcrBernoil dyukum (6.6):
k=k, =— n=12... (6.8)

Corutacuo dopmyie (6.4), 3HAUEHNST SHEPIUX YACTUIIBI UJIH, KAK 9aCTO TOBODST, Y POBHHI
SHEPrum o0PaA3yIOT JUCKPETHBI CIIEKTD

wh
= n
"o2mi2

n=12... (6.9)

U HyMEpYIOTCS TIEJIbIM KBAHTOBBIM 9uCIOM 1. OTMETUM, UTO KBAHTOBAHUE SHEPIUU Ua-
CTUIIBI BO3HUKJIO OJIaro/iapsi FPAHUYHBIM YCJIOBUSIM JIJIsI BOJTHOBON (pyHkiuu. B naib-
HEHIeM MbI YBHIUM, UTO 3TO — OOIIee ABJIEHNE B KBAHTOBOW MEXaHUKE.

[TockosbKy criekTp suepruu (6.9) JucKpeTHbIil, coOCTBEHHbIE (DYHKIMHA MOYKHO HOD-
MUpOBaTh Ha enuHuIly. /Jlns kpaTkocTn (byHKIUIO, COOTBETCTBYIONIYIO SHeprum [,
0003HAYNM

,(x) = A, sink, x. (6.10)

B npunnune, HOpMUPOBOYHAS ITOCTOsiHHAS A, MOXKET 3aBUCETH OT 7, IO3TOMY MBI €e
CHAO/IMJIM WHJIEKCOM. BbIumcmMm mHTErpas oT |¢n|2 10 BCell BOBMOYKHOIT 00JIACTH JIBU-
JKeHus, T.e. Ha uaTepBasie 0 < x < [. 3amurem

I I !
1
/Wn(x)]Q dr = \An\Q/siHQ k,xdx = §|Anl2/(1 — cos 2k,,x) dz.
0 0 0

Jlerko y6emuTbesi, ITO MHTErPAT OT KOCHHYCa B MOCTEAHEM BBIPAXKCHHN DABEH HYIIIO
6aaromapst yeaosuio (6.8). Tlostomy

l

[P ds =314,

0

[TpupaBHUBast 3TO BbIpaKeHUE €MHUIE U BbIOUpast 1 A, 1eficTBUTEIbHOE 3HAUYEHNE,
HaxoauM, 4ro A, = \/ﬁ Takum obpasom, mocrosiHHast A, He 3aBHUCUT OT HOMEpa
n. OKoHYATEHLHO, HOPMUPOBAHHBIE HA EJIUHUILY COOCTBEHHDbIC (DYHKIMA SHEPTHH B
OJIHOMEPHOI TIOTEHIMAIBHON siMe JatoTcsd POPMYJIOit

Uy (@) = % sin (#) : (6.11)
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QOyHKIIUKA ¢ pa3HbIMA HOMEPAMHU 1. M 1M COOTBETCTBYIOT Pa3HBIM COOCTBEHHBIM 3HAYE-
HUSIM HEPIUd, MO3TOMY OHHM OPTOIOHAJBHBI JIpYr K Jpyry (cm. pasgen 5.3.). Tak
KaK B JIAHHOM CJIydae COOCTBEHHBbIE (PYHKITUU JIEHCTBUTEbHBI U JIBUZKEHUE YACTUIIBI
OJIHOMEPHOE, CBOWCTBO opToroHaabHocTH (5.6) 3amuceiBaercst B Buje

!
/wm(x) Y, (x)de =0, ecim m # n. (6.12)
0

DTO CBOHCTBO MOYKHO ITPOBEPUTD U MPSIMBIM BBIUUCIEHUEM HHTErPAJIA, UCIIOJIb3Ysl IBHOE
Beipazkenne (6.11) s cobcTBeHHBIX (DYHKIMI SHEPIHH.

HamomuuMm yurarestio, uro cobcrBernble yHKInn ravMuibronnana (6.11) He coBra-
JIAIOT C TIOJTHBIMU BOJTHOBBIMU (DYHKITUSAMU CTAIIMOHAPHBIX COCTOSTHUIN, KOTOPBIE 3aBUCST
oT BpeMeHn coryiacao ¢opmyiie (3.14). CraroHapHble COCTOSHUS YACTUIIBI B TIOTEHITN-
AJIbHOM sIMe OIMCHIBAIOTCS BOJTHOBBIMU (DYHKITASIMU

U (z,t) =1, (x) exp —%Ent : (6.13)

Bupouewm, eciim vacTuiia HAXOJIUTCH B CTAIIMOHAPHOM COCTOSHUU C HOMEPOM 7, TO JIJIst
BBIYNCJIEHUS CPEJTHUX 3HAUYEHN (DU3NIECKIX BEJIMINH HAJININE 3aBUCAIIETO OT BDEMEHN
mHOXKHUTE s B (6.13) HecyIecTBeHHO, TaK KaK OH MCYe3aeT Bo Beex hopmyriax. B camom

Jeiie, ecau A — omeparop HEKOTOPOH (PU3NUIECKO BEJTUIUHDI, TO

(A) = / U (2, ) AV (2, 1) do = / W (2)A 4, (z) da. (6.14)

Taxum 0OpazoM, posb BOJHOBOM (DYHKINHN UTpaeT cOOCTBEHHAS (DYHKITUS TaMUIHLTOHUA-
Ha 1), W BCe CPeJIHNE He 3aBUCAT OT BpeMeHH. PoJib BpeMeHHOI0 MHOYKHUTES B BOJTHOBBIX
dyukmusx (6.13) BaxKHA B TeX CIydasx, KOIJIa YaCTUIA HAXOAUTCI B HECTMAUUOHAPHOM
COCMOANUY, KOTOPOE OIMUCHIBAETCS, HAIIPUMED, CYII€PIIO3UITIEN

U(z,t) = a,V,(x,t) = a,(t),(z), (6.15)

n n
rIie

a,(t) = a, exp —%Ent : (6.16)
CoriacHo mocryJsiary, IPUBEJIEHHOMY B pasieie 5.4., BOJIHOBYIO (DYHKIMIO 4106020
COCTOSIHUST YACTUIIBI B OJHOMEPHO! MOTEHINAJIBHON siMe MOXKHO IIPEJICTABUTH B BUJIE
psma (6.15), Tak kak {1, (z)} 06pa3yoT OPTOHOPMUPOBAHHYIO CHCTEMY COOCTBEHHBIX
dbyHKIMiT AMHAMITYECKOIT IIepEeMEHHOI, B TAHHOM cirydae — sHeprun dacturpl. O6parnm
BHUMAHHUE HA TO, YTO [IPU DPA3JIOKEHUU BOJHOBON (DYHKIMU B DPsiji 10 COOCTBEHHBIM
dbyHKIMAM TaMIIIBTOHRAHA 3aBUCHMOCTb OT BpeMenu aminTy/ (6.16) odensb mpocra:
OHU TIEPUO/IMIECKU U3MEHSIIOTCS CO BpeMeHeM ¢ dactoramu w, = E /h.
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[Torenrmanbras sma, 171 kKoropoit dyukims U(x) umeer Buj (6.1), asiaserca “Oec-
99,

KOHEYIHO IJ1yOOKO#; 1pu JitoOOM 3HAYEHUM SHEPIUU YACTHUIA HE MOXKET OKa3aThCs BHE
dAMBI. Bojiee peamucTudHasg MOJEIb — dMa KOHEIHOH TTyOWHbBI:

0, ectn 0<zx<l,

Ulw) = { Uy, ecm 0<uz, z>1 (6.17)

Ananuz cranmmonapuoro ypasuenus Illpeaunrepa Jijisg 9TOro ciydasi MPUBOJNTCS, Ha-
npumep, B yaebuuke [2] (§ 25). Mbl nepedncyium OCHOBHbIE PE3YJILTATHI 3TOI0 aHAJU3A.
Eciu E > U,, To CHeKTp SHEpPruu HENpepbiBHBIA (T.€. KBAHTOBAHWE SHEPIUU OTCYT-
cTByeT). YPOBHU SHEDPIUH JBYKPATHO BBIPDOXKJEHBI. KazKjIoMy 3HAYEHWIO SHEPIUU CO-
OTBETCTBYIOT JIB€ BOJTHOBBIE (DYHKIINU, KOTOPBIE BIIAJIU OT SIMbI IMEIOT BU/I

Yo (x) ~ exp {:I:%E\/Qm(E - UO)} . (6.18)

BoJiHoBast (l)yHKHI/IH 77D+ OIIMCBhIBacT JABHUXKEHNEe YaCTHUIIblI B IIOJIOXKUTEJIbHOM HallpaBJie-

HUU OCH T € UMIyJIbcoM p = +/2m(E — U,), a DyHKIWs 1)_ ONNCBIBAET JIBUXKCHUE
YaCTUIIbI B IPOTUBOMIOJIOZKHOM HaIlTPaBJICHUMN.

Ecm E < U,, TO Heprus 4acTUIbl KBaHTYeTCs, a BOJHOBble (DYHKIIUU CTaIlNO-
HAPHBIX COCTOAHUN OBICTPO YyOBIBAIOT IPHU YJIAJEHUU OT CTEHOK AMBbI. B oTim4me OT
OECKOHEYHO TUIYOOKOI IMOTEHIMAJIBHON MBI, YUCJI0 YPOBHEH SHEPruM B gMe KOHETHOMN
rIyOHHBI BCerja KOHEYHO .

6.2. Yactuma B TpexMepHOI MOTEHITNAJIbHON gMe

Caemyromias MOJeIb WILTIOCTPUPYET CUTYAIINIO, KO8 YaCTUIIa COBEPIIAET TPeXMep-
HOe JIBIZKEHME B OIPaHHMYEHHOI 00JacTu mpocTpaHcTBa. IIpeamosoxnmM, 9To JacTuIa
CBOOOTHO JBUZKETCA BHYTPH HapaJsljieJIelnIe [a cO CTOPOHAMH [y, Iy, l5. Y106HO BBIOpATH
CHCTEeMY KOOPJIMHAT TaK, YTOObI CTOPOHBI IapaJiiesenuine/ia ObLIn HallpaBJIeHbl BIOJIb
oceit x,y, z. Ecm cTeHKr HeITPOHUIIAEMbI, TO YaCTUIA HAXOUTCA B “OECKOHEYHO TIy00-
KOii” TpexMepHoii oTenimaibaoil sime. [lorenrmanbuast sneprust Uz, y, 2) paBHA HYJIIO
mpu 0 <z <y, 0 <y <ly, 0 <z <l;n paBHa OECKOHEUHOCTH BHE IIapaJljleslenumesa.

Haiijiem cobcrBenHble (GYHKIMM U COOCTBEHHbIE 3HAYEHMsI aMUIbTOHHAaHA (T.e.
CIIEKTD SHEPIUU YACTHUIIbI) B “OECKOHEYIHO ITyOOKOil” TPeXMEpHOil IOTEHIAIBHON siMe.

Crarmmonaproe ypastaenne [Ipennnarepa (3.17) BHYTpH sIMBbI 3aIlUCBIBAETCS B BUJIE
0? 0? 0? 2m
(@_’_8_3/2—}_@) @/)(x,y,z)—f—ﬁEw(x,y,z):O. (6.19)

DTO ypaBHEHUE JIOIyCKaeT pas3jeeHne mepeMeHHbix. [IpeamoaoxuM, 910 cobcTBeHHA
byHKIHUS Y MOXKeT OBbITh 3allicaHa Kak IPOU3BeJIeHNe

V(x,y, 2) = d1(2) P9 (y)P3(2). (6.20)

HO,HCT&BI/IB 9TO BbIPpa2KCHHE B (619) 1 3aTEM II0IEJINB YpaBHEHUE Ha ¢, IIoJIy4daeM
1 d? 1 d? 1 d? 2
¢i(x)  dx $o(y) dy ¢5(2)  dz h

IMozKHO J10Ka3aTh, 4TO B 10001 OJIHOMEPHO! ITIOTEHIIMAJIbHON fAMe MMeeTCd, 110 KpailHeil
Mepe, OJIMH YPOBEHb SHEPrUU.
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910 ypaBHeHue OyJIeT CIIPABEJINBO MIPU JIIOOBIX X, Y, 2, TOJTBKO €CJIN KaXK/IbII 13 TePBBIX
Tpex 4ieHoB OyJIeT paBeH HeKoTopoii noctosaunoit!. Takum o6paszowm, (6.21) pasbusaercs
Ha TPHU HE3aBUCHUMBIX ypPaBHEHUSI

¢, (x) 2m

PO 20 506, (0) =0,

o, (y)  2m

% + e E®¢,(y) =0, (6.22)
dp.(2)  2m

%g) + e E®¢y(2) =0,

pudeM nocrodnusle £, E,, F; cBga3aHbl ¢ F ciedyIonuM COOTHOIICHUEM:
E=EY 4+ E® L EO, (6.23)

Tak kak dynxiws (6.20) go/KHA 00pAIaThCsa B HYJIb Ha CTEHKAX sMbI, TO (DYHKIHN
¢; TOJIZKHBI YJIOBJIETBOPATH I'PAHUYHBIM YCJIOBUSIM

¢;(0) = ¢,(l,) =0, 1=1,2,3. (6.24)

Bamernm, uTo Kaxkjoe u3 ypasHenuii (6.22) conagaer ¢ ypasaeruem [llpemusre-
pa I OTHOMEPHOU MOTeHNMAIbHONU sMbl. [losTOMy MOXKHO cpa3y 3ammcarb ypOBHU
SHEPIUU M COOTBETCTBYIOINIE COOCTBEHHBIE (DYHKIUK B TpexMepHoM ciaydae. 113 (6.9)
u (6.23) cieyer, 9TO YPOBHU SHEPIUH UMEIOT BUJ CYMM

LS RLPYLE:!

3
2TRTR

w2h? (n?  n3  nd
2m

), Ny, Ng,ng =1,2,3,..., (6.25)

a cobereennbie dyukimn (6.20) — npoussenenust Gyukmit Tuna (6.11):

B 8 . [Tz . [ Ty . [ Tmngz
¢n1n2n3(x7yv Z) - l1l2l3 Sl ( ll ) * S (T) + S ( l3 . (626)

Coberennble (byHKIMN MaMUIBTOHIHAHA HYMEPYIOTCsl TpeMsl HHJIEKCaMi (KBAHTOBBIMU
YUCIIAMHA) Ny, Ny, Ng. DTH JKE KBAHTOBBIC YHCIIA ONMPEIESIOT U ypoBHE sHeprun. Heko-
TOpBIE U3 YPOBHEH MOTYT OBITH BBIPOXK/IEHBI. DTO CJIYIUTCS, €CJIN JIJIsl pA3HbIX HAOOPOB
KBaHTOBBIX qrces B opmyiie (6.25) cymMma B cKoOKax OyIeT UMETh OJMHAKOBOE 3HAUE-
Hue.

! JleiicTBuTEIbHO, TIEPBBI WieH B jeBoil yactu (6.21) 3aBHCHT TOJILKO OT IEPEMEHHON Z,
BTOPOI — TOJIBKO OT Y, TPETUil — TOJIBKO OT 2. Kark/1as n3 mepeMeHHbIX MeHIeTCs He3aBUCUMO
OT OCTAJIBHBIX, II03TOMY CyMMa 3THX YJI€HOB IIOCTOSIHHA JIUIIbL B TOM CJlydae, KOIJla KarKJIbli
4jIeH — IIOCTOSIHHAs BEeJIUYUHA.
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6.3. KBaHTOBBIII TapMOHNYECKHNIT OCHNJLIJIATOP

Becbma pacmpocTpaHeHHBIM THIIOM JIBUXKEHUsSI B KBAHTOBBIX CHCTEMAaX SBJISIOTCS
MaJIble KojiebaHusi OKOJIO TIOJIOYKEeHUsI paBHOBecus. Harpumep, B MOJIEKy/Iax U B KpH-
cTaJIaxX MPOUCXOAT Kojiebanus aTomMoB. IIpocreiimieit Mojie/IbI0 KOJIEOAHUI CITYKHUT
O/JTHOMEPHBI TAPMOHUYECKU OCIMJIJIATOP — YacTUIA MACCHI 1M, COBEPIIAIONIAs
MaJible KoJiebanus BJO0JIb HEKOTOPOI ocu x. lloTeHnuasibHas sHeprus rapMOHMYIECKOTO
OCIIMJLIIATOPA MMeeT BUJ,

U(z) = =, (6.27)

rje k — mocTosiHHAast, KOTOpas OOBIYHO Ha3biBaeTcs Kod(hduimenToM kectrkoctu. B
KJIACCHIECKOI MeXaHIKe CBOOOIHbIE KOJICOAHNs OCIIM/IIATOPA OIUCHIBAIOTCS XOPOIIIO 13-
BECTHBIM 3aKOHOM JIBUZKCHI ST

z(t) = A sin(wt + «), (6.28)

e A — aMImuTy1a, o — HadajabHadg ¢as3a u

W= ]2 (6.29)

— JacToTa Kojebanunii. B Kiraccuueckoii MexaHuKe aMIIUTY/Ia |, CJIeI0BATE/ILHO, SHEP-
rusg KojaebaHuit MOryT MMeTh Jobble 3nadenua’. Harmreit 3amaueit 6ymer naiiTu sHep-
PeTUYIECKHUil CIEKTP KBAHTOBOI'O MapPMOHUYECKOIO OCHHJIATOpPa. Buj moreHnuaJbHOM
sHepruu (6.27) MoKa3bIBAET, YTO YaCTHUIA HAXOJUTCA B “NIOTEHIINAIBLHOM siMe” ¢ MUHUMY-
MoM B Touke = (. OIBIT perieHus 3aJa91 O JIBUKEHUN B sIM€ C YKeCTKHUMU CTeHKAMUI
II0/ICKA3bIBAET, UTO IHEPTHUS OCIUIISATOPA JIOJI2KHA KBAHTOBATHCH.

[amMubTOHMAH OCIMJLIATOPA MOYKHO 3allCaTh B BHUJIE

P2 mwiz?

R ]52
=2 Ly =
U@ =5 2

2m

(6.30)

[Ipu 3ammcu MOTEeHUAIBHOM SHEPTUU MbI BHIPA3UIN KOI(MDMUITNEHT KECTKOCTU k depe3
gacrory ¢ nomorpio (6.29). s onpe/esieHns crieKTpa SHEPIUn OCIUISITOPa HY 2KHO

PEIUTh ypaBHEeHHe /st COOCTBEHHBIX (DYHKIMIT raMuyibTonnana: Hy = Ei. Do ypas-
HeHMe, KaK M3BECTHO, COBIAJAeT cO craruoHapHbiM ypasaenuem IIIpemunrepa (3.17),
KOTOpPOE B JIAHHOM CJIydae UMEeT BUJ

d*>y  2m mw?a?
) D =0. 31
I + 5 5 P =0 (6.31)

Hac unTepecyior ToJIBKO pelenusi, nMmeromnue puandeckuii cMbicyl. Tak Kak MOTEHITH-
aJIbHAsI SHEPIUsl OCIUJIISITOPA CTPEMUTCsS K GECKOHEUHOCTH HpPHU || — 00, TO B 3TOM
npe/ieie MI0THOCTD BeposaTHocTH [ (1)[* 0bHAPYKUTH YacTHUILy B TOUYKE C KOOP/MHATOL
T JIOJIZKHA CTPEMHUTHCA K HyJo. [losTomy Hy»KHO Hajitu pererns ypasraenus (6.31),
KOTOPBIE yJIOBJIETBOPSIIOT 'PAHUYHBIM YCJIOBUAM

Y(x) -0 upm x — foo. (6.32)

'Pasymeerca, B npejiesiax TPUMEHUMOCTH CAMO MOJIETM TAPMOHMYIECKOTO OCIUILISTOPA.
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Tonbko Takue cobcTBEeHHbIE (DYHKIINKA UMEIOT (DUBUUECKUN CMBIC U OIMMCHIBAIOT CTAIIM-
OHAPHBIE COCTOSIHUSA OCIUJLISTOPa. 3HadeHusd F, Ipu KOTOPBIX CYIIECTBYIOT PEIeHUsI,
YZIOBJIETBOPSIIOIINE TPAHIIHBIM yCIoBusM (6.32), OIpeesisiioT CIIeKTP SHEPIUU OCIHI-
JISITOPA.

Ypasuenne Illpeannrepa Jjisi rapMOHIIECKOTO OCIIIISITOPA XOPOIIO U3Y9eHO, I10-
9TOMY TNPUMEHNM CTaHJIApPTHBIA crocod ero pemenns. Jljisa mccnenoBanus ypasHe-
rust (6.31) yzo6no mepeiitu Kk 6e3pasMepHoOil iepeMeHHoi &:

E=",  zy=4/—. (6.33)

BBe,ZLeM TaK2Ke 663pa3MeprII7I IHapaMeTp T C IIOMOIIIbIO COOTHOIIIECHU A

E 1
_ £ 1 34
n=.—=g (6.34)
Torya ypasuenue (6.31) npeobpasyercst kK Bujy (mposepbre!)
P N
92 - — = 0. .
d52+ (n+2>1/) &Y =0 (6.35)

BoisicuuM chavasa, Kak Bejger cebs v, ecmu €| — oo. Ilpu Gonbmux snavenusax &
MOXKHO, B IVIABHOM HPUOJIMKEHUHN, 0TOPOCUTH BTOpOil wied B ypasHenun (6.35), Tak

970
d*y
dg?

[Tokaxem, 4ro 1npu Gojbmmux &2 npumepHo Tak BeayT cebsa dbynxuun exp {£2/2} u

exp {—¢&2/2}. HeiicTBuTebHo,

~&, € - oo

d? d
d_geigm _ d_§ <j:§ej:§2/2> ye oHE/2 4 2 ¢2 otE/2

gIcHo, uTo pemenne exp {£?/2} nedusudeckoe (IIOTHOCTH BEPOATHOCTH HEOIPAHUIEHHO
pacTeT MpH yJaJeHuN OT MOJIOKEHUS PABHOBECHSI OCIUJIATOPA), MO3TOMY €r0 Hy?KHO
0TOPOCUTD.

Y100BI IBHO BBIJEINTD B 1) €€ IIABHYIO 3aBHCHMOCTH OT & 1pH |£| — 00, creaeM B
ypasHenun (6.35) 1mMoCTAHOBKY

P(E) =e 2 f(e), (6.36)

rie f(€) — noBas HemspectHast pyukums. [logcrasiss (6.36) B (6.35), mocse mpocTbix
BBIYUCICHIUN [TPOU3BOHBIX TI0JYIaeM yDaBHEHUE

fr=28f" +2nf =0. (6.37)

[ rpuxom oboznadeHo juddepeniposanue 1o £. B npunnune, dyuknus f(£) moxer
CTPEMUThCs K GECKOHETHOCTH IpH |£| — 00, HO He ObICTpee, YeM SKCIIOHEHTa, ITO0bI 1
crpeMmiIach K HyJo [cM. dbopmyty (6.36)].
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Ypasuenne (6.37) ObLIO U3BECTHO M HOAPOOHO M3yUeHO MaTeMaTHKaMu eme B XIX
Beke. CTaHIapTHBIN IIyTh UCCJICIOBAHUS STOIO YPAaBHEHUS TaKOB. DByjeM uckaTh QyHK-
o f(€) B Bugze psina Teiiopa o crenensm &:

oo

O =) a.&" (6.38)

k=0

[ToncranoBka sToro Boipakenus B (6.37) gaet

> k(k—1)a, &2 =2 ka4 2m) q =0
k=0 k=0

k=2

B nepBoit cymme 3anynsiores ciaaraembie ¢ k = 0 u k = 1, mosTomy, HEe MEHAA CYMMBI,
MOXKHO CJIeJIaTh CJIBUT WHEKca cyMMupoBanus k — k + 2. Torma Bce Tpm CyMMBI
00bEIMHAIOTCS B OJIHY U MbI IIPUXO/IUM K YPaBHEHUIO

S [tk 2)(k+ D ayyy — 20k — n) o] € =0.

k=0

[IpupaBHuBasi HY/II0 BhIPaykKeHEe B KBaIPATHBIX CKOOKaX IIPU KaxKJIOM k, TIOJIydaeM Tak
Ha3BIBAEMOE PEKYPPEHMHOE COOMHOWEHUE MKy KOdDMUINEHTaAMI @y

_ 2(k—n)
Uppg = CEDE) ay. (6.39)

M3 3TOrO COOTHOINEHNS BWJIHO, UTO CYIIECTBYIOT JIBa HE3aBUCUMBIX perrenus. OHO
naercst psajgoM (6.38) ¢ YeTHBIME CTeleHsaME k, a JApyroe — TaKUM Ke PsJIOM, HO C
neuernbivu k. KoadduruenTnt ay u a; MOryT 6bITh BLIGpanbl npoussosibao’. Ecmu ma-
pametp n B dopmyiie (6.39) — npousBosbHOE JieficTBUTEIbHOE Yucio, To psif (6.38) co-
JIepKUT GecKoHeTHOe INC/I0 4ieHoB. C MOMOIIBIO PEKYPPEHTHOrO cooTHomeHus (6.39)
MOXKHO OIIEHUTH (OCTaBJISIEM 9TO YUTATEI0 B KAYeCTBE YIPAYKHEHHUS), 9TO IpU 6OJIb-
mux k = 2m wm k = 2m + 1 xosddurmenter a, npumepro pasubl 1/m!. Takum
obpaszoM, 1pu GoJibInX 3HadYeHusX |£| dopmysa (6.38) mpaKTHUIECKH COBIAIAET C Psi-
nom Teitopa s dyukimn exp(£2). DTo o3HavaeT, YTO 06a HE3ABUCUMBIX DEITCHUS
ypasnenus (6.37) npu || — oo BemyT cebs Kak exp(£?) u, ciejoBaTebHO, caMa BOJI-
HoBas (dyukims (6.36) cTpemuTes He K HYJTO, a K OeckoHedHocTH. WHave roBopsi, mpu
MIPOU3BOJILHOM 3HAYEHHUH ITapaMeTpa N Mbl HOJIydaeM HepU3UIECCKUE PEIeHUs CTaIllo-
HapHoro ypasaenus [lIpeaunrepa.

BameTnm, OHAKO, UTO €C/IM IMapaMerp N PaBeH HYJIO WU IEeJIOMY TOJI0KUATETHHO-
My gmcity, To psn (6.38) obpsiBaercs upu k = n u Gynkius f(£) B Boipaxkenun (6.36)
npejicraBiisier coboit mosimaoM crenern n. Torma BosiHOBast pyHKImst 1(§) cTpeMuTcst
K HyJi0 npu |[£| — oco. Mrak, MBI IPUXOAUM K 3aKJIOYEHUIO, YTO DEIICHUsT ypaBHe-
Hust (6.37), obsiajjaroliye HyKHBIM [TOBEJIEHUEM Ha GECKOHEYHOCTH, CYIIECTBYIOT JIUIIb
[IPU UEABLT HEOMPUUAMEALHHIT 3HAYCHUSX apamMerpa n (BKIovas HyJleBoe 3HAUYEHIE )

'Vpasuenue (6.37) — OfHOPOJHOE, TIOITOMY €r0 PEIeHUE ONPEJIEIAeTCs ¢ TOTHOCTBIO 10
IPONU3BOJBLHOTO MHOKHTENA. Posb 3TOro MuHOXKHUTE IS UTpaeT KoddduimenT a, unim Kodddn-
IIUEHT @ .
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U TPEJICTaBJISIIOT coOOi MOJIMHOMBI n-ro mopsiika H,(€), KoTopble B MaTeMaTuke Ha-
3bIBAIOTCS MOJIMHOMAMM DPMUTA. SIBHBII BUJ TOJUHOMOB DPMHUTA MOYKHO HAWTH
HEIOCPEICTBEHHO U3 PEKypPeHTHOro cooTHomnerust (6.39), nomaras ay, # 0, a; = 0 nm
a, = 0, a; # 0. Bribop 3nHaveHmii HeHyIEBBIX KO3(MMUIMEHTOB — BOIPOC yI00CTBA.
MaremaTuku mojtydmsiv o010 popMyJIy Jjis STUX TOJUHOMOB:

s d"
H,(&) = (—1)"e i < n=0,1,2,... (6.40)

HpHBeﬂeM HECKOJIBKO IIOJIMHOMOB HHU3IIUX ITOPAJIKOB!

Ho(f) =1, Hl(f) = 2¢, Hz(f) = 452 — 2, Hs(f) = 853 — 12¢. (6-41)

[Ipeiaraem danTaTesio MPSMOIl I0JICTAHOBKOM YOEUTHCA B TOM, YTO IIOJMHOMBI DPMU-
ta (6.40) meficTBUTEIBHO yI0BIETBOPSAIOT ypaBHeHuio (6.37).

Moxkno mnozasectu mepsble uToru. Bo-IepBbIX, BCIIOMHHAas CBfA3b IIapaMeTpa 1. ¢
sHeprueii [em.  dopmyay (6.34)], HAXOIUM SHEPreTUUECKHUil CIIEKTP TapMOHUIECKOTO
OCHUJIIATOPA!

1
En:hw<n+§>, n=01,2,... (6.42)

CobcrBennble (DYHKIUE FaMUIBTOHAAHA, T.€. KOOPIUHATHDLIE YACTH BOJHOBBIX (DYHK-
it cranmonapubix cocrosunit U, (z,t) = 9, (z) exp{—iE, t/h}, nmeror Buz

Lo

rjie A, — IOCTOSIHHAs, KOTOPYIO HY?KHO BbIOpPAThb TakK, YTOOBI BBIIIOJIHSIOCH YCJIOBUE
HOPMHUPOBKH

+o0
/ Yn(z) de = 1. (6.44)

[TocrostHHyI0 A, MOXKHO HaiTH, UCHOJIB3Ys BbIpazkerne (6.43) s cobecTBeHHON DYHK-
UM U CBOMCTBA TOJTMHOMOB DPMHTA, KOTOPBIE TOMOTalOT BBIMUCIUTDL UHTErpaj. Mbl
pUBEJIEM JIUITb OKOHYATEIbHBIA PE3yJIbTaT:

1 1/2
A, = —=—— . 6.45
! (Qn"!ﬁ%) (549)

Borunciisist ckasisipaoe mipoussejierne coobcrBeHHbIX dyHKImn (6.43), COOTBETCTBYOIIIX
Pa3/IMIHBIM YPOBHSIM SHEPTUU OCIUAJLIATOPA, MOXKHO YOEIUThCsI, ITO OHU OPTOTOHATBLHBI

APy K Ipyry:

+oo
/ ¥, (2),(z) dx = 0, n' #n. (6.46)
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Takum obpazom, {¢, (z)} — opronopmuposanuas cucrema byHkimiil.

Boipaxkenune (6.42), mojydeHHOe B pe3ysbraTe DEIeHUs CTAIUOHAPHOTO ypPaBHe-
nug Illpenunrepa, nogrsepxKiaer Jorajky l[lnamka, 4To HEPrusg rapMOHHYECKOI'O
OCIIMJLIATOPA MOYKET U3MEHATLCS TOJLKO Ha BeJMYHHY, KPaTHYIO KBaHTYy SHepruu fw.
OTMeTuM TakzKe, YTO JIa’Ke B OCHOBHOM COCTOSIHUM SHEpPrusl OCIHUJLIATOPA He paBHA
HYJII0, a cocTaBiager fw/2. DTo coryacyercs ¢ COOTHONIEHWEM HEOIPEJIeIeHHOCTe
JUIS KOOPAMHATHI M UMIIYJIbCca. B KJIACCHMYECKOH MeXaHMKe MHUHUMAJILHOe 3HAUYCHHEe
SHEPIUU OCIUJLIATOPA PABHO HYJIIO, YTO COOTBETCTBYET COCTOSHUIO MOKOS B MOJIOZKCHUY
pasroBecusi (p, = 0, = = 0). OjHAKO, COIIACHO OCHOBHBIM MPHHIUIAM KBAHTOBOMN
MeXaHUKH, YaCTUIla He MOXKeT OJHOBPEMEHHO UMeTh TOYHBLIC 3HAYeHUs KOODIMHATHI
n UMIIYJIbCa, IIO3TOMY 3HEPIrusd OCHUJLIATOPa HHU B OJHOM M3 BO3MOXKHBIX KBaHTOBBIX
COCTOSHMIT He MOXKeT oOpaTUThCs B HyJIb. [OBOPAT, YTO JaKe B OCHOBHOM COCTOSHHUU
KBAHTOBBIN OCIHUJLISTOP COBEPIIACT Hy.aeevie Koaebarus. VIHTEpecHo, UTo HyJeBbIe
KoJIe6aHUA aTOMOB B y3JIaX KPHCTAJUIMYECKON peIeTKn ObLIH OGHAPYZKEHBI SKCIICPH-
MEHTAJIbHO IPH OXJAXKICHUU KPHCTAJLIOB JIO TeMIIEpaTyp OJU3KHX K aOCOJIIOTHOMY
HYJII0, KOTJa JI00ast cucTeMa INPUXOIUT B COCTOAHUE ¢ MUHMMAJILHOI sHeprueii. Ha-
JIMYne HyJIeBBIX KOJIeOaHuil aTOMOB HPOABJIAETCS B TOM, 9TO KPUCTAJLILI PACCEHBAIOT
ceer paxke nupu 1 = 0, XOTd 0 KJIACCUYECKUM IIPEJICTABICHUAM PACCeSHUE JOJIZKHO
OTCYTCTBOBATL, IOCKOJILKY IIPU abCOIIOTHOM HYyJIe TeMIIepaTyp JOJKHO HPEKPATUTHCS
BCAKOE JIBUYKCHHE ATOMOB.

YnpakHeHUsI

6.1. IIpoBeputh cBoiictBo oproronasbrocTr (6.12) mis BosHOBBIX (yHKIMit (6.11)
IPSAMBIM BBIYUCJICHIEM HHTErPaJIa.

6.2. Berancsaurs cpeanue snadenns (p,) u (p2) B crarmonapuom cocrosaun (6.13).

6.3. HacTuna HAXOIUTCS B OJHOMEPHOIT IOTEHIAIBLHO sIMeé B OCHOBHOM COCTOSIHUH
(n =1). Boraucaurs BepossTHOCTH OOHADYZKEHHs IacTUIlbl Ha oTpeske [/3 < x < 21/3.

6.4. Ilokasarb, dYTO BeJMYMHY SHEPIUM OCHOBHOIO COCTOSIHHSI — JIACTHUIIbI

E_., = 37°h*/2ml*> B cummerpuunoii tpexmepnoit save (I, = I, = l; = 1) Mox-
HO OIEHUTH C IIOMOIIBIO COOTHOINIEHHsI HEOIPEJIeJeHHOCTel Jjisi KOODJMHATHI U
MMITYJIBCA.

Ykazanue: HeolpeieieHHOCT KOOPAMHATDI 110 HOPSAJKY BEJIMYUHBI PaBHA JIMHEI-
HOMY pa3Mepy sMbI [; HEOIPEJIEeIeHHOCTb MMITY/IbCA UMEET TOPSIIOK BeTmInHbl Ap =2
V/ (p?), Tak Kak y dacrunel B sime (p) = 0.

6.5. Haiitu KpaTHOCTb BBIpOXKJeHUs ypoBH# sHepruun F = 3m2h%/mi* B cummer-
PHUYHOI TpexMepHOil siMe. 3anucarh siBHbIE BBIPAKEHUS [/ HE3aBUCUMBIX BOJTHOBBIX
dyHKIUi, KOTOPbIE COOTBETCTBYIOT STOMY YPOBHIO SHEPIHH.

6.6. IIpeobpasosars ypasuenue [lpeauarepa (6.31) k Buay (6.35) u 3arem, UCIOIb-
3ys 1ojctanoBKy (6.36), BeiBectu ypasuenue (6.37) ms f(§).

6.7. Ucrionb3yd TaOJIMYHbBIN UHTEIPaJT

—+00

/ e dz = /7, (6.47)

—00

!Tak KaK ypOBHU SHEPIUM OCHUJIATOPA He BBIPOXKIEHBI, TO OPTOrOHAIHLHOCTH BOJIHOBBIX
dyukmmit (6.43) ¢ pa3aIUIHBIMI 3HAYECHUSIMUA KBAHTOBOI'O YHC/IA T CJICLyeT U U3 00Ieil Teopu,
M3JI0KeHHOU B paszese 5.3.
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[IPOBEPHUTD, ITO BOJHOBasI (DYHKINS OCHOBHOTO COCTOSIHUS OCIIIIIATOPA 1) () yaoBie-
TBOPSIET YCJIOBUIO HOPMUPOBKH (6.44).

6.8. HaiiTu sueprernyeckuil crekTp u coOCTBEHHBIC (DYHKIMKM FraMUILTOHIAHA, JIJIst
U30TPOITHOTO MPETMEPHO20 OCUUAAAMOPA, TTOTEHIHAIbHAS SHEPIUs KOTOPOIO NUMEEeT

BT
kr?
Uz,y,z) = BR r=x?+y*+ 22 (6.48)

Ykazanue: B namnnom ciydae crarmonapnoe ypasuenue [peannrepa gomyckaer passe-
JICHUE [IEPEMEHHBIX, T. €. €r0 PelleHne MOXKHO HCKaTh B BUJIe IPOU3BeieHust ¢ (x,y, z) =
()9 (y)d5(2). Ilokazars, uro nHaxoxaenne QYHKIWI ¢, CBOJUTCS K PEIICHNIO YPaB-
nenus penunrepa [yis 0 JHOMEPHOrO TapMOHIYECKOTO OCIIHJLIISTOPA.

7. JIBmKeHHe YacCTHUIl 4epe3 IMOTeHINAJbHbII Oapbep

KsanroBanue sHeprum — He €JIMHCTBEHHOE YJIMBUTE/IHHOE sIBJIEHUE, KOTOPOE OTJIN-
JaeT I0BeJIeHNe MUKPOYACTHUIL OT IOBEJIEHUsT MAaKPOCKOIMYeCKnX Tes. Mbl obcyum
Terephb ele OJINH YUCTO KBAHTOBBIN 3(PEKT, UTpaloNnii BayKHYIO POJIb B dAJIepHON (-
3uKe, B (pU3MKE TBEPIOrO TejIa U JIEKTPOHUKE.

7.1. llorennmaJjibHasi CTEHKAa

PaccmorpuM ofHOMEpHOE JBUKEHHE MHUKDPOYACTHI] B HMOTEHIHMaIbHOM mose U(x),
KOoTOpOoe m300pazkeno Ha Puc. 7.1.

U) Ux)
Ll frosesneengs Up pe—
0 X 0 X
a) 6)

Puc. 7.1. Iorennuasbaas cTeHKa: a) peajbHast; 6) CTeHKa ¢ OECKOHEYHO y3KOii
IIepexoIHOoi 00J1aCcThIO.

ITone Takoro Buaa OOBLIYHO Ha3bIBAETCA ‘HMOTEHIMAJIbHOI cTeHkoii’. IloreHnmasin-
Hagd sHepruda Bospacraer or U = 0 upu v — —oo g0 U = U, upu ¢ — +oo. [na
3apsIPKEeHHBIX MUKPOYACTHUIL IOTEHIINAIbHAST CTEeHKA BO3HUKAET B CJIydae, KOrja BIIOJIb
OCH X TPHUJIOKEHO 3JIEKTPUYEeCcKoe Halpsizkerue. JIjis yupolneHnst MaTeMaTuKH Mbl B
JaJibHeIeM Oy1eM UCII0JIb30BaTh MOJIE/Ib IIOTEHIINAJILHON CTEeHKU ¢ OECKOHEYHO Y3KOM
nepexosHoit obmacteio (Puc. 7.16.).

[IpeamosoXKuM, 94TO YaCTHUIA IBUXKETCA K IIOTEHIIMAILHON CTEHKe CJIeBa HalpaBo.
B kmaccrieckoil MexaHMKe IOBeeHHe YACTHUIIBI JIEFKO IPeIcKa3aTh. Ecim ee HauaIb-
Hasl SHeprus £ MeHbIe BBICOTHI cTeHKHN Uy, TO 4acTHIA YIPYro OTPA3UTCA OT CTEHKN
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u 3aTeM OyJeT JIBUTATbCs B 0OpATHOM HAIIPaBJICHUU CO TOW Ke CKOpocTbhio. Ecim ke
E > U,, To qactuna OyneT JBUraTbCdA B IIPEZKHEM HAIIPABJIEHUH, HO CKOPOCTH €€ CTa-
HeT MeHbIlle. PaccMoTpuM, 4TO TPOU30MIET ¢ YACTUIIEH, €C/IN JIBUKEHUE ONUCHIBACTCS
KBaHTOBBIMU 3aKOHAMH.

Cragasia copmynupyeMm 3a1ady, UCXOAs n3 pu3mdeckux coobpazkenmii. [Ipesmmo-
JIOZKMM, 4TO CJIeBa Ha CTEHKY MaJlaeT CTAIMOHAPHDIH IIOTOK YaCTHIL C IJIOTHOCTBIO Jy, -
STa BeJIMYNHa MOZKET 6bITb 9KCIIEpUMEHTAJIbHO M3MEPEHa: OHa PaBHO YUCJ/IY YaCTHUIIL,
MPOXOAIMNX 3a 1 CEeKyH/Iy depe3 IIOMAIKY €IMHIIHON IO/ B HAIIPABIEHUN CTEH-
k. CocTOsdHME JacTUIIBI, IBUXKYIIEHCS K CTEHKE, OIUChIBACTCS BOJTHOBOM (byHKITHEH

N 1
U, (2,1) = A, kw7 1B, k=< VomE, (7.1)

rae A, — nocrosiHHas aMIUITyaa, E — sHeprus wacrunpl. Kak yKe HEOJIHOKPATHO
obeyxnanoch, semnuuna |W,|? = |A;|* paBHa ILIOTHOCTH BEpOSTHOCTH OGHAPYKUTD
JaCTUILy B TOUKe T. B JaHHOM CiIydae 9acTHIBI, JABUXKYIIHECH K CTEHKe, CBOOOIHBI,
nosromy |¥,|* me 3aBucur or x. Eciu Ha CTEHKY HENPEPBIBHO MAJAeT MyHOK YACTHIL,
TO, CONJIACHO OOIIMM IPHHIUIIAM TEOPHU BepodTHocTeil, Besmuuna |¥,|* mpornoprmo-
HaJIbHA KOHIEHTPAIMH YACTHIL N, , B Iydke. Boibepem xoadumuent A, Tax, 4robe!
BBIIOJIHSIOCH PaBeHcTBO |A, | = n, . ILI0THOCTH MOTOKA YacTHIl DaBHA HPOH3BE/le-
HUIO CKOPOCTH YacTuil v = p/m = hk/m na ux Kounenrpanuio. [losromy

hk
A, (72)

jna/:L -
Kpowme wacTuil, aBmKyImxcd K MOTEHITNAIbHON cTeHke, B obact © < (0 MOryT OBITh

3apPErUCTPUPOBAHDI YACTHUIIBI, OTPaKeHHbIe CTeHKOH. CocTosinne OTParXKeHHON YaCTHUIIHI
OIMCHIBAETCS BOJIHOBOW (PyHKIHE

W, (z,t) = Ay e e o iBYR, (7.3)

IImoTHOCTE TTOTOKA OTPpazKEHHbIX YaCTUIl paBHa

jOTp -

Rk,
. (74)

COFﬂaCHO IPUHIUITY CYIEPIIO3UIUN KBAHTOBbIX COCTOHHI/Iﬁ, J0 perucrpalnu 9acTuliia B
obactu x < 0 uMeer BOJHOBYIO (bYHKIMIO, paBHYO cyMMe dyuknuii (7.1) u (7.3), 1. e.

U(z,t) = e B (A e*r 4 Ay e ) xz < 0. (7.5)

Besinaunoiil, KOTOPYI0 MOXKHO U3MEPUTDH IKCIEPUMEHTAJIBHO, sABJIsgeTCs KO3 UImeHT
OTpakeHusd

Ay
A ?

R="Tm (7.6)

J ma

KOTOPBI paBeH J0Jie YUC/Ia YACTHUIl, OTPAarXKEHHBIX cTeHKOo#. Ilo oTHOIEeHuO K OmHOM
qacCTHUIie R €CTb BEPOATHOCTD TOT'O, ITO JaCTUIla OTPaA3UTCA OT CTCHKH. I/IS olpeaesieHua
ko3 durmenTa orpazkenus sgcuo, uro 0 < R < 1.
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[lepeiimem Temeps Kk objactu > (. DHEPrus JIacTUIBI TO-TIPeXKHeMY paBHa F,
[IO3TOMY BOJIHOBas (PYHKIUS TOJIXKHA UMETh BHJT

U(z,t) = e By (z), x> 0. (7.7)

Tak kak B obsactu x > () yacruna Haxogurces B nojie U(x) = Uy, To 1 (x) ynoBiaeTBopser
cranmonapaoMy ypasHeruio IIpenunrepa

d? 2m
() + 2y (B = Up) () =0, (7.8)

Kak yke oTMedasioch, B KBAHTOBOII MeXaHUKe BOJHOBas (DYHKIUS U ee HepBas IMpPo-
U3BOJIHAS JOJIKHBI OBITH HEIIPEPBLIBHBI B J1I000# TOUuke. B paccMmarpuBaemoil 3ajiade B
obractax x < 0 ux > 0 gacTuIa OMMCHIBAETCS PA3HBIME BOJTHOBBIMU dyHKImaMEI: (7.5)
u (7.7). IlosTomy MBI JOJZKHBI TOTPEOOBATEL, 9TOOBI B Touke = = () cOBIAIAIM 3HAYE-
HUs 3TUX (DYHKINNI 1 3HAYEHUS UX IePBBIX TPOU3BOIHBIX. MBbI IPUXO/IMM K TDAHTIHBIM
YCJIOBUSAM

Ay + Ay = 9(0), ik (A, — Ay) = ¢'(0), (7.9)

rie 1) (x) — nepsas MPOM3BOJHAS TPOU3BOJHAsT ¥ 1o x. Urak, Jyid MOJTHOrO Ommca-
HUS [IPOIECCa ITPOXOXKACHUST YACTUIL Yepe3 MOTEHIINAIbHY IO CTeHKY HY?KHO HailTu Takoe
perrerne ypasaenusi [IIpeaunrepa (7.8), KOTOpoe YIOBJIETBOPSIET TPAHUIHBIM YCJIOBU-
aum (7.9).

Cayuait ' > U,. Eciu sHeprusa 9acTuIis! IpeBbIaeT BEICOTY IOTEHIIMAIBHON CTEH-

ki, 0 (E — U,) — mosioXKuTe/bHas BeJUYUHA U, CJIE0BATEIBHO, DEIeHNe ypaBHe-
uust (7.8) umeer BUJL BOJIHBI Jie Bpoiiis, Geryiieil B HAIPaBJICHUN OCH T

1

Y(x) = Bet®, Mzﬁv%mE—%y (7.10)

Boobre rosopst, ypasaenue (7.8) mmeer eme oHO perienue Buja exp(—ik’x), oxHako

OHO He uMeeT (PU3MIECKOTO CMBIC/IA (IIYCTh YATATE/Ib CaM COOOPA3UT, MOYEMY ).
BostnoBast dbyuknus (7.10) onuchiBaeT YacTHILy, JBUKYILYIOCS CO CKOPOCTBIO v/ =

hk'/m. Takum 0b6pasoM, MIOTHOCTH MOTOKA YACTHIIL, IIPOIIE/IIIX Yepe3 CTeHKY, paBHa

hk'
: 2
T = B~ (7.11
o= |B] )
Uzmepsiemoit BetmauHON sBJsieTCsd KOI(MPAUIIMEHT ITPOXOXKIEHUS, KOTOPbIl ecTe-
CTBEHHO OIPEJIEIUTDH KaK

D == jI‘Ip = 7k/|B|2
kA

(7.12)

Juan

st Boraucsenus Koap@UIMEHTOB OTPaXKEeHNsA U IIPOXOXKJICHNsT HY?KHO BBIPA3UTH aM-

wintyasl A, u B uepes amiumryny A;. Vcrnoab3ysi siBHBIA BuJ BOJHOBOW (byHK-

mun (7.10) B obsactu x > 0, u3 rpaHndHbIxX yesosuit (7.9) mosydaeMm ypaBHEHUsI Jist
AMILTATY/I;

A +A, =B

{ P (7.13)

k(A, — A)) = K'B.
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Pemmast ux orHocutesbHo A, u B (OCcTaBisieM 9TO YUTATENO0 B KA9eCTBe YIPAYKHEHNU),
a 3arTeM BBIYHCIAsT KOI(MMUIMEHTBl OTPAKEHUsI U IIPOXOXkKIieHust 110 opmysiam (7.6)
u (7.12), mosryuaem

k—k\? Akk'

— D=————. (7.14)
k+k (k + k)2

Jlerko npoBeputhb, uT0 R+ D = 1, KaK u JIOJZKHO OBITh 110 CMBIC/IY 9TUX KO DUIIIEeH-
TOB.

Bsruistnem Ha pesysbrarel (7.14) ¢ dusndeckoit Touku 3penusi. Haubosiee mHTEPECHO
TO, ITO KOIPPUUUEH OMPAHCEHUA Yacmuy, He pasen Hyao! HamoMHuM, 94T0 B Kaccu-
YeCKO MeXaHUKe BCe YaCTUIIbI C SHEPTHell, PEBBIMAIONEil BLICOTY CTEHKHU, ITPOXO/IAT
B obstacth x > 0. [loyunrenbHo Tak)ke ocMOTpeTh, 9T0 jaT dhopmyssl (7.14) B kiac-
cuyaeckoM mipejiesie. Ilepexoj1 K K/IacCuIecKOMY Ipejiesty O3HAYaeT, 9YTO JJINHA, BOJTHBI 1€
Bpoitrs mamaomux gactui; crpemutes K Hymo. Tak kak A = 27 /k, To npegen A — 0
COOTBETCTBYeT Ipejiesly k — o0o. BosiHoBoe umcesio k' jijist IpOMIeimx 4aCcTUI] TaK»Ke
crpeMuTcst K GecKoHeaHoCTH, pudem oTHotnenue k/k' crpemutes  epunune!. YVauror-
Bast ckazanHoe, u3 (7.14) HaxojuM, 4TO B KJaccuueckoM npejene R — 0 u D — 1, kak
1 JIOJIZKHO ObITh. Elie pas Mbl BUJIMM, UTO TaM, Ijle paboTaeT KJaccuiecKas MeXaHUKa,
ee BBIBOJIbI ITPAKTUYIECKU COBIAIAIOT C BHIBOJIAMK KBAHTOBOW MEXaHUKHU.

Cuyuait ' < U,. B arom ciryuae KjlaccHuecKasl MeXaHUKa YTBEPXK/IAeT, YTO JacTH-
16l He MOTYT HPOHUKHYTH B obsiacTh x > 0. IlocmoTpum, 4uTo ciepyer u3 ypaBHEHUs
Ipemunrepa (7.8). Teneps pasnocts (E — Uy) orpurarenbHa, IOITOMY PEIICHUSIMI
SIBJITIOTCS JIEHICTBUTE/IbHBIE SKCIIOHEHTHI:

R:

Y(z)=Be "+ B B=—\2m({U,—E) >0. (7.15)

Pemntenune ¢ pacTyiieil SKCIIOHEHTOl cJIeyeT, 09eBHIHO, OTOPOCHTL Kak Heduzndeckoe?,
nosromy B (7.15) B’ = 0. s onpenenenus kosbdurmenta B CHOBa BOCIIOIb3yeMCs
IPAHIYIHBIME yCIOBHsIME (7.9), KOTOPbIe MPUBOJAT K YPaBHEHUSIM

A +A, =B
At A= 5 (7.16)
Pemas sTn ypaBHenust ornocurensHo A, n B, HaxonuMm
B+ ik 2ik
Ay =———A B=———-A,. 717
2 ﬁ . Zk 1 ﬁ . Zk 1 ( )
Borumcnenne |Ay|? = A5A, naer |A,]* = |A;|?, nostomy R = 1. Takum obpasowm,

BCE YACTHIBI OTPAXKAIOTCH, €CJIM WX SHEPrUs MEHbIEe BBICOTHI MOTEHIIHAIBLHON CTEH-
Ki. B 9TOM OTHOIIEHNE KBAHTOBas MEXAHUKA IIPHBOJUT K TOMY K€ PE3yJIbTaTy, UTO U
KJIACCHYecKasl MeXaHnKa. 3aMeTHM, OJJHAKO, ITO B obsactu x > 0 BosmHoBas hyHKIA
YacTHUIBI He paBHa HyJI0, Tak Kak B (7.15) B # 0. [Iis miornoctu BepositHocTn [ (z)|?
OJIy IaeM

[v(2))? = |B?e ™ = |(0)]2e 2%, z>0. (7.18)

Tlockoubky k = v2mE /h, To npegen k — 0o MOXKHO paccMaTpuBaTh Kak mpejeia E — oo.
Torya uz (7.10) ciemyer, aro npu duxkcuposanuoii oicore crenku k' /k — 1.
2[InoTHOCTDL BepoaTHOCTH |)(x)|? He MoxKeT pacTn mpu x — 0.
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Wrak, MuUKpodacTHIla MOXKET OBbITh OOHapyKeHa TaM, KyJja M0 KJIACCUIECKHM 3aKO-
HaM OHa ToIacTh He MoxkeT. [lo KiraccuueckuMm rpejcraBieHusM B obsractu x > 0 pu
E < U, gactuna nMesa 0bl OTPUIATEIBHYI0 KUHETHIECKYIO SHEPTUIO, YTO HEBO3MOXKHO.
XoTeaoch Obl OHATH, TOYEMY B KBAHTOBOH MEXaHWKE ITPOHUKHOBEHUE 38 ITOTEHINA b
HYIO CTEHKY CTaHOBUTCA BO3MO2KHDBIM.

Heno B Tom, uto B ciryvae E < Uy B obstactu > () y 9acTHUIIBI HET TOYHO OIpe/ie-
JIEHHOTO UMITYJIbCA U, CJIeJIOBATEILHO, HET TOTHO OIPeIe/IeHHON KWHETHIECKOM SHEePT .
HeiicTBuresibHo, BosHOBasi dyukius (x) = Bexp(—fz) e sBisercs cobCTBEHHOI
dyuknueit umiryabea. CorsiacHO COOTHOIIEHUIO HeolpeieeHHocTelt ['aitsenbepra, y da-
CTHUIIbI JOJIZKHa 6BITb 1 KBaHTOBasl HEOIIPEAEJICHHOCTH KOOpAMHATHLI X, T.€. JOJI2KHQ
OBITH OTJIMYIHA OT HYJISI BEPOSTHOCTH OOHAPYKUTh YACTHUILy B 00J1acT cTeHKH. Kak Mbl
BuuM, ypasuenue Illpeunarepa gaer pe3ysbTaThl, KOTOPbIE HE IPOTHBOPEYAT COOTHO-
IIIeHISIM HEOTIPEe 1€/ IEHHOCTEN.

7.2. TyuneabHBIT 3P dPeKT

PacemorpuMm Tenepb ogHOMEpHOE IBUZKEHNE
HaCTHUIIBI B 110JI€ C IOTEHINAJIBLHONU SHEPTUeit, 11o- U (x)
KazanHoi Ha Puc. 7.2. Takoii B HOTeHIINAIbL-
HOIl SHEPIUN IIPHUHSITO HA3LIBATH MOTEHIINAJIb-
HBIM OapbepoM.

[IpeamosiozkuM, 9TO HEPrus dYacTuibl F
MEHbIIIe BBICOTHI HOTEHIHAJILHOrO Oapbepa U.
Torma, mo K/jacCHYeCKUM 3aKOHAM, YaCTUIA 7y U
HE MOXKET TpoiiTH dUepe3 Oapbep, IOCKOIbKY ’
9TO HPOTHBOPEYUIO OBl 3aKOHY COXpaHEHUsI
sueprun.  Opnrako dopmyra (7.18) momacka- r ¥
3bIBAET, UTO W JJIsI CUTYaIlMH, ITOKA3aHHOW Ha 0 i X
Puc. 7.2., BonnoBass ¢yHKIHUs He OyneT paBHa
Hy/at0 B obnactu Oapbepa.  CiemoBaTesibHO,
OyJIeT OTIMYHA OT HYJIsI BEPOATHOCTH TOI'O, UTO Puc. 7.2.

YACTHUIA OKAXKETCsT 38 DapbepoM, XOTs /sl STOTO
eil He XBaTaeT dHepruu!

[IpoxoxxaeHne YyacTull depe3 IMOTEHIIMAIbHBIA Oapbhbep, BBICOTA KOTOPOI'O OOJIbIIIE,
YeM SHEPrusi YaCTHUIbl, HA3bIBAETCd TYHHEJbHBIM 3ddeKToM. ITO Ha3BaHHE IOJI-
YepPKUBaeT HEKOTOPYIO AHAJIOTUIO ¢ CUTYaIlrell, KOTJa SHEePIuH Tejla He XBaTaeT Ha, TO,
9TOOBI TIPEOJIOJIETH Oapbep, MOJIHUMAACH HA €r0 BEPIIUHY, HO UMEETCS TYHHE/b, depe3
KOTOPBIH TEJI0 MOYKET OKa3aThCs 110 JPYTYI0 CTOPOHY Oapbepa 6e3 3aTpaThl SHEPIUU Ha
morbem. Cirejtyer, BIIpovYeM, UMeTh B BUJLY, UTO TYHHEJIbHBIH 3 (eKT CBA3aH ¢ HATUIN-
eM Y MUKPOYACTHUI[ BOJTHOBBIX CBOMCTB, MOITOMY HUKAKHE KJIACCHIECKHE aHAJOIUU He
MOI'YT JaTh IIPABUIBHOIO O0bSICHEHUS STOTO YANBUTEIHHOTO SIBJIEHUS B MUKPOMUPE.

Mur ze Oyziem 3an0BO pemath ypaBuenue [peaunrepa j1jis mpsgMoyrobHOTO 6apbe-
pa, 9T00bI BBIYUC/IUTH KOIMDMOUIIUEHT POXOXKIeHUsT [), XOTsI 9TO C/iejaTh He HAMHOI'O
CJIOZKHee, YeM PelUTb 3aJlady O MOTEeHIHaJbHOil creHke. OneHuM 3Hadenue D jyrsd
wuporozo bapbepa, KOrja MOXKHO IIpeHeOpeYb BJINSHUEM I'DAHUYHBIX YCJIOBHI B TOUKE
x = | ¥ cauTaTh, 9TO BOJIHOBas (PYHKIUS B 001aCTU ODapbepa N3MEHAETC IPUMEPHO TaK
JKe, Kak ¥ B 00JIaCcTH IMOTEHIUAJIBHON CTeHKN U3 IIpeablayinero nmpumepa. [loapoOHbrit
aHaJIM3 TOKA3bIBAET, UTO 9TO MOXKHO CJIeJIaTh, KOTJIa JIJINHA BOJIHBI e Bpoiiis qacTurbt
A = 27 /k 3HaunTe/IbHO MeHbIIe mupuHbl 6apbepa [. C dbusndeckoil TOUKE 3peHUsT ITOT
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cIydail COOTBETCTBYET IMOYTH KJIACCUIECKOMY JIBUKCHUIO UJIN, KaK IPUHATO NOBOPUT,
KBAZUKAACCULECKOMY NPUONUACEHUIO.

Takum 06pazoM, IJIOTHOCTH MOTOKA YACTHUIL, ITPOIIEIIINX Yepe3 IMUPOKUl bapbep,
OIICHUBAETCI KakK

hk

rze |¢(1)|? maxomures uz dopmyser (7.18) mist norenmuanbuoil crenku. Tak xkak D =
Jup/Juaz, & TVIOTHOCTB MOTOKA TAJIAIONINX YACTHUI] JaeTcs BhpakenueM (7.2), To jyia
KO3 pUIeHTa MPOXOXKJICHUS IITUPOKOTO IPAMOYTOJIBHOIO Dapbhepa MoIydaeM OIEHKY

D~e % =exp {—% V2m(U, — E) l} . (7.20)

Ob6partum BHEUMaHME Ha TO, YT0 D — 0, eciu h — 0. MHade roBopst, B KJIaCCUIECKOM
npe/jiesie TYHHEIbHBIN 3 deKT ncaesaer.
V() KosddunmenT npoxoxjierus ObICTPO yMEHb-
[IAETCS [TPY YBEJTMIEHUN MACChI YaCTUIIBI 1, IITH-
Uy puHbI 6apbepa [ U pa3HOCTU ME¥KJIy BBICOTOI Oa-
pbepa U, u sueprueil yactunsl E. Jng maxkpo-
CKOIIMYIECKUX TeJI TYHHEJbHBI 3(dpeKT HabI0-
JaTh HeBO3MOKHO. Jlaxke nipu cpaBHeruu D jiist
9JIEKTPOHOB U IIPOTOHOB, Y KOTOPBIX OTHOIIEHNE
Macc puMepHo pasio m,,/m,, &~ 2000, u3 (7.20)
caejlyeT, 9To KO UIUEHT TPOXOXKICHUA JIJIst
uportonos Menbine B 10Y pas.
o cux mop HaIm paccyKIeHusT OTHOCUINCD

X K IOTEHIHAJILHOMY Oapbepy mpocTefiieil mpsi-
MOYTOJIbHOM (hopMBI. ZIcHO, OfHAKO, YTO Kade-
Puc. 7.3 CTBEHHBIE BBIBOJIBI CIIPABE/JIUBLI U JjId Oapbepa

pou3BoJILHOI (hopmbl (em. Puc. 7.3.). B kBasu-
KJIACCUYECKOM TTPUOJIMZKEHUN YIACTCs TOJIYIUTh
YHUBEPCAIBHYIO (POPMYITY /1 KOIMDDUIUEHTa TPOXOXKICHUS ITPH U3BECTHON KOOD/IH-
HATHON 3aBUCHMOCTH MOTEHIMAILHON sHeprun dacrunpl U(x). Dra dopmyna umeer
JOBOJIBHO IIPOCTOIl BUJL

D ~ exp —g/\/Zm(U(x)—E)dx : (7.21)

h

Ty

Touku z,; u z, nokasansl Ha Puc. 7.3. OHu onpejessorcs u3 ycaoBus oOpallleHus B
HOJIb KJIACCUYECKOI'0 NMILYJIbCa YACTUIIBL:

U(x,) =U(z,) = E. (7.22)
Touku z; U T, HA3BIBAIOTCS “KJIACCHYECKIME TOYKaMHE II0BOpoTa. IIpemiaraem dnrare-

JIFO TIPOBEPUTH, YTO B YaCTHOM CJIydae IpsMOYyTrosibHOro 6apbepa dopmya (7.21) maer
it Koapuimenta npoxoxkaenust pesyabrar (7.20).
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7.3. Ilpumepsl TyHHeJIbHOTO 3 deKTa

[IpuBesiem JiBa mpuMmepa sSBJICHUI, TI'Jle KBAHTOBBI TYHHE/JIbHBINH 3(eKT urpaer
KJIIOYEBYIO POJIb.

[TepBoiit mpuMep B34T U3 djepHoil pusuku. MHorme TsKesble 3JIeMeHTbl 00J1a/1a-
10T CBOWCTBOM €CTECTBEHHON pajHoaKTUBHOCTU. (COCTOUT OHO B TOM, UTO siJIPO aTOMa
PAJIMOAKTUBHOTO BEIECTBa CJIyUYaiiHbIM 00PA30M MOXKET UCIYCTUTh YACTHILY U IIPEBPa-
TUThC B Jpyroe siipo. OOBIYHO MpH pacrajie sijipa UCIYCKAITCA (-9acTHIb (A1pa
rems oHe') mmm S-gacTuipl (SJEKTPOHBI M WX AHTHYACTUIBI — IO3UTPOHBI). [l
OIIPE/IeJIEHHOCTH MBI OyJieM TOBOPHUTH 00 (-pacrajie djiep ypaHa, B Pe3yJbTaTe 4ero
obpazyercs sIpo aToMa TOPUS:

5 U —  Th** 4+ He'. (7.23)

JLj1st TOTO, 9TOOBI 3TOT pacia/l ObLIT BO3MOXKEH, HEOOXOIUMO, I9TOObI SHEPI'Usl IIOKOSI si/IPa
ypana E_ . = Myc® Gbuia Goibllie, 4eM CyMMa 3HEpruil IOKosi NPOJIYKTOB pacaja

HaY

E_., = Mp,c® +m,c? tie m, — Macca q-9acTuiipl. 'Torja pasHOCTh 3HEPruil MOKos

AE = E_. — E . BBbJIEIUTCS B BUJe KHHETHYECKOIl SHEPIHM IPOJIYKTOB. fIBHBIE
BBIUUC/IEHUS TTOKA3bIBAIOT, YT0 AF > 0, TO ecTb paciaJ JIefiCTBUTE/TbHO BO3MOXKEH.

O/tHaKO ¢ TOYKHU 3pEHUS KJIACCHIECKON ]

dusukn u “371paBOro CMbIC/IA” HEKOTOPBIE u()
9KCIIEpUMEHTAIbHbIe  (PAKThl  KayKyTCs o Sy
BeCbMa CTpPaHHBIMH. B camowm jiesie, ecyim
dJIpO  ypaHa HEyCTOHYMBO U  CIIOCOOHO W
pacmagarbes 1o cxeme (7.23), TO 91O
JIOJIPKHO TIPOM30UTH Cpa3y U CO 6Cemu E
SITPAMU. Mexay Tem ypaH MIHPOKO
pacrpocTpaHeH B 3eMHOIl Kope, T.e.
MHOTHE sJIpa ypaHa IIPOCYIIecTBOBaM 6e3 0
pacnasia Muwnmap/el Jjer.  Pacna siapa A
[POUCXOJIUT CJIy4YaifHO M o4deHb pejiko. B
HPUHIIAIIE, MOYKHO TIPEIIOJ0KUATE, UTO
SI7IPO  CTAHOBUTCSH HEYCTONYMBBIM JIAIIH
B pe3yJbTaTe HEKOTOPOIO BO3/IEHCTBU.
[Ipusesiem tipocToit npumep. Tesio JjiexkuT
BHYTpHU KpaTepa BY/JIKaHa U €ro COCTOSHHE Puc. 7.4.
dABJIAETCS  yCTOWUMBBIM.  Ecium, o/HaKo,
[IO/IHSITh TEJI0 Ha Kpail Kparepa, YBEJIUIUB TeM CaMbIM €ro MOTEHIHAJIBHYIO SHEPTUIO,
TO €ro COCTOsiHME CTaHeT HEYCTOWYMBBIM W TeJO0 CKATUTCd 10 CKJIOHY BHu3. Ho
[PEJIIIOJIOZKEHNE O TOM, YUTO PaIMOAKTUBHOCTH BBI3BAHA BHEIHUME BO3JEHCTBUSIMU,
TaKzKe ITPOTHBOPEYNT SKCIIEPUMEHTAIbHBIM (haKTaM: sapa ypaHa pacnajaiorcd 0es3
BCSKOI'O BO3JIEHCTBUS, CIIOCOOHOTO M3MEHUTDh COCTOSHUE SIIIPA.

Ob6bscuenne 3araJlok PaJuoaKTHBHOIO Paclaja Jaja KBaHTOBas MexaHWKa. IKak
M3BECTHO, MeXKJly HyKJIOHaMu ([IPOTOHAMHU ¥ HEeHTpOHaMHU) JeHCTBYIOT MOIIHBIE CU-
JIBl TIPUTSI?KEHUsI, KOTOPbIE HE JAIOT SJIPY Pa3BaUTHCs O] JIEHCTBHEM KYJIOHOBCKUX
CUJI OTTAJIKMBAHUA MKy TpoToHaMU. VHOrIa crtbl IPUTSKEHNsT MeXK Ty HYKJIOHAMU
HPUBOJAT K 00PA30BaHUIO CBA3AHHBIX KOMILIEKCOB, 13 KOTOPBIX Haubojiee yCTONINBbIM
SIBJISIETCST (--9aCTUIA, COCTOSIIAS U3 JIBYX IIPOTOHOB U JIBYX HEWTPOHOB. BHyTpm siipa
Q-9aCTHIA JBUKETCs B IIOTEHIIUAIBHON sIMe, cxeMaThuIecKn n3o00pazkeHHoit Ha Puc. 7.4.

a-f-—————— ] - -

[y
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Tam 2Ke mOKa3aH OCHOBHOI ypoBeHb Heprun a-vacturpl (F£). Hagamo koopauuat mo-
MEIIEHO B LIEHTPE A11pa, 7, — pajunyc gapa, W — BblcoTa NOTEHIMAIBLHOIO Oapbepa, a
n b — Touku noBopora. Koopmunara r OTCIUTBHIBAETCA BJIOJIb PAJIHYCA.

Ob6mactb r > 7, COOTBETCTBYET TOMY, YTO (--4aCTHIA HAXOAUTCA BHE s1/Ipa. 3J1eCh Ha
Hee JIECTBYET TOJBKO CHJIa KYJOHOBCKOTO OTTAJKUBAHUSA CO CTOPOHBI S]Ipa, ITOITOMY
noTeHnuaaIbHasd sHeprus yosisaeT. 3 Puc. 7.4. gcHO, 9TO a-4aCcTHIIA MOXKET COBEPIIUTD
TYHHEJIbHBIN 1Iepexo u3 objiactu r < a B obylacTh r > b u 3aTeM, OKa3aBIIUCH C TEM
JKe 3HavYeHueM sHeprun F exe gapa, MOXKeT yJaeTeThb OJl JefiCTBUEM KYJTOHOBCKUX CHJI.

B mannom ciaydae kodddpummenT mpoxoxKIeHusd depe3 bapbep BechbMa MaJl, TaK KaK
Q-9aCTHUIa — MacCHBHOE 0Opa30BaHMe U ee JIJIMHA BOJIHBI Jie Bpoiiis 3HaquTe/ IbHO MEHb-
e mupuHbl 6apbepa | = b—a. [loaToMy BEpOATHOCTH TYHHEJIMPOBAHUA JIJIA (v-9aCTUIIBI
1, CJIEJIOBATEIHLHO, BEPOATHOCTh paclajia sijapa ypaHa TOKe O9eHb MaJibl. DTUM O0bsIC-
HseTcs: GoJIbIoe 3HaYeHUe Tleprojia noaypacnajia ypana (npumepno 5 - 109 jer). Ko-
s dunmenT npoxoxKjeHus ) oueHb YyBCTBUTEIEH K 3HAYCHUIO SHEPIUM (-HaCTHIIbI B
anpe. Hampumep, yBenudenne sHeprun F B Tpu pasa NPUBOJKUT K yBegundeHuto [ mpu-
MepHO Ha 16 mopgjkoB. [losTomy BecTpedaloTcs u Takue paIMOaKTUBHBIE 3JIEMEHTDI, Y
KOTOPBIX MEpPHOJ, TTOIypaciaia cocTapiageT secero 1070 ¢. Bamernm, makoner, 4To TyH-
HEJIbHBI MeXaHU3M OObsICHSAET ellle OJHY MHTEPECHYI0 OCODEHHOCTH PaIuOaKTHBHOIO
pacnajia sdjep. B mepBbIX 2Ke 3KCIIepUMEHTAIbHBIX UCCICIOBAHUAX PAJIMOAKTHBHOCTU
OBLIO 3aMEYEHO, YTO 3HAYECHUSA SHEPIUU (-FaCTHI], UCITYCKAEMbIX JTAHHBIM PaInOaKTUB-
HBIM BEI[ECTBOM, OKA3bIBAIOTCS MPAKTUIECKN OJINHAKOBbIMU. C TOUKU 3pEHUST TyHHE b
HOT'O MEXaHU3Ma PaJIMOAKTUBHOCTU 3TO OYEBUJIHO, TAK KAK BCE (-YACTHUIIBI COBEPIIAIOT
TYHHEJIbHBIN [1ePeX0/I ¢ OJHOIO M TOI'O OCHOBHOI'O YPOBHS dHepruu F.

Bropoe sBiienune, rje Hab/0/1aeTCs TYHHEIBHBIN 3(DMEKT JIJIT MUKPOIACTHUIL, OTHO-
CUTCSI K JIEKTPOHUKE M HA3bIBAETCA aBTOJIEKTPOHHOU samuccueit. CyThb aBIeHns —
BBIXO/I 9JIEKTPOHOB M3 MeTaJLjIa IO/ JIeHCTBUEM ITOCTOSHHOTO 3JIEKTPUIECKOro 1oJjist. B
9TOM OTJIMYHE aBTO3JIEKTPOHHOI sMuccuu ot ¢porodddexTa, rae JIeKTPUIeCcKoe I0J1e
CBETOBOI BOJIHBI SIBJISICTCS TIEPEMEHHDBIM.

U(x)

£
Us -

0 ! X

a) 6)

Puc. 7.5. [lorennuayibHasi SHEPTHUs 3JEKTPOHA ITPOBOJIMMOCTH B MeTaJLjIe:
a) B OTCYTCTBHE 10JIsT; 0) B ssleKTprdeckoM mojie. Koopauuara x = 0 coorBeTcTByeT
TPaHUIlE METAJI-BAKYyM.

KBaHTOBBIE COCTOSTHUST 9JIEKTPOHOB ITPOBOAMMOCTH B MeTaJsljle MOYKHO pacCMaTpU-
BaTb, B IIEPBOM INPUOJINKEHUN, KAK COCTOSHUS CBOOOJIHBIX YACTHUIL B ITOTEHIUATIHHON
game. [IpeanosiokuM, 9To 3JIEKTPOH ITPOBOJUMOCTH HAXOJIUTCHA B CTAIIMOHAPHOM COCTO-
auauu ¢ sueprueit . YToObI 3IeKTPOH MOT' MOKUHYTh METAJLI, éMy HY’KHO COOOIIHUTH
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suepruto W = U, — E, koTopyio IpuHATO Ha3biBaTh paboroii Beixoga (cm. Puc. 7.5.).
B npunmume, 3Ty SHEPruo 3JeKTPOH MOXKET CJIyYailHO MOJYyYUTh 3& CUeT SHEPIUU Tell-
JIOBOTO JIBUZKEHUS B MeTaJjle. deM BbIIIe TeMIieparypa, TeM O0JIbIlle BEPOSITHOCTD Ta-
KOI'0 COOBITHS, TIOSTOMY KaTOJIbl 3JIEKTPOHHBIX JIAMIT CIEIUAIHHO HAI'PEBAIOT, MTPOILYC-
Kas Yepe3 HUX TOK HaKajd. DTO — XOPOIIO U3BECTHOE sBJICHIE TE€PMOJIEKTPOHHOM’
9MUCCUMN.

Ecnu kaTos taMIbl CHTBHO OXJIAIUTD, TO TEPMOSJIEKTPOHHAS SMUCCHUS TPAKTUIECKN
MPEKPAIAETCS U TOK Yepe3 JaMIly UATA He JjojnKeH. (OJHaKo jake [pU OY€Hb HU3-
KX TeMIIeparTypax HabJII0aeTcsl SMICCHsT 9JIEKTPOHOB ¢ KaTo/a (aBTOIJIEKTPOHHAs
SMUCCHS ), THTEHCUBHOCTH KOTOPOIl OBICTPO PACTET ¢ POCTOM HAIPSIZKEHUST, TPIJIOKEH-
Horo K Jjamire!. ABTO3JIeKTPOHHAS SMUCCHS CBI3aHA C TYHHEJINPOBAHHIEM 3JICKTPOHOB
Yepes3 MOTeHNINAIbHBIN Oapbep, KOTOPHI BOSHUKAET Ha IIOBEPXHOCTH KATOJIA, €CJIN JIaM-
Iy MOJK/IIOYUTD K UCTOYHUKY HAIIPSIKCHUS.

[IpemosiozKuM, 9TO BHE KATOJIa UMEETCHA IJECKTPUIECKOE I0JIe, BEKTOP HallpPsyKeH-
HOCTH KOTOPOT'O £ HalpaBJIeH Tak, KakK 1oKa3aHo Ha Puc. 7.5. (KaToj MOJK/IIOUEH K
OTPHIATEIHLHOMY MOJIOCY MCTOYHUKA). 3aBUCHMOCTH MOTEHIIHAJA TI0JIsi OT KOOD/IMHA-
et x > 0 mmeer Bug ¢(x) = Ex (Hyab MOTeHIMANA BBIODAH HA I'DAHUIE KATOJA).
[TorennuabpHas SHEPrHsi 9JIeKTpoHa B moJe (npu « > 0) paBHa

U

moJie

(x) = —ep(z) = —e&x, (7.24)

e e > 0 — sjmemenTapHbiil 3apsa. C y9eToM BIMSHUSA MO/ TOTEHIINATbHAS YHEPTH
9JIEKTPOHA BHE MeTasljla yMeHbInaercs ¢ pocroMm = (cMm. Puc. 7.56.). Takum obpaszowm,
JIUTST 9JIEKTPOHOB Ha MMOBEPXHOCTU KATO/Ia BOSHUKAET MOTEHIINAIbHBIN Oapbep IIMPUHBI [.
DJIEKTPOH MOXKET COBEPIINTH TYHHEJIbHBIN IMepexos, MOKUIasi KaTol U 3aTeM JIBUTAsICh
OJI, JIeHCTBUEM IOJISI K IOJIOKUTEIBHOMY IIOJIFOCY MCTOYHHUKA HalpsizKeHus. Tak Kak
puHa dapbepa

l=(U,—E)/eE =W/eE (7.25)

YMEHBITIAETCA € POCTOM HAIPAXKEHHOCTH IMOJId, BeJUYnHa KOIMDMUIIMEHTa ITPOXOXK-
JeHnst 6apbepa [ W, ciie1oBaTEIbHO, MOTOK JIEKTPOHOB € KATOJA YBEINUNBAETCS C
YBEJIMIECHIEM HAIPSXKEHUsT Ha JlaMiie (CM. ylpaykHeHue 7.2.).

VYnpakHeHUsI

7.1. Haiitu spdexrnpnyto riayOuny 4, NPOHUKHOBEHHs 1acTul| B 00gacTb x > ()
(Puc. 7.16.) B cyuae, korna B < Uy, CuutaTs, 9TO Z,4,4, €CTh PACCTOSHAE OT IDAHUIIBI
CTEHKU JI0 TOYKH, TJie IJIOTHOCTh BEPOATHOCTH HAXOXKJIEHWsS YaCTHUIbI YMEHBIAaeTCd B
“e” pa3 (e — ocHOBaHHE HATYPAJILHBIX JIOTAPU(DMOB).

7.2. Ilokazarb, 4TO0 KOI(MDUIMEHT TPOXOXKIeHUsA Oapbepa Jijisg aBTOIJIEKTPOHHOMN

smucenu (cM. Puc. 7.5.) 3aBHCHT OT HAIIPSIZKEHHOCTHU 3JIEKTPUIECKOTO 10JIst € 110 3aKOHY

AN 2m W3/2

5ol € : (7.26)

D =exp

riae W — pabota BBIXOJa 3JIEKTPOHA U3 MeTaJljia, M — Macca JIEKTPOHA. BbraucanTb
suavdenne D, ecu W = 0,558, £ = 100 B/cwm.

! ABTO3JIEKTPOHHYIO 3MUCCUIO aCTO HA3BIBAIOT T0A00H0( dmuccueli, 9TOObl MOMIEPKHYThH
ee OTJINYUE OT TE€PMOJIEKTPOHHOMN 3MUCCUH C HAI'PETOI'0 KaTo/Ia.



78

Yxkasanue: BocrosbzoBarbes opmyinoii (7.21) st koaddunmenTa npoxoK ieHust 1
y4ecTh, 9ro B objactu x > () moTeHIMa bHas SHEprus 3jeKTpona umeer Buj U(r) =

U, — e€x.

8. MomMeHT uMITyJIbca MUKPOYACTHUIIHI

B knaccuyeckoit MexaHUKe MOMEHT MMITYJIBCA OTHOCUTCS K BayKHEUITUM JTMHAMU-
YeCKUM IepeMeHHBbIM. B 9acTHOCTH, MOMEHT MMITY/IbCa MU30JIMPOBAHHON CUCTEMBI CO-
XpaHseTcs co BpeMeHeM. sl ofHOI YacTUIlbl MOMEHT MMITYJIbCa COXPaHdAeTCs W IIpU
ee JIBUZKEHUU B IEHTPAJIbHOM CHJIOBOM Iojie. Kpome TOro, MOMEHT MUMITY/IbCa UT'PAET
BaKHYIO POJIb B JUHAMUKE TBEPJIOrO Tejia. B KBAHTOBOI MeXaHMKe MOMEHTY UMITYJ/IbCa,
KaK ¥ JII0OOW JPYroil JMHAMUYIECKOil ImepeMeHHO, COOTBETCTBYET JTUHEHHBIH SPMUTO-
BBIIT OIepaTop MOMEHTA MMITYJIbca. i OJIHON YacTUIlbl 9TOT OnepaTop ObLT BBEJEH B
naparpade 3 [em. dbopmyiy (3.35)]. Temepb Mbl u3yunmM cBOHCTBa MOMEHTA UMITYJIHCA,
KOTODBIE B IMOHAIO0SATCA TIPU 0OCYKIEHUU MHOTUX BOIIPOCOB.

8.1. OmnepaTrop MOMeHTa UMITYJIbCa B chepuIecKnX
KOOpANHATAX

N
=

[IpoeknusiMu BEKTOPHOTO OIEpATOpa MOMEHTa UMITyJIbca [ B JIEKapTOBO cHCTe-
M€ KOODJIMHAT fABJIAIOTCsE oneparopbl L, L, L. $IBHBLI B 9THX ONEPATOPOB JaeTcs

dbopmymamu (3.39). Takum 06pasoM, B IPAKTHIECKON paboTe ¢ OIepaTopoM MOMEHTa
HUMITYJIbCa MOXKHO HCIIOJIb30BATh BbIPAXKEHHE

L=1L,8 +L,&+L,g, (8.1)

rjie €,,€,,€, — OPThI JEKapTOBOI CHCTEMbI KOODJIMHAT.

[IpencraBiienne omeparopa MOMEHTa HM-
nyiabca B Buje (8.1) yaobHo, ecm HAC MHTe-
pecyer ero jsieificTBre Ha BOJHOBBIE (DYHKIIHH,
3aBUCAIINE OT JEKAPTOBBIX KOOPINHAT YACTHU-

S el z,y, 2. OJHAKO BO MHOTUX CiIydasx 0o-
Jiee yJI00HO MOJIb30BAThCA JIPYTUMU CHCTEMar-
\ L MU KoopuHaT. Hampumep, 3ajada o JiBuzKe-
HUM YaCTUILI B IEHTPATBLHOM CHJIOBOM TIOJIE,
KOTOpasi OYeHb BayKHa JJIsl OIUCAHUsT CBONCTB
I aTOMOB, TOPA3/I0 TPOIIE peraeTcsa B chepu-
% YeCKOil cucremMe KOODPJUHAT, TJE IOJIOKEHHEe
/ TOYKH MPOCTPAHCTBA 38,/1aeTCs KOOPINHATAMI
r, 9, (em. Puc. 8.1.).

Puc. 8.1, HekapToBbl u chepudeckue KOOPIUHATHI

CBSI3aHBI COOTHONIEHUSIMU

x = rsind cos @, y = rsindsin @, z =rcost. (8.2)

Tak kKak B cdepudeckoil cucreMe KOOpPJMHAT BOJHOBasg (YHKIUSA HMEET BUJ
U(r,d,p,t), To oneparopsl L, L, n L, nyHO 3anucaTh 4epe3 JacTHble IIPOU3BO/IHbIE
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1o cpepmdecknM KoopnHaTtaM. HadreMm ¢ omepatopa L,. ZIBHOe BeIpaxkeHUe /11 HETO
MOXKHO HaiiTu cjejyromnmmM crocobom. CoracHo IpaBUjiaM MaTeMaTHKH, OIepaTop
YaCTHOI IIPOU3BO/IHON 110 ¢ 3allUChIBACTCA TaK:

9 om0 w0 0:0
dp  Opdxr  Opdy Op 0z

Beranciienue 9acTHBIX TPOU3BOJHBIX JIEMKO POBOJUTCS € MOMOIIBIO (8.2):

Ox . . dy . 0z
— = —rsindsingp = —y, — =rsindcosp=x, — =0.
e © Oy
Takum 06pazom, moJrydaem
0 0 0
— =r——Yy=—.
Op dy Y or

CpaBHeHne 9TOro BbIpakeHus ¢ mocseHeit opmysoit (3.39) mokassiBaer, 9To B cde-
PUYIECKUX KOOPIMHATAX

. 0
L = —ih 2. .
; Zhagp (8.3)

~ A

HeiicTByst aHATOTMIHBIM 00pa30M, JUIs ONepaTopos L, u L, MOXKHO IOJIYIUTH BbIpa-

»kenust (cM. yrpakaenue 8.1.):
[A/x =1h <Sincp% + cos p ctg %) ,

(8.4)
L, = —ih (coscp% —sinp ctg? %) .

B naspneitinem nam rnorpedyeTcs TakzKe BbIpayKeHne B c(PepUIECKUX KOOPIMHATAX
JIJIsl ollepaTopa KBaJpaTa MOMEHTa UMITY/IbCa

L*=L2+ 12+ 1% (8.5)

Ero moxkHO BeIBECTH, HCTIONB3Ys hopmyitbl (8.3) u (8.4) (em. ympazkuenue 8.1.). Omyc-
Kas MaTeMaTHJYecKue IIpeodpa3oBaHust, KOTOPBIE YUTATEIIIO T0JIE3HO IIPOBECTH CAMOCTO-
SITEJIHHO, IPUBEJIEM OKOHYATEIbHBIA PE3YJIbTAT:

2 g2 L 0 (. 50 19
L7=—n {sinﬁaﬁ SV ) T a0 02 ) (8.6)

OrmernM, uro B Beipakenust (8.3), (8.4) u (8.6) BXOJAT JIUIIL TPOU3BOIHBIC TIO “yTJIO-
BeIM” miepeMeHHBbIM U 1 . Ecim BosHoBas dynknus dacrurpl V(r, t) 3aBUCUT JIAIIL OT
29

“pasmasbHOI” KOOpAUHATEL 1 (T.e. sABJsgeTcsa chepuIeckn CUMMETPUYIHOI ), TO BBIIOJI-
HAIOTCA PaBEHCTBA

L, V(r,t)=L,U(r,t)=LV(r,t)=0,  L*T(rt)=0. (8.7)

Orcroma citetyer BayKHBIN (DU3HIECKIIT BBIBO/I:

e Ecyim KBaHTOBOE COCTOSHHE YACTHIIHI OIMUCHIBACTCA CHEPUIECCKU CUMMETPUTHON
BOJTHOBOM (byHKIwedr W (7, t), TO B 9TOM COCTOSIHUM PABHBI HYJTIO KBaJIpaT MOMEHTA
UMITYJIbCA U BCE TPU €I'0 JIeKAPTOBBI HPOEKIIAN.
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8.2. CobcTBeHHbIE 3HAUYEHNS 1 COOCTBEHHbIE (DYHKIINM MOMEHTA
NMILYJIbCA

Omueparop MoMmenTa umiysbca (8.1) — BEeKTODHBI olepaTop, MOITOMY 3ajada Ha

CcOOCTBEHHDbIE 3HAYCHUA U cOOCTBeHHbIe (DYHKIMN L CBOJUTCA K 3a/ladaM Ha COOCTBEH-

Hble 3HaTeHUs U coOcTBeHHble dyHKIMYN ero npoeknmii L,, L, L. B naparpade 4 mbI
BBISICHIJIU, ITO ONIEPATOPBI IIPOEKITHI MOMEHTA UMITYJIbCA He KOMMYTHPYIOT JIDYT C JIPY-
rom [cMm. dopmysibl (4.17)]. DTo 03HAUAET, UTO B OJJHOM U TOM K€ KBAHTOBOM COCTOSHHN

BCe Tpu IIPOEKIHU MOMEHTa MMIIYJIbCa HE MOI'YT OJHOBPEMEHHO MMETH TOYHbLIE 3Ha4de-

Husit. Jlerko y6eauThbcs, OJHAKO, YTO OIEPaTOp KBajpaTa MOMEHTa UMIIy/bca (8.5)

A

KOMMYTHUPYET ¢ KazKJbIM U3 oreparopoB L, L, L. (cMm. yupaxuenne 8.2.):

y?

A

T2 T _ 172
[L 7Lx]_[L 7Ly]

I
h
\‘l\J
>
i
I
o

(8.8)

Taxum 0Opa3oM, MbI IPUXOIUM K BBIBOLY:

A

e O6mme cobeTBennble GYHKIMU MOIYT MMeTh JIMIIL Tapbl onepatopos (L2 L),

vy o
(L% L), (L% L,).
Nuave rosops,

e Tounble 3HaveHns B OJITHOM M TOM 2K€ KBaHTOBOM COCTOAHHNU MOI'YT UMETDL JIMIIb

KBa/IpaT MOMEHTa UMITYJIbCa 1 OJHa U3 €ro HpOGKHI/IfI2.

Tak kak Jyisi orieparopa L, nMeeM OUeHb IIPOCToe BbipazkeHue (8.3), To y06HO BEIGpATh

napy (L% L,) n pemarh 3ajady Ha cOOGCTBeHHBbIe 3HAYCHUS M COOCTBeHHBIE (DYHKIUH
MOMEHTa UMILyJIbca B cdhepniecknx KoopAuHaTaX. Och z OOBIYHO Ha3BIBACTCH OCBHIO
KBAaHTOBAaHUSA MOMEHTa UMITyJbca®. CobCTBeHHbIe 3HAYEHUS KBaJpaTa MOMEHTa

umnyibea (L2) u ero npoekimyn Ha och KBanToBaHUs (L) IPUHATO 3allUCHIBATL B BUJIE

L* =R+ 1), L. = hm, (8.9)

z

rje | Ha3bIBaeTCsi OPOUTAIBHBIM (a3MMYTAIbHBIM) KBAaHTOBBIM YHCJIOM, a M —
MAarHUTHBIM KBaHTOBBIM unciaoM?. Taxmm o6pasoM, 3a/1a4a Ha cOOCTBEHHEIE (PYyHK-
MM 1 COOCTBEHHbIE 3HAYEHUST MOMEHTA UMITYJIbCa CBOJIUTCS K PEIIEHUIO IBYX yPaBHEHUI

L% =rI1+1),  Lip=hmi (8.10)

U OTIPEJIEJIEHNIO TeX 3HAYEHUI KBAHTOBBIX YKCeJI [ U M, IPU KOTOPBIX 1) — OJTHO3HAYHAS
U KOHeYHasi (PYHKITHS.

Hanomuunm, aro oneparopsr (8.3) u (8.6) He cojiepKar paJnajbHOll IepeMeHHOi 1 1
[POU3BO/IHBIX 110 9TOii epemenHoil. [losTomy perennst ypasuennii (8.10) umeror Buj

wzm(ﬁ v, 90) = R(T)Yim(ﬁv 90)7 (8'11)

'EquHCTBEHHOE MCKIIIOYEHNe — COCTOSIHUS €O C(hepuYecKr CHUMMETPHYHBIME BOJHOBBIMU
dyuakmusavu Y(r,t), B KOTOPOM BCe TPH HMPOEKIMN MOMEHTA UMILYJIbCA PABHBI HymI0. TOTIBKO
B 9TOM CJIydae Mbl He IPUXOJMM B IIPOTHBOPEYNe C COOTHOIIIEHUEM Heolpe/iejeHHocTeil (4.26).

2C yueToM IpeIplIyero 3aMedanms.

30TMeTHM, 9TO B KQ9eCTBE OCH KBAHTOBAHUS 2 MOXKHO BBIOPATH 1100110 OCh B IPOCTPAHCTEE.

‘He myraTh MarHUTHOE KBAHTOBOE YHCJIO C MACCON 9acTHIbI!
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riae R(r) — npoussosvnas dynkyua, a dyuxiwms Y, (U, ¢) yIoBIeTBOpSET AByM ypas-
HEHHAM

LY, =R +1)Y, L)Y, =hmy,,. (8.12)

m?

K CHaCTblO, 9T ypaBHEHHA JOIIYCKalOT pa3Jc/IEHrEe IIEePpEeMEHHbIX, T.€. HX peHieHue
MO>KHO HMCKaTb B BHUJEC

HOLLCT&B,HHH 9TO BbIpaXkeHue B ypaBHeHus (8.12) u BCIIOMUHASI SIBHBIN BUJL OIIEPATOPOB

L2 u L B cdeprieckux KOOp/MHATaxX, mnojaydaeMm auddepeHinaibable ypaBHEHU C
06b1‘{HbIMI/I IPOU3BOHBIMU (PEKOMEHIyeM YUTATENI0 CAMOCTOSATEbHO TIPOJIeIaTh HEOO-
XOJIUMBIE TIPe0Opa30BAHMUS ):

1 d e, m?
a9 \8 5 1)0,, = 14
sind dv (8“”9 70 ) ﬂ@zm+l(l+ )0y, = 0, (8.14)
dd
, = im®y, 1
dp _m (8.15)

Bropoe ypaBHeHIE BBINIAIAT 3HATUTEIBHO IIPOIIE W ero obIee PEeIeHne Jerko Haxo-
muresa: P, (p) = Aexp{imy}, tie A — moka npousBosibHas mocrtosinHast. DPyHKIMs
®, (¢) mosKHA OBITH OJHO3HATHON, T. €. JIOJXKHO BBIIOJHATHCS YCJIOBUE

O, (pE2m)=,.(p). (8.16)

Benomunaas dpopmyny Ditaepa

¢'” = cosx + isin, (8.17)

BuuM, 910 @, () OIHO3HAYHA TOIBLKO B TEX CJIydasdX, KOIVIA KBAHTOBOE UHCIIO 1M
IpUHUMaET 3Ha49CeHUA

m=0,+1,+2,... (8.18)

Coruacro (8.9), 9T0 IPUBOAUT K KBAHTOBAHUIO TPOEKIMHA MOMEHTa MMITyJibca L : OoHa
JI0JIZKHa OBITh KpaTHa nocroguuoil Ilnanka h. Cobcrsennvre dynkmun ., oneparopa

j)Z yJI0OHO BBIOPATH B BUJIE

O, (¢) = e (8.19)

TOFIL& BBITIOJIHAIOTCA COOTHOIICHUM A

2w

[ 2,0 do = b, (8.20)

0

KOTODBIE O3HAYAIOT, 9T0 cobcTBenHble hyHKImu (8.19) 06pazyoT OpTOHOPMUPOBAHHBII
HAOOD (PYHKIIUIA.

Ananms ypasuenusi (8.14) Gosiee c/IoXKeH U MbI ero He OyjeM mpoBouTh. OrpaHu-
YuMCAd OCHOBHBIMU BbIBOJIAaMMH. OKa3bIBa.eTCH, YTO HEeHYJIEBble pelICeHr A 3TOI'0 ypaBHE-
HUsI, Y/I0OBJIETBOPSIONINE YCIOBUSAM KOHEIYHOCTH U OJHO3HAYHOCTH, CYIIECTBYIOT TOJIBKO
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[PU UEABIT NOAOAHCUMEALHHLT 3HATEHUSIX KBAHTOBOrO 1uciia [, mpudem | > |m|. OyHK-
mun ©,,, MOXKHO BBIOPATh JEHCTBUTEIBLHBIMIA U TAKUMU, YTO OHH YI0BIETBOPAIOT yCJIO-
BUIO OPTOIOHAJILHOCTH

0

ITonsenem uroru:

e CobOcTBeHHBIE 3HAUYEHWS KBaJIpaTa MOMEHTa UMITYJIbCA W ero MPOEKINHA Ha OCh
KBaHTOBaHUsA (0Ch z) onpegensiorces dhopmyaamn (8.9), rjae KBaHTOBbIE Yncia | n
M IPUHUMAIOT 3HAYCHHUST

1=0,1,2,..., m=—1,—l+1,...,0,....1—1,1. (8.22)

JList Kaxk10ro 3HavdeHus OpOUTAILHOIO KBAHTOBOI'O YHUC/Ia [ MAarHUTHOE KBAHTOBOE
YUCJIO M MOozKeT uMeThb 20 + 1 3Hadenue.

e O6mue cobersennble (DYHKIUE OllepaTopa KBaIpaTa MOMeHTa UMITy/Ibca L2 u ome-
paTopa HpOeKIuu MOMeHTa umiysibca L, mmeror Bux (8.11) u ymosiaerBopsiior
YCJIOBUSM OPTOTOHAJIBHOCTHU

/ ljn(ﬁ, @)}G/m/(ﬁ, (P) dQ — 5”/ 6mm/, (823)
Q

e dS) = sin v di dp — 3J1eMeHT TeJIeCHOTO yIyla U WHTerpaJjl 6epercst Mo MOJTHOMY
TEJICCHOMY YTJIY.

Hamomuaum quTaTe/] 10, 4TO B C(bepH‘leCKOf/'I CuCTeMe KOOpJAWMHAT 3IJIEMEHT obbeMa,
3allIChbIBaCTCd B BIIC

dV = r?sind dr di dp = r* dr dS). (8.24)
[ToHBIN TesTeCcHBIN yroy paBeH

2

Q= /dQ:/sinﬁdﬁ/dwzélﬂ. (8.25)
Q 0

0

J17151 TTIOJTHOTBI CJ1e/10BaJIo OBl BBIIIICATE BhIpazkeHus /i1 dbyHkimit Y, (U, ¢), KoTopbre B
MaTeMaTuKe Ha3biBaoTCsd cepudecKuMu dpyHkimamu. Obmas dhopmyia Iy HIX
ABJISICTCA JIOBOJILHO CJIOYKHOM M B JasibHeilleM HaM He noHaoouTcsa’. TIpusenem aBHbIe

Toapo6uoe paccmorpenue cdepraeckux byHKIMA HHTEPECYIOMUTIC TUTaTeb MOXKET Hail-
TH B y4eOHUKAX [0 KBAHTOBOW MexaHUKe |2, 4].
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BBIPAXKEHUs TOJILKO JIJI TIEPBBIX HOPMUPOBAHHBIX chepuuecKux (pyHKITHL:

1 3 3 . ;
}/00:—%7 Yio = ECOS& Yig=F S—WSHlﬂ'ei“’,
5 2 15 : +ip
Y, = 16—7T(1—3cos ), Yoo =% S—Wsmﬁcosq?-e :
15 .
}/27:‘:2:— %Sin219~ei2w.

(8.26)

Bo npuiokennsax KBaAHTOBOI MeXaHUKN BaXKHYIO POJIb UTI'PAET CJIeyIoIee CBOMCTBO

cepuueckux dyukimit. VI3meHnM oIHOBpEMEHHO 3HAKYM KOOPIUHAT JTFO00# TOUKH IIPO-
cTpaHCTBa T, I, 2 WIH, KaK TOBOPSAT, BLIIOJHIM IIpeobpa3oBaHne MHBepcun'

r— —x, Y— -y, zZ— —2. (8.27)

[Tpu s1om sobast pyHKIWMs (HanpuMep, BOJIHOBast (DYHKIUA 9acTuIlbl) (2, y, z) 3amMe-
HSIETCSI HOBOW (PYyHKITHENL:

Uz, y,z2) — V' (x,y,2) =(—x, —y,—2). (8.28)

Ecnau B pesynbrare mnpeobpa3oBaHusi HHBEPCUU BOJIHOBasl (DYHKINs MO0 HE MEHSIeTCs
BOBCe, JIMOO0 [IPOCTO MEHSIET 3HAK, TO TOBOPAT, YTO BOJHOBas (DYHKIUA (M COOTBETCTBY-
I0Il[ee KBAHTOBOE COCTOSIHUE) OBJIAAI0T OIPE/IC/IEHHON Y€THOCTHIO:

W(—x,—y,—2) = P(z,y, 2) — YeTHOe COCTOsIHUE,
(8.29)
(—x,—y,—2) = —¢(x,y,z) — HEYETHOE COCTOSIHUE.

BaMeTuM, 9TO CYNEepIO3UIns TOJIbKO YETHBIX (HEYETHBIX) COCTOSHUII CHOBA SIBJISETCSI
YEeTHBIM (HEYETHBIM) COCTOSTHUEM, & CYTEPIIO3UIHsi, B KOTOPYIO OJHOBPEMEHHO BXOISAT
YeTHBIE ¥ HEYETHBIE COCTOSIHUSI, Y2Ke He 00J1a/1aeT OlpeeleHHON YeTHOCTHIO.

Cdepuueckue dbyukimn Y, (T.e. cobcTBeHHbIE QYHKINH L%u [:Z) 00J1a1al0T oIpe-
JIeJIEHHOW YeTHOCTBIO IpU MHBepcuu KoopauHat. [l cdepuueckux koopawmHaT mpe-
obpaszoBanue wHBepcun (8.27) BBHINISIAUT Tak (9TU COOTHOINEHUS JIEPKO IIPOBEPUTH C
nomorpio Puc. 8.1.):

r—r, 9—-1m—109, ©—p+m. (8.30)
MoxkHo mokasarb, ato chepuueckue dbyukimu ¢ | = 0, 2,... ABIAIOTCI YETHBIMH, a
cepuyeckue pynknuu ¢ [ = 1, 3,... — "HederHbiMu. llTak,

e KBaHTOBLIE COCTOAHUSA YJaCTHUIIBI C YE€THbBIM [ — YETHBI, & KBaAaHTOBBIC COCTOAHMNLA C
HEeYeTHLIM [ — HEYETHHI.

CoBeTryeM 3aIlIOMHHUTB TO IIPABHIJIO, TAK KAK OHO YacTO ObIBAaeT HOJIE3HBIM B KOHKPETHBIX
3aj1adax.

B sakJrovenue ciemaeM oJlHO 3aMedaHne, oTHocseecst K dhopmynam (8.9). Bemwau-
uy L = hy/l(l + 1) MOKHO paccMaTpuBaTh KakK 3HAUEHUE MOJLY/IS BEKTOPA MOMEHTA, M-
mysbca qactunsl. Torna, npu ¢pukcunpoBannoM L, Beamdnnsl L, = mh ecTh BO3MOYKHBIE

TTpeobpazoBanne MHBEPCUM COOTBETCTBYET TOMY, YTO HAIIPABJIECHUS OCEHl CUCTEMBI KOOD/IH-
HAT MEHAIOTCA Ha IIPOTUBOIIOJIOXKHDIE.
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3HAYCHUS TTPOEKINKA BEKTOPA MOMEHTA MMITYJIbCa Ha Och KBantoBanus. C 3T0if ToUKn
3peHus B KBAHTOBOI MeXaHUKe MAaKCHMaJIbHOE 3HAYEHIE ITPOEKIINA MOMEHTA UMITY/IbCA
hl Bcerma menvwe 3HaYeHUs €ro Moayad. Takum oO0pa3oM, B OTJIMYUE OT KJIACCUIECKUX
BEKTOPOB, KBAHMOGOMETAHUYECKUT BEKMOP MOMEHMA UMNYALCE HUK020G HE MOACEM,
OvIMb OPUEHMUPOBAH, CMPO20 8004 NPOCTPAHCMEERHOT 0CU. DTOT HEOKUITAHHBINA BbI-
BOJI COTTIACyeTCsl, OJTHAKO, C COOTHOIIIEHNEM HeollpeJleJieHHocTel. [lelicTBUTENIbHO, ecin
OBI CyIIECTBOBAJIO TAKOE KBAHTOBOE COCTOSTHUE YaCTHUIIbI, B KOTOpoM L, = L, To B 3TOM
cocrosiauu Mbl umesn 6wt L, = L, = 0. Ho mockosbKy onepatopbl Mpoekiuii MOMeHTa
UMITYJIbCa He KOMMYTHUDPYIOT JIDYT C APYTOM, OHH HEe MOTYT MMeTh OIIpe/ieJIEHHbIE 3Ha-
YeHUs B OJIHOM M TOM K€ KBAHTOBOM cocTosinuu. lloaTomy mMakcumasibHOE 3HAYEHUE
IPOEeKINH L, He MOXKeT ObITh PABHO MOJIYJIIO MOMEHTa MMITy/Ibca L.

8.3. Omnepartopsbl l:+ ul_

[Ipu paccmoTpenuu oOIIMX BOIPOCOB TEOPUU MOMEHTA UMITYJIbCAa U B KOHKPETHBIX
3a/1aMaX BMeCTO oneparopos L, u L, 1acto ObiBaeT y/100Hee HCIOIB30BaTh BCIOMOTa-
TeJIbHBIE OIIEPATOPbI

L, =L,+iL,, L =1L,—iL, (8.31)
SlcHo, 9TO TH OMEpaTOPHI HE SIBJIAIOTCS SPMUTOBBIME, ITOITOMY CaMU IO cebe OHU He
COOTBETCTBYIOT HAO/IIOAAEMBIM (DU3UIECKUM BeJIMINHAM. BIpoueM, SpMUTOBBIE Ollepa-

TOPBI IIPOEKIMiA MOMeHTa uMIlyibca L, u L, MOXKHO BbIDasuTh uepes L :

- 1/- - A 1 /. .
L= (L+ + L_> o L= (L+ - L_) . (8.32)
[TpuBeIeM HECKOJIBKO BazKHBIX COOTHOIIEHHI /IS OIIEPATOPOB ﬁi. Bo-nepsbIx, ¢ momMo-
1ibto bopmyit (8.31) u (4.17) Jierko POBEPUTH, YTO CHPABE/IUBBI IPABUIA KOMMY TAIN

A

[j;zvi’-i-] = hj—’—i—: [[A’zaf/—] =—hL_, (8.33)

KOTODBIE HPOIIE, YeM NpaBuia KommyTanun jig L, u L,. OTMernm Takxke, 4To ore-
paTop L, MOXKHO BBIPa3UTh depe3 kommyTtarop (L., L_]. TIpsmoe Bbrducienue sToro
KOMMYyTaTOpa JaeT (MIPOBEPKY OCTABJISIEM UHTATENIO B KAUECTBE yIPaXKHEHHA )

[L,,L_|=2hL, (8.34)
Haxonern, ¢ nomormpio dopmyst (8.32) ybexkgaeMcst, ITO OLepaToOp KBaJIparTa MOMEHTA
UMIIy/Ibca (8.5) 3amuChIBACTCA B BUE

=L, L +IL1?>-hl,=L L, +L*+hL, (8.35)

OcHoBHas ujess BBEJEHUA OIEPATOPOB [A/i COCTOUT B TOM, YTO HEKOTODBIE IOJIE3-
HbIE COOTHOIIEHUS Y/IAeTCs BBIBECTH HEIIOCPEJICTBEHHO U3 IIPUBEJICHHBIX BhIIIe (hOPMYJI,
usberast IBHOI'O MCIIOJIB30BaHUS HECKOJIBKO TPOMO3JIKIX BhIpazkeHuii (8.4) st onepa-
TOpPOB EI n f,y. B kadecTBe mjumiocTparuu IpuBeIeM OJIUH IPUMED.

IIpemomnozxkmm, 9T0 BOJIHOBas (DYHKIUA 1), ONHUCHIBAET COCTOSHIE, B KOTOPOM IIPO-
eKIs MOMEHTa WMMIIyJIbCa Ha OCh KBAHTOBAaHW:d 2 WMMeeT 3HadeHme L, = hm, T.e.
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L., = hm1,,. llokaxem, uro ¢dynkuuu L v, u L_1,, ¢ TOYHOCTBIO JO HOPMHU-
POBOYHOIO MHOYKHUTEJIsI COBIAJIAIOT ¢ BOJHOBBIME (DYHKIUAMU COCTOSHUN, B KOTOPBIX
npoekiws L, paBHa, coorBercTBeHHO, Ai(m + 1) u h(m — 1). Orpannanmcs JoKa3aTe b

CTBOM 3TOrO yTBepKIeHus g Gynxnuu L v, Amnagormdanoe J0oKa3aTeIbCTBO [
L_1),, ocraBuM dnTaTesio KaK yIpasKHEHHe.

A

Hokazkem, uro L 1, apigerca cobcTBeHHOl dynkimeii oneparopa L
IEJIBIO 3aITUATIIEM

.- C oroit

A A ~

IA’ZZA—J-l-wm = (ZA—J-‘:-ZA—’Z + [Lz7L+]) wm = <L+£Z + hz-i‘) wm’

r/1e OBLIIO MCIIOJIB30BAHO MEPBOE U3 KOMMYTAIMOHHBIX cooTHomennit (8.33). Ilockonbky,

IO TIPEJIIIOJIOKEHHIO, 1, — CcOOCTBeHHasi (DYHKIHS olepaTopa L., cOOTBETCTBYIOIIA
CcOOCTBEHHOMY 3HAYEHUIO A m, 1MoJIydaeM PaBEeHCTBO
L.L ¢, =h(m+1)L, 1, (8.36)

KOTOpOe MOKa3bIBaeT, u10 (BbyHKIHH L 4+, m 1, | TPONOPIMOHAILHEI JPYT JPYTY.
CoBepIlieHHO TaK »Ke JIOKa3bIBAeTCsd, 9TO (DYHKIIHA ﬁ_@/}m IIPOIIOPIIMOHATIBHA 1, 1.
OBBIMHO TOBOPAT, 4TO omepartop L . HepeBouT cocrognue ¢ L, = hm B cocrognue
¢ L, = h(m + 1), a oneparop L_ mepesomur cocrosiHue ¢ L, = hm B cocrosgHue c
L, = h(m —1). Ormern™m TakKe, 4T0, coryiacHo dopmyaam (8.32), omeparopst ZALx u
IA/y IpeobpasyIoT BOMHOBYIO (DYHKIHMIO 1), B CYHEPHIO3HIMI BOJIHOBBIX (yHKIMi v,

n, 4.

8.4. OpOutaabHbIii MATHUTHBIIT MOMEHT JIEKTPOHA

N3 xypca smeKTpoMarneTu3Ma M3BECTHO, YTO TPU JIBUKEHUN 3apPAKEHHBIX JTaCTHIL
B IIPOCTPAHCTBE ITPOUCXOJUT IEPEHOC 3apdjia, T.e. HUJIeT aaexkmpuyueckuti mox. Ecam
KJIacCUYeCcKas 3apsiKeHHasl JacTuiia Macchl M ¢ 3apsjoM ¢ JIBUXKETCS 0 3aMKHYTO
opbuTe ¢ MOCTOSTHHOW CKOPOCTBIO, TO OHa 0bJaaerT (KaK 3aMKHYTBI KPYyroBOil TOK)

MArHUTHBIM MOMEHTOM [I, CBSI3aHHBIM C €6 MOMEHTOM UMITy/ibca L dbopmyioit

— q T
- 17 8.37
A=537 (8.37)

Ornommenve /L Ha3bIBaeTCsi TMPOMArHUTHBIM OTHOIIEHUEM. s opOHTaaIbHOro
JIBYZKEHUsT JaCTUI B KJIACCHIECKON MeXaHUKe OHO paBHO |q|/2M. MaruuTHbIii MOMEHT
— BaxkHas (pusnUueckas BEJIUINHA, TAK KaK OHA OIPeJeJisdeT SHEPrUui0 YaCTHUIIbl B Mar-
HUTHOM IIOJI€E.

A~
=

B kBanTOBO#I MeXaHWKE MOMEHT UMITYJIbCa YACTHUIIbI OMUCHIBAETCH OIepaTopoM L,
[IO9TOMY €CTECTBEHHO BBECTH U OIlepaTOp MArHUTHOIO MOMeHTa fI. B aTomHuoit ¢dpusuke
HAMOOJIBIINIT WHTEPEC MPEJICTAB/IsIeT MAIHUTHBIA MOMEHT 3jieKTpoHa (¢ = —e, M =

m,), TIOITOMY MbI BBEJIEM [ FIMEHHO JIJI 9TOro ciydasi. 1o aHAJIOrMM ¢ KIacCHIecKon
dbopmysoii (8.37), ecrecTBEHHO ONpEJEJUTh ONEepaTop OpPOUTATHHONO MATHUTHOTO
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MOMEHTa S.I'IeKTpOHa1 C IIOMOIIBIO COOTHOIIICHNA

~ e 5
i=——0L. 8.38
= om (8.38)

fcro, aro coberBennble hyHKIMU oriepaTopos i u L coBmagaor. CobCcTBEHHBIE 3HATE-
HUA KBaJ[paTa OpOUTAJLHOIO MAarHMTHOIO MOMEHTa 3JeKTPOHa (2 M ero IPOeKIUH [i,
Ha OCh KBAHTOBAHMS JAIOTCsA (POPMYIAMI

pt=ppl(l+1), = —pgm, (8.39)
r'Ie BeJINYMHa
h
hp = 2‘% = 0,9274 - 10~ [T/ Tn (8.40)

Ha3bIBacTCd MarbmeToHoM Bopa U dABJISIETCS €CTeCTBEHHOI G,ILHHHHGﬁ MaTr'HUTHOI'O
MOMEHTa. OTMeTI/IM, 9TO AJid SJICKTPOHA 3HaKU Lz u pg, B OAHOM U TOM 2K€ KBAaHTOBOM
COCTOAHHNM ITPOTHUBOIIOJIOZKHBI, TaK KaK 3apd/l 3JIEKTpOHa UMeeT OTpHHaTeJIbeIﬁ SHaK.

YnpakHeHUsT

A

8.1. BeiBectu BbIpaxkenust (8.4) st onepatopos L
HaTax.

Ykasanue: JacTHYIO Npou3BOJHYIO 110 & (ipn (DUKCUPOBAHHBIX Y U Z) MOYKHO 3a-
[UCATD B BUJIE

. 1 L, B cepriaecknx koopu-

O o9 9p0 9o

o oror  ordp oz ov

Hng 0/0y n 0/0z cupaBe/yTMBBI aHAJOTHYHBIE BBIDAKEHUsI. 1acTHDBIE TPOU3BOIHBIC
JIEKAPTOBBIX KOOPJIUHAT 10 CPepUIECKUM JIETKO BBIYUC/IUTD, UCIOJIB3Y (DOPMYIIBI

r=V@+ P+ 2, csv=2, tgp=2,
r X

KoTophbIe cirenytor u3 (8.2). Hanpuwmep,

or x )

— = — =sinvcosp,

dx r
090  xz  cosd cosp dp  ycosPp  sing
Or  r3sing r ’ or 2 rsind’

A

[Tocie 9TOr0 Hy?KHO BOCIOJIB30BATHCSI SIBHBIMU BbIpazkeHusiMu (3.39) s f)x u Ly B
JIEKAPTOBBLIX KOOD/MHATAX.

8.2. Jlokazars pasencrsa (8.8).

Ykasanue: Vcnosnb3oBarh coorrorenust (4.17) u Toxaectso (4.14).

)

LCioBo “opbuTtaibublii” 100aBIEHO He CIyYaiiHO. DJIEKTPOH 00JIaIAeT TaKKe COOCMEEHHbIM
WIN CNUHOGbLM MATHUTHBIM MOMEHTOM, KOTOPBI HE CBSI3aH C JBUKEHIEM B IIPOCTPAHCTBE (CM.
paszen 11.5.).
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8.3. IIposeputh yciosue oproronaibrocTu (8.20) st dyukimii (8.19), 9BHO BbI-
YHCJIUB UHTErPaJl.
Ykazanue: Y100HO0 3ammcarh npoussenenue O @, B Buie

! eilm=me — L (cos[(m —m')] 4 isin[(m — m’)gp}).

PP , = — —
mem 2T 2

8.4. Vcnonb3ys (8.20) u (8.21), nposepurb ycsaoBust oproroHanbHoctu (8.23) s
cepuueckux GyHKIHIA.

8.5. IIpoBepuThb MpaBUIO YETHOCTU COCTOSTHUIN C Pa3JIUYHBIMU [, UCIOJIb3Ys SBHBIE
Boipazkenus (8.26) jis mepBbIx cpepruuecKux yHKIHA.

9. BoaopomonomodHbie aTOMbI

B nepnoit xe pabore . IlpesuHrepa mo BOJHOBOI MeXaHHKE UM OBLIM HAaiiIeHbI
BOJTHOBBIE (DYHKIIMK CTAIIMOHAPHBIX COCTOAHUI aTOMa C OJHUM 3JIEKTPOHOM ¥ OBLI I10-
JIVIE€H SHEPreTUYIeCKUil CIIEKTP, KOTOPBI B TOYHOCTH COBIAJ C PE3YJIHLTATOM TEOPUU
Bopa. 910 0bLI0 BayKHBIM JTOCTUKEHNEM, TaK KaK KBAHTOBAHNE SHEPTHH aTOMa ecTe-
CTBEHHBIM 00Pa30M CJIEIOBAJIO U3 OOIIUX NPUHITUIIOB KBAHTOBON MeXaHMKHU Oe3 BBe-
JIEHNS JOIOJHATEIHLHONO KBAHTOBOIO YCJIOBHSA, KOTOpOE B Teopuu bopa mcmosb3yercs
BMeCTe € KJIACCHIECKUM ypaBHEHHEM JIBUKEHUs 3JIeKTPOHA.

9.1. CTaI_[HOHaprIe COCTOAHUA YaCTHUIbI B IEHTPAJIBHOM IIOJIE

[Ipexke yeM TPUCTYIHUTL HEIOCPEJICTBEHHO K 3ajade 00 aTome BOJOpOja, 00Cy-
JIUM ODIIie CBOWCTBA CTAIMOHAPHBIX COCTOAHUN YACTUIII, HAXOJSAIIENCT B IEHTPAb-
HOM CHJIOBOM moJie. HamoMHuM 4uTaTesiio, 9To CHJIOBOE I0JI€ HA3BIBAECTCS UEHMPAND-
HbLM, €CJIH MOTeHIMa bHasg SHeprus dacturpl U(r) 3aBUCAT TOJBKO OT PaCCTOSHHUSI

r = \/x2+ y% + 22 10 CUJIOBOIO IEHTPA, KOTOPBIN PACIOJOKEH B HAYAJIE CUCTEMBI KO-

opmuaat. Cmia F=-VU , JleficTBYyIOIasl Ha YacTUILy, HaIlpaBJieHa BJOJIb IPSIMOIi,

COEJIMHSAIONIEH YaCTUIly ¢ CHJIOBBIM IeHTpoM. Hac OyayT mHTepecoBaTh cTalMOHAPHbBIE

COCTOSTHUS YaCTHIIbI, T.€. COCTOSHHS C OmIpejiesieHHoil sneprueit £. Kak Mbl yBumuMm

JTaJibIlle, UMEHHO B 9TOM 3a/iade OUeHb yI00HO HCII0/Ib30BaTh chepuiecKne KOOPIMHATHI.
BosinoBasi (byHKIMSA CTAIlMOHAPHOI'O COCTOSIHUSA UMEET BU/L

U(r,d,p,t) = (1,0, ) e E/, (9.1)
rie 1) aBjsgercs cobcTBeHHO yHKIUeil raMuIbToHraHa

A h2 9
== VU (9.2)

Taxk kak MbI cobupaeMcs paboTaTh B CHEepUIECKOil cucTeMe KOOPIUHAT, TO OIEPATOD
Jlamnaca V2 myzkno 3ammcarh B chepudecKnx KoopauHaTax. /3 MaTeMaTHK H3BEeCTHO,

9T0
19 (,0 10 9 T
2 _ - 7 2 7 :
V=G (r (3?") t 2 sng a9 (5“”9 819) T iy 952 (9:3)

!B sroM paszzene Macca 9acTUIBI OyaeT 0603Had9aThCA OYKBOM 1, 9TOObI N306:KAThH 1Ty TAHH-
bl ¢ MATHUTHBIM KBAHTOBBIM THCJIOM, JIJIsT KOTOPOTO COXPAHNM ODOO3HATEHUE M.
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Koneuno, 3To BbIpaKeHHe BLITJISINT CIOXKHee, 4eM orneparop Jlamnaca B IeKapTOBBIX
KOOPJIMHATAX, OJHAKO OHO 00JIaJaeT OJHUM II0JIe3HbIM cBoiicTBoM. CpasHuBas (hopmy-
ael (9.3) u (8.6), 3aMedaem, 9TO yryioBasi 9acTh omeparopa Jlamraca ¢ TOYHOCTBIO J10
MHOXKHUTE/II COBIAAeT ¢ ONepaTOPOM KBaJpaTa MOMEHTa UMITY/IbCa YaCTHILL 11oaToMy

v2_1a<2a) L? (9.4

war\"ar) e

[TosicTanoBKa 9TOrO BhIpazkeHus B (9.5) M03BOJISET 3ancaTh TAMUIBTOHUAH YACTHIIHL B
BHUJIE

- 1o (,0 L?
H—____O E)Uurﬁw” (9:5)

OTcioza MOXKHO U3BJICYb BasKHBbIE BLIBOJBI. HamoMHuM erre pa3, 9To ornepaTopbl KBa/I-
paTta MOMeHTa UMITy/Ibca (8.6) 1 MPoeKIun MOMEeHTa UMITY/Ihca (8.3) Ha 0Ch KBAHTOBA-
Hust (OCh z) He Cojiep:KaT IPOM3BOJHBIX 110 parajbHOll KoopauHate 1. Kpome Toro,
HaIllOMHHUM, 4YTO OLEPATOPLI L2 u iz KOMMYTHUDPYIOT JIpyT ¢ apyrom. CiiejoBaTesbHo,
0ba 3Tu ormepaTropa KOMMYTHUDYIOT ¢ ramusibroHuanom (9.5). Urak, mig gacTuibl, Ha-
xoAdmeicd B eHTPaJIbHOM CHUJIOBOM I10JI€, BBIIOJHAIOTCA COOTHOIICHUA

L H]=0, [L.,H =0, |[L, L}=0. (9.6)

z)
Ho, kak m3BecTHO M3 00II€Ell TeOpUr OIEPATOPOB, U3JIOXKEHHOI B maparpade H, ecan
orepaTopbl KOMMYTHPYIOT JIPYT C JIDYT'OM, TO OHU UMEIOT OOILYIO CHUCTEMY COOCTBEH-
HbIxX ¢yaKImit. [losToMy BOJHOBBIE (DYHKIMH CTAIIMOHAPHBIX COCTOSTHUN YaCTHIHI B
IIEHTPAJIbHOM I10JIe MOXKHO BBIOPATh TaKUMU, YTOOBI OHU OJITHOBPEMEHHO YJIOBJIETBOPSI-
JIN ypaBHEHUSIM

Hy=Ey, LW =nr1+1),  Ly=hmy. (9.7)

CobcTBeHHbIE 3HAYEHUS B JIBYX HOCJIEJHUX YPABHEHUSX, KOTOPBIE YKe OBLIU UCCIIe10-
BaHbl B IIpeblIynieM Hnaparpade, Mbl cpasy 3allcald depe3 opOuTaabHOe KBAHTOBOEC
910 | 1 MATHUTHOE KBAHTOBOE YUCIIO 1.

Ypasuenus (9.7) JOIMyCKAIOT pasiesieHne ePEMEeHHbIX, T. €. ) MOKHO HCKATh B BUJE

U(r, 0, 0) = R(r) Y, (9, 9), (9-8)

rae Y, — cdepuueckue GyHKINY, yaosaeTsopsioniie ypasuenuaM (8.12). Ouesn/mo,
YTO TOTJIA MOCJIeIHIE JIBa, ypaBHeHus (9.7) aBTOMATUYIECKN BBITOIHSIIOTCS.
U3 crammonapuoro ypasuenus Lllpeaunrepa [nepsoe u3 ypasuenuii (9.7)| ciemyer
o))

ypaBHeHue Jisi “pajuaibHoil’ dactu BosHOBOH dyHKImu R(r). Vcmonb3ys Bbpazke-
aue (9.5) Jyisi raMIJIBTOHMAHA, [OC/Ie TIPOCTBIX Mpeobpas3oBanuii mMeeM (mposepbre!)

ii<r2dR>_MR+2_“[E_U(T)]R:0. (9.9)

r2 dr dr 72 h?
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9T10 yYpaBHEHNE MO?KHO 3alliCaThb B botee IIpOCTOM BH/IE, €C/in ce/IaThb IOJCTaHOBKY

R(r) = 22 (9.10)

riae x(r) — noBag memssecrHas dyukiums. Iloxcrasisas (9.10) B (9.9), mpuxoaum K
YDABHEHUIO

—~+ | = (E-U)— —>|x=0. (9.11)

*x  [2u I(1+1)
dr? h? r2

[To dpopme oHO coBItajiaeT co crarmoHapHbIM ypaBHeHueM [lIpeaunrepa s ojiHOMED-
HOT'O JIBUKEHUsT JACTUIIBI ¢ “9PDEKTUBHON MOTEHIINATLHON SHEPTHeit”

R I(l+1)

- 9.12
TRl (912

Uspp (1) = U(r) +

BUJI KOTOPOIT 3aBUCUT OT 3HAYCHUS KBAJI[pATa MOMEHTA UMITYJIHCA YaCTUIBI. DTO 0OCTO-
SITEJICTBO JACTO OKA3BIBAETCsT TOJIE3HBIM TSI KA9eCTBEHHOI'O MCCJIeI0BaHUS ypaBHe-
must (9.11). Cresraem errie 0JIHO BazKHOE 3aMeUYaHue. Y POBHU SHEPIUH YACTUIBI JOJIZKHBI
ObITh HaligeHbl u3 ypaBHenus (9.9) [wm, ¥To TO )Ke camoe, u3 ypasuenus (9.11)], ecom
HAJIOKUTH Ha “pajmaibHyto GyHKImo  R(r) J0MoJHUTEIbHBIE YCIOBUSI, BHITEKAOIIIE
13 GU3MUECKOil HOCTAHOBKM 3aJauu’. B Ipuniuie, J0IycTHMble 3HAUYCHUS SHEPIUU
MOTYT 3aBUCETh OT a3UMYTaJIbHOTO KBAHTOBOI'O YHCJA [, T.€. OT 3HAYEHUs] KBaJpara
MOMEHTa WMITY/IbCa, OJHAKO OHHW He OY/yT 3aBUCETh OT KBAHTOBOI'O YHCJA 1M, OIpe-
JIEJISIONIEr0 3HAaYeHNue TPOEKIINN MOMEHTa, UMITYJIbCa HA OChb KBAHTOBAaHUS, TaK KaK B
ypasHenue (9.9) 9T0 KBAaHTOBOe YHCIO He BXOAUT. Takmm 00pasoM, YPOBHH SHEPTUH
YACTHILI B JIIOOOM IEHTPAJILHOM CHJIOBOM IIOJIE 8upodtcdensl. 1IOCKOMBKY KazKIOMy
3HavueHUIo | cooTBeTcTBYeT 2/ + 1 Pa3/IUYIHbIX 3HAYEHUN M, KPATHOCTb BBIPOXKJICHUS
YPOBHS 9HEPruu npu GUKCHPOBAHHOM KBaJpaTe MOMEHTa MMITyJIbca paBHa 2] + 1, T.e.
eMy COOTBETCTBYIOT 2]+ 1 BOBMOXKHBIX COCTOSHUN YACTHUIIBI, OTJIMIAIONIUXCS 3HATEHIEM
MIPOEKIINY MOMEHTA UMITY/IbCa Ha OCh KBAHTOBAHUS. DTO BBIPOXKJICHIE YPOBHEH SHEPrun
CBSI3aHO €O c(heprIecKoil CHMMeTPHeil IeHTPaIbHOTO IIOJIs.
[TonBeseM OCHOBHBIE UTOTH HAIIETO OOCYK/IEHUS.

[ ] HpI/I ABU2KEHUU B NPOU360AbHOM TEHTPAJILHOM CHUJIOBOM IIOJI€ YaCTUla, HaXO/AACh
B CTalMOHAPHOM COCTOAHUM, UMeEeT OIIpeae/JICHHbIe 3HAaYCHUA SHEPIun, KBaJlpaTa
MOMEHTa HMIIYJIbCa U €r'o IIPOEKINN Ha OCb KBaHTOBaHUA.

e YDOBHU SHEPIUU YACTHUIIBI B JIIOOOM IEHTPATHLHOM I10JI€ BBIPOXKIEHBI 110 MArHUT-
HOMY KBaHTOBOMY uuciy m. llpu dbukcupoanHoM | KPaTHOCTH BBIPOXKICHUS
yPOBH# sHepruu pasna 2[ + 1.

e Yrji0Bag 4acTh BOJHOBOI (PYHKITMU CTAITMOHAPHOT'O COCTOSIHUSA COBIIAJIAET C COO-
crBennoit dyukuueit Y, (¥, p) KBagpaTa MOMEHTA UMILYJILCA M €rO IPOEKIHN Ha
0Ch KBAHTOBaHUS, a pajuajbHas JacTb R(r) ymosierBopsier ypaBueruio (9.9).

IB uwacrHOCTH, Beerga Tpebyercs, uroObl pemienue ypasuenus (9.9) 6bLI0 KOHEUHON U OJI-
HO3BHAYHON (pyHKIIEH.
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[To mcToprdeckuM MpUYMHAM CJIOKUIACH TPAIUIUSA 0003HAYATH COCTOSTHUA C Pa3JIMd-
HBIMH 3HAYEHUAMHI OPOUTATBHOIO KBAHTOBOIO Unc/ia [ OyKBaMu JJATUHCKOTO ajidaBUTA.
[IpaBuia cooTBETCTBUSA TaKHe:

l:212345? (9.13)

p d f g h

Cocrosgnne vactunpl ¢ | = () Ha3bIBAIOT S-COCTOSHUEM, cOocTosHue ¢ | = 1 HaspIiBaeTcd
P-COCTOSHUEM M T. JI.

9.2. CrekTp Hepruu BOAOPOJOIIOTOOHOTO aToMa

HpI/IMeHHM TEIEPb pe3yJibTaTbl UCCJICAOBaHUA CTallMOHAPHBIX COCTOSTHUIT JaCTHUIIbI
B IIEHTPAJHLHOM CHJIOBOM TI0JI€ K YaCTHOMY, HO BaXKHOMY CJIy4alO JIBUKEHUS JIEKTPOHA
B KYJIOHOBCKOM IIOJIE aTOMHOI'O d/pa. HaHOMHI/IM, 9TO aTOMblI C OJHHUM 3JIEKTPOHOM
HA3bIBAIOTCS BOIOPO/IONO/I00HBIMU aToMaMu. K HUM OTHOCHTCS HENOCPEICTBEHHO
aTOM BOJIOPOJIA, AJIPO KOTOPOr0 UMEET 3apsijl ¢ = €, a TaK:Ke HOHBI 00JIee TIKeIbIX aTo-
MOB: OJIHOKDPATHO MOHM30BAHHLIN aToM rems He™ (¢ = 2e), IBYKPATHO MOHU30BAHHBII
arom jiutus LitT (¢ = 3e) u . 1. B obimem ciiydae Mbl JIOJZKHBI PACCMOTPETD JIBHzKe-
HUE 9JIeKTPOHA B KYJIOHOBCKOM II0JI€ TOYEYHOIO IMOJIOKUTE/ILHOTO 3apsijia ¢ = Ze, Tje
Z — TOPSAKOBBLINT HOMED 3jeMeHTa B Tabsmie MengenreeBa. Ilorenrmuanbaas sHeprus
9JIEKTPOHA B TAKOM MoJie nMeer Buj (B cucreme exuani] CI)

Ze?
Ur)=———. 9.14
(r) dmeqr ( )
s ynpomenns dhopMyst BBeJeM 0003HAUeHUe
2
2 6
= ) 9.15
“ = I (9.15)
Torya Beipazkenue (9.14) 171 MOTEHIMAIBHOM SHEPIUHN 3aIUIIETCS TAK:
VA 2
Ulr) = — 2% (9.16)
r

MpbI y2Ke BBISICHIJIH, YTO YPOBHU SHEPIUHU 3JIEKTPOHA HAXOMIATCA U3 ypasHeHwus (9.9)
I paJiuaIbHON 9acTu BOJTHOBOM (byHKIMU. B JaHHOM cilydae OHO UMeeT BU,

1 d ([ ,dR _l(l+1)R+2me E_’_Z_qz

—_— T —
r2 dr dr 72 h? r

R=0, (9.17)

rjie, KaK OOBIYHO, M, — Macca 3J1eKTpoHa. Hac mHTepecyroT He IIPOM3BOJIBHBIE Pellle-
Hust ypasaerusi (9.17), a TOJIBKO Te, KOTOPble NMEIOT (hU3NIECKUiT CMBICJI. BO-TIepBbIX,
dyukus R(r) gomkHa ObITH OJHO3HAYHA, HEIPEPBIBHA W JOJIKHA TPUHAMATH KOHEY-
Hble 3HaYeHUd IpH JIIOOLIX 3HaUYeHuAX aprymenta r. Jlajee, eciim BosHOBasg (PyHK-
st (9.8) OIUCHIBAET C8A3AHHOE COCOANUE HJIEKTPOHA B aToMe, TO R(r) H0/KHA cTpe-
MHTBCS K HYJIIO IIPA 77 — OQ.

Kak u npebiiymem naparpade, rje pedb IMua O IPOU3BOJIbHOM IEHTPAJIBHOM I10-
Jie, Jyist uccyenoBanus ypasuenusi (9.17) ynobuo caenars nojcranoeky (9.10). Torga,
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YUUTHIBasi SBHOE BBIPaXKEeHUE JIJIsi TIOTEHIIUAIBHOM SHEPTUN 3JIEKTPOHA B KYJIOHOBCKOM

oJIe sijpa, IPUXOJUM K yPaBHEHHIO
d*x = [2m, Zq? (1+1)
— + | B+ — 5
dr h r r

x = 0. (9.18)

MaremaTudeckoe UCCIeI0OBaHIE STOIO YPABHEHUs MPOBOIUTCS IIPUMEPHO TaK Ke, Kak
9TO JIeJIAJIOCh B pasjiesie 6.3. Ipu pelreHnn 3a/1a91 O KBAHTOBOM MapMOHUIECKOM OCIIUI-
ngTope. Mbl OIyCTHM JeTaId 9TOr0 MCCAe0BaHuA’ U IePEeUnCIIM OCHOBHbBIE BBLIBOJIBI.
e Pemenus R(r) = x(r)/r, KOTOpbIE ONUCHIBAIOT CBsI3aHHBIE COCTOSHUS JIEKTPOHA
B aTOMe, TO €CTh YJIOBJIeTBOpsoT yciaosuio R(r) — 0 npu r — 00, CyIIeCTBYIOT
TOJIBKO TIPU 3HaYeHUsAX sHepruu £ = E, | KOTOpble HyMepYIOTCsI [EJIbIM THCIOM

n > (I + 1) u naroorcsa dbopmyioit

4
m.q. 1
E =-—7%_¢ 9.19
n 2h2 n2 ( )

[lenmoe umcio n Ha3biBaeTcd TJIABHBIM KBAHTOBBIM 4YHCJIOM. Tak Kak a3u-
MyTaJlbHOEe KBaHTOBOe 4Yucjo [ npuauMaer 3HadeHus: 0,1,2,..., TO BO3MOXKHBIE
3HaYeHNs IJIABHOIO KBAHTOBOT'O YHCJIA PABHBI

n=123,... (9.20)

Bemomunast Beipazkenne (9.15), BuauM, 9TO B ciydae aroMa Bojopoga (Z = 1)
yposHu suepruu (9.19) Touno cosnaaior ¢ pesyiasrarom (2.9) Teopun Bopa?.

Bcee yposrau sueprun (9.19) orpuniaresibHbl. JTO JIETKO HOHATH, €CJIM BCIIOMHHUTD,
YTO pedb UJIET O C8A3GHHHLIL COCTOTHUAX JIEKTPOHA B aToMe. B caMoM JieJie, UCIOIb30-
Banue dopmysbl (9.14) it TOTEHIMAIBHON SHEPIUE COOTBETCTBYET TOMY, UTO HYJIEBOM
[IOTEHIINAIBHONI dHeprueit 0b1agaeT c60000HbIT SIEKTPOH, HAXOAAIIMICA Ha OeCKOHE -
HOM PACCTOSHUU OT SIJIPA.

e OJiHO3HAYHBIE, KOHEUHbBIE U HENPePbIBHBIE pelenus ypashenus (9.17) cymecTsy-
10T TIpU J1I000M 3HadeHuu £ > (0, T.€. B 9TOM C/Iydae CIEKTDP SHEPIUH HENPEPHLG-
noti. KBanToBble cocTogaus ¢ £/ > () COOTBETCTBYIOT 9JIEKTPOHY, TPOJICTAIOIIEMY
OKOJIO siJipa M CHOBA YXOJAIIEMY Ha OECKOHEYHOCTb.

9.3. CranuoHapHbIe COCTOSHUS BOJOPOI0IIOIOOHOIO aToOMa

Wrak, mjst sHEPrUii CTAMOHAPHBIX COCTOAHII 3JIEKTPOHA B BOJIOPOIOIIOI00HBIX aTO-
MaX KBaHTOBas MEXaHWKa JlaeT TOT Ke pe3y/abTaT, uTo u Teopus bopa. D10 yxke
XOPOIIO, TOCKOIBKY u3 opmysbl (9.19) ciesyer mnpejckazanue CHEKTPa W3JTyIeHHUs,
KOTODPBIH TIPEKPaCHO COIJIACYeTCsl ¢ IKCIEPUMEHTAJIBHBIMU JaHHbIMUA. (JIHAKO, B OT-
Juane oT Teopun Bopa, KBaHTOBasi MeXaHUKa JdaeT ropasiao 0ojbline mHMOPMAIUI O
CTAIMOHAPHBIX COCTOSHUAX BOIOPOAOIIOI00HOr0 aTtoMa. IIpexkie Bcero HalloOMHIM, 9TO

'Pemenne ypasuenust (9.18) mogpobHO paccMOTpeHO, HAlpUMep, B yuebHuKax |2, 4].
2BupoveM, 0YEBHIHO, 9TO Pe3yJbTAThl JJIsI YPOBHEH SHEPrUM B KBAHTOBOI MEXaHUKE W B
Teopun bopa coBmagaoT st JI000r0 BOIOPOIOIIOI00HOI0 aToMa.
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KOODJIMHATHASI JacTh BOJHOBOW (dbyHKImN (9.1) cTarmoHaApHOrO COCTOSIHUS XapaKTepu-
3yeTcs TpeMsi KBAHTOBBIMU YUCIAMU N, [, M U UMEET BHL

¢nlm(r7 v, 90) = Rnl("ﬂ)Y}mOﬂ? 90) ) (9'21)

rJJe KBaHTOBbIC YMCJla IIPUHUMaIOT 3HaYCHUA

n=1,2..., 1=01,...,n—1, m=—l,—l+1,...,1. (9.22)

TaxuM 06pa3oM, B KasKJ0M CTAIMOHAPHOM COCTOAHUM UMEIOT TOYHDLIC 3HAYCHUSI JHEp-
2UA INEKMPOHA, KEAOPAM MOMEHMA UMNYALCA U €20 NPOEKUUA HA 0CH KEAHMOGUHUL.
Oynkiwn Y, (chepuaeckue pyukImn), Bxoagmue B Bipazkenne (9.21), y2Ke Ob1m pac-
CMOTPEHBI B IpeabLayIneM naparpade. Mbl He OyaeM IPUBOAUTDL IPOMO3IKOIO 00LIEro
BBIpayKeHNUs JI/Is pajnaibibix dynkmuit R, (r). [Ipexcrasienne o Hux naeT cieayomast

dopmya:

R, (r) =1 e "/ME . {mosmuuom or r crenenu (n — [ — 1)}, (9.23)
I'JIe BEeJINMYHa
h2 1 4mwe,h? 0,529-10719
rp = = = o = = - (924)
Zm,q2 — Z me? Z

ecTb GOPOBCKMII paJiilyC Jisi BOJOPOIONOI00HOr0 atoma. MBI yrKe IPUBOIUIN €ro
3HaUeHue Jist aroMa BoJopoda (Z = 1) [em. (2.13)].

Dopmysra (9.19) roBOpUT 0 TOM, YTO SHEPIUS TEKTPOHA B BOIOPO/IONIOIO0OHOM aTOME
OIPEJIENIAETC TOJIBKO 3HAYEHNEM TJIABHOIO KBAHTOBOTO 9YHC/Ia N. TakmM 06pasoM,

e YDPOBHU SHEPIUU BOJOPOJIONOIO0OHOIO ATOMA BBIPOXK/IEHBI HE TOJILKO M0 MarHUT-
HOMY KBaHTOBOMY 9YHC/IY M (KaK B JIIOOOM IIEHTPATHHOM CHJIOBOM IIOJIE), HO U O
opbuTaIbHOMY KBAHTOBOMY YHCJIY (.

BoipoxjieHne ypoBHEl 3Heprum 10 [ XapakTepHO TOJIBKO JII KYJIOHOBCKOI'O IIOJISI.
KpaTHoCTb BBIPOXKIEHUSI N-TO YPOBHS SHEPIMU SHEPIUU BOJIOPOJIONOIOOHOIO aToMa
paBHa (cM. ympazxHenue 9.3.):

i
L

(20 +1) = n*. (9.25)

Il
=)

He BBIpOXKI€H TOTBKO OCHOBHO#I YPOBEHb SHEPTHH, T.€. YPOBEHb ¢ MUHUMAJHHOMN
9HEPIHell, KOTOPOMY COOTBETCTBYIOT 3HAUEHUs KBAHTOBBIX uuces n =1, [ =0, m = 0.

OcranoBuMcst KpaTKO Ha BOIIPOCE O HOPMUPOBKE BOJIHOBBIX (DYHKITHI BOJIOPOOIO-
nobuoro aroma. Jlig Toro, 9Tobbl KBaJpar MOmyas |, |* MMes ¢MBICa ILIOTHOCTH
BEpOSITHOCTH, BOJIHOBasi pyHKiust (9.21) josmkHa ObITH HOPMUPOBAHA Ha €IUHUILY. B
cdepruiecknx KOOpIMHATAX, TJe 9J1eMeHT obbema umeer BHJ (8.24), ycaoBre HOPMU-

POBKHU I'JIaCHUT:
]

/ 2 dV = / 2 R2,(r) dr / Y, 2d0 = 1. (9.26)
Q

0
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Bemomunast yeosue (8.23) ajist eepudeckux DYHKIHR, TTOJIyYaeM yCJI0BUE HOPMUPOB-
KI JIJIsT PauaIbHbIX (DYHKITHI:

/r R%,(r)dr =1. (9.27)
0

HpI/IBG,ZLGM BhIpazKeHnd JAJid HECKOJbKUX HOPMUPOBaAHHLIX PaJuaJIbHbIX CbYHKHI/IﬁZ

R 2e7T/TB R efr/QTB ( r ) refr/QrB

10— = 372 20— T = 3/2 - ’ 21 — )
r%/ 2 \/ir%/ 2 \/6 262

rje rp — 6oposekuit pajguyc (9.24). Hamomuanm, uto R (r) cOOTBETCTBYET OCHOBHOMY

COCTOSIHUIO BOJIOPO,10110,100H0T0 aroMa. [losromy HopMupoBanHnas BOJTHOBaA (DYHKITU
OCHOBHOT'O COCTOSIHUSI MMeeT BU]

(9.28)

2rp

Baoo(rs 0, 2) = Bygl(r) Yoo (9, ) = ——s 077175 (9.29)

Wurerpupyst  MJIOTHOCTH — BEPOSTHOCTHU
|¥,;,,|> IO GECKOHEIHO TOHKOMY HIAPOBOMY p )
csto10 0V, pajyca r ¥ TOJIIUHEL dr, IOJIyYuM
BepoATHOCTh dw(T) HAXOXKIEHUs SJIEKTPOHA
B 9TOM CJIO€, T.€. BEPOATHOCTH TOTO, YTO
paccTosiHue OT 3JIEKTPOHA JIO siIpa 3aKJIO-
YeHO B mHTepBaje oT r jio r + dr. Tak kak
UHTErpupoBanue 1o ciaow 0V, dakruiecku
CBOJIUTCSI K HWHTEIPUPOBAHUIO 110 IIOJHOMY
TeJIeCHOMY yIuIy §), TO € Y4YeToM yCIOBUS
HOPMUPOBKH JIs1 chepraecKux GyHKIIiT [cM.
dbopmymy (8.23)], Haxomum, dTo

dw(r) = r*R2,(r) dr. (9.30)

Taxum obpaszom, o(r) = r?R2,(r) ectb mi0T- Puc. 9.1.

HOCTh BEPOSITHOCTH HAXOXKIEHUS JJIeK-

TPOHA HA PACCTOSIHUM T OT siApa. B 9acTHOCTH, /ISl OCHOBHOIO COCTOSHUS ILIOT-
HOCTBb BEPOATHOCTHU HMeEET BUL

2
o(r) = T2R%O(T’) = e ¥/, (9.31)

Ona nokaszana #a Puc. 9.1. II710THOCTD BEPOATHOCTH NMeEET MAKCUMYM IIPU I = T'p, T. €.
OOPOBCKMIT paJyC COBIIAIaeT ¢ HanboJsiee BEPOATHBIM PACCTOTHIEM SJIEKTPOHA 0 SAPa.
Jlerko, ojiHAKO, MPOBEPUTH MPAMBIM BBIYUCJIEHUEM, YTO CPEJIHEe PACCTOTHUE MEKLy
9JIEKTPOHOM U si/IPOM (1) OTJIHYaeTcst OT GOPOBCKOro pajmyca (cM. yipazkaerue 9.6.).
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YnpakHeHUsI

9.1. Beiectn ypasaenue (9.9) mis “paguasnbhoii BosHOBOH dyHKIMK’ R(r) crarmo-
HapHOT'O COCTOSTHUS YACTHUIIBI B IIEHTPAJIbHOM CHJIOBOM IIOJIE.

9.2. Ucnosb3ys Beipazkenue (9.16) st MOTEHIIMAIBHON SHEPIUM B KYJIOHOBCKOM
10Jie, MOCTPOUTH TIpUMepHBIe Tpadukn “addexTuBHOl oTeHnnatbHoi sHeprun” (9.12)
JIUTS 9JIEKTPOHA B BOJIOPOJIONIOIOOHOM atome B coctosiiusx ¢ [ = 0 u [ # 0.

9.3. IIpsiMbIM BBIYHCIEHEEM CYMMBI TIPOBepUTH (hopmysty (9.25) 11 KpaTHOCTH BbI-
POK/JIeHUs YPOBHEN BOOPOIOINOI00HOTO aTOMA.

Ykasanue: Pazburh cymMMy Ha JIBe U IIPU BBIYUCJIEHUU Y | BOCIOIB30BATHCA (DOp-
MYJION JIJIsT CyMMBbI apU@dMETUIECKOl ITPOrPEeCCun.

9.4. TIpoBepuTsh, 4TO BOJIHOBASA (PYHKIUS OCHOBHOI'O COCTOSTHUS BOJIOPO/IOTIOI00HOTO
aroMma (9.29) ynoBierBopsier ycsioBuio HOpMupoBku (9.26).

9.5. C nomorpto dhopmyist (9.31), mokazarh, 4o HanboIee BEPOSATHOE PACCTOSHUE
9JIEKTPOHA JI0 f/Ipa B OCHOBHOM COCTOsIHUM PaBHO OOPOBCKOMY PaJIUYCY T'j.

Ykazanue: Vcro/ib30BaTh N3BECTHOE U3 MATEMATHKH YC/IOBUE MaKCUMyMa, (DYHKITAH.

9.6. Beruncaurh cpejiHee paccTosiHue (1) MeXK/Iy 3JEKTPOHOM U sSPOM B OCHOBHOM
COCTOSTHUM BOJIOPO/IOTIOJI00HOIO aToMa.

Ykazanue: CoracHo mpaBUiaM TEOPUN BEPOSTHOCTEH, CpeiHee PACCTOSTHIE BBITUC-

Jigercsd 1o opmyJie
[o¢]

)= [roar.
0
rae o(r) — maornocts BepogrHocta (9.31).
9.7. Mzo6pasuth npuMepHble rpaduKi 3aBUCUMOCTH IJI0THOCTH BeposTHocTH (9.30)
OT 7 JIIs BO3OYZKJIEHHBIX COCTOSIHUIT BOJOPOJIONOA00HOTO atoMa ¢ n = 2,1 = 0 (2s-
cocrosiame) u ¢ n = 2, [ = 1 (2p-cocrostaus).

10. CranuoHnapHasi Teopusi BO3MYIIIeHUIA

K coxanenuto, crarmonapuoe ypasuenue [llpeaunrepa
Hip = Ev (10.1)

PEJIKO yJlaeTcs PelmInTh TOYHO. B mocnenanee BpeMsl pa3BUTHE KOMITLIOTEPHON TEXHU-
KI ITO3BOJILJIO pa3padborarb 3P@PEeKTUBHBIE METOIbl YUCAEHH020 PEWEHUs YPABHEHHII,
B ToM umciie n ypapHerus [lIpemunarepa. OgHaKo 9acTo pe3ysbTaThl TAKOTO PEIIeHUs
ObIBAET TPYIHO OCMBICJUTE ¢ (pusudeckoit Touku 3penus. [losTomy GoibIoit nHTEPEC
[PEJICTABIISIIOT MeTO/bI pererns ypasHenusi (10.1), matormme mpuOInKeHHBIE aHAJI-
THYECKUE BBIPAXKCHUS JIJIT BOJHOBBIX (DYHKIHI CTAIIMOHAPHBIX COCTOSHUI U CIEKTPA
suepruu. Mbl paccCMOTPUM OJIMH U3 TAKUX METOJIOB, KOTOPBINl Ha3bIBACTCH CTAIMOHAP-
HOIl Teopueii BO3MYIIIEHUIA.

10.1. Marpuunasa ¢popMa cTaImOHAPHOTO ypPaBHEHUH
IIpenunrepa
Hpexme qeM HepeﬁTI/I HEIIOCPEJACTBEHHO K HU3JIO2KEHHUIO TEOPUU BOBMYHLGHI/II;'I, KpaT-

KO OCTAHOBUMCsI Ha JpyroM mpejcrapiernn ypasaerus [IIpemuarepa (10.1), koTopoe
YacTO OKas3bIBaeTcs Oosiee yJI00HBIM JIJIs MPAKTUYECKUX IesIeil.
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[Ipenmonoxkum, aro {p, (7)} — HEKOTOpasi OpPTOHOPMUPOBaHHAs cucTeMa (DYHKITHIA,
YJIOBJIETBOPSIONIUX YCJIOBUAM

(omlin) = / i) () dV = 5, (10.2)

Kpowme Toro, mpenosiozKmnm, 9To 3Ta cucrema (OyHKIUH sSBIIeTCs NoAHOTU B TOM CMBIC/IE,
YTO JIIOOYIO BOJTHOBYIO (DYHKIIMIO, B TOM ducje u Jitoboe pernienne ypapuenue IIpeann-
repa (10.1), MOXKHO TIpeJICTABUTH B BHJIE Psijia

=Y a8, (10.3)

¢ HeKOTOpLIME Koddbduienramu a,,. Hanpumep, B kadectse {¢,, } MOXKHO B34TD cHCTe-
My cobGCTBEHHBIX (DYHKIMI KaKoi-HUOYIb JMHAMIYIECKON TepeMeHHoil (cM. 06Ccy K ieHne
B pasjeiie 5.4.), HO 9T0 He 00s13aTeJIbHO.

[ToncraBum Boipazkenne (10.3) B ypasuenue [lpenunrepa (10.1). Tak kak omeparop

~

H nuueitnblii, moyrydaem

Zamf[g)m = EZamgpm. (10.4)

YMHOKHIM TeIleph cjleBa 00e 9aCTH 3TOTO PABEHCTBa Ha (PYHKITHIO () , Tjie . — (PUKCHPO-
BaHHBIIl WHJIEKC, U IPOUHTErPUPYEM I10 Bceil 00JIaCTU JIBUKEHUS YaCTUIbI. Y YUTHIBA
ycaoBust oproronasibHoctu (10.2), mpuxoauM K cucteme ypaBHeHUi j1jisi Ko3hduImeH-
TOB @,

> H,,a, = Ea,, (10.5)

r'Ie BBCJCHBI BCJIMYMHBI

H,, = /wiffsom dv, (10.6)

KOTOPBIC HA3BIBAIOTC MATPMYHBIMU dJIeMeHTaMu orepaTopa H 1o ¢dbyHKIusm
¢, B nasnbneiinesM MaTpUdHbIE 3JIEMEHTBI OIIEPATOPOB 10 Pa3INIHbIM HabopaM (yHK-
nuit GyIyT YacTO BCTpEYaThCs', IIOTOMY COBETyeM UYUTATE/0 3allOMHHUTL CTPYKTYPY
Beipazkenust (10.6).

Cucremy ogHOpoaHbIX ypasHeruit (10.5) 1y BeJM9nH @,, MOYKHO 3aIICATH B CTAH-
JIAPTHOM BUJIE

> (H,,—Edb,,)a, =0 (10.7)

W3 maTeMaTHKN M3BECTHO, YTO CUCTEMA OJHOPOJHBIX YPABHEHWIl MMeeT OTJIMYHBIE OT
HYJIS PEIIeHNs, TOJbKO €CJIM ONPEJIe/IUTEIb MATPHUIIBI, COCTABIECHHON U3 KO3 DUIimen-
TOB IIPU HEM3BECTHBIX, OOPAIAeTCd B HYJIb, T. €.

|H, —E§, |=0. (10.8)

A~

"Marpuunbte smementer A, oneparopa A NpHHATO Takxke obo3Hadarh (@, |A|p,,) wim

npocto (n|A|m). B mex ciydasx, Korja KarK/Jblil U3 HHJIEKCOB Ha CAMOM JIeJjie BKJIIOYAET
HECKOJIBKO KBAHTOBBIX UHCeJI, IOCJIe/[Hee 0003HAUEHIE OKA3BIBACTCs HANOO0/Iee YI00HbBIM.
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PackpsiBag onpenieanTess B ABHOM BUJe, IOJIyIUM YpaBHEHHE /171 [, KOpHE KOTOPOTO
1 OIIPEIEIISIOT COBCTBEHHbIE 3HAUEHIIS JAHHOTO TAMILIBTOHIAHA H | T. €. CIIeKTp SHeprin
CTAIMOHAPHBIX cocroAHuit yactunpl. llojcTrasiiasg 3aTeM KazxKablit U3 HailJeHHBIX KOpD-
ueit B (10.7), MmoxkHO HaiiTH KO3 duImenTsl a,, B pasaoxennn (10.3) coorBercTByONIIE
cOOCTBEHHOIT BOJIHOBOI (DYHKINH. JTa cxeMa KayKeTcd JOBOJIBHO IIPUBJIEKATE/IBHOM, TaK
KaK OHa I03BOJIsgeT n3bexkaThb pemieHus guddepennuanibabix ypasHerunil. Ho ee yua-
eTcsd € yCIIeXOM IIPUMEHUTb TOJIbKO TOIJA, KOIJla OTJUYHBI OT HyJ/If JIAIIb HECKOJIBKO
MaTpu4HbIX ssteMenToB (10.6). B rakux ciayuasx ypasuenne (10.8) sBisiercs airebpa-
UYECKUM ypaBHEHUEM KonewHoli CTeleHH Jjid [ 1 j1aeT KOHEeYHOe YHCJIO COOCTBEHHBIX
3HaYeHWIl raMIJIbTOHHaHa. B obmieMm ciydae onpejesuTesb B JI€BOH dacTu ypaBHe-
uust (10.8) comepKuT beckoneunoe wucao WIEHOB U MOITOMY cucrema ypasrenuii (10.7)
He MMeeT HUKAKOIro IPeMMYIIecTBa mepe/] ncxoiaubiM ypasaenneM [lIpemuarepa (10.1),
€cJIN MBIl XOTHM IOJIy9ATh MOYHble BBIPAZKCHNH JJId CIIEKTPa SHEPIUU M COOCTBEHHBIX

byHKIHIL.

10.2. Teopus Bo3MYIIleHU 1JisI HEBBIPOXKJIEHHOTO
9HEPreTU4IECKOTrO CIEKTPa

OrmernM, ofHaKO, 9TO cucTeMa ypasHenuii (10.7) OKa3bIBAIOTCS OUEHD TOJIC3HOM B
CUTYAIUAX, KOr/[a TaMIJILTOHUAH H MOYKHO IIPEJICTABUTH BU/JIE CYMMBI JIBYX OIIEPATOPOB

H=H9 1w, (10.9)

re HO Oy/ieM Ha3bIBaTh HEBO3MYIIEHHBIM IaMUJIBTOHUAHOM, a W — onepato-
POM BO3MYIIEHUSsI, KOTOPOE CUNTAETCS ‘MasibiM’. YCJIOBHE MAJIOCTA BO3MYIIEHUST MbI
YCTaHOBUM HHKE.

[IpeamosioxkuM, 9TO 3ajiada Ha CcOOCTBEHHBIE (DYHKIMH U COOCTBEHHBIE 3HAYUEHUS
HEBO3MYIIIEHHOIO T'aMU/JILTOHHAHA, HO yotce pewleHa, T.e. HaM W3BECTHBI BOJIHOBBIE

o

0
(by'HKILI/II/I @D'SL) 1 coOCTBEHHBIE 3HAYeHUd [ , KOTOpbI€ CBA3aHbl COOTHOIIIECHUAMMN

HOpO = 500), (10.10)

n

0 .
Benuaunbr qu ), HyMepyeMble HHJIEKCOM 7, 00pa3yioT SHEPreTUIeCKHUil CIIEKTP HEeBO3-

MYIIICHHOT'O TaMUJILTOHUAHA, 3 ¢£L°) — COOTBETCTBYIOIIUE BOJHOBBIE (PYHKIIUU HEBO3MY-
IIEHHBIX CTAIMOHAPHBIX cocTOodgHuit. Vaes Teopuu BO3MYIIEHUT COCTOUT B TOM, UTOObI
UCKaTh pemennd ypapHenus [llpeamnarepa (10.1) B BH/IE IIOCJIEIOBATEIbHBIX PUOJIN-
JKEeHHU 110 W X

Haunewm co citydas, Korja CIIeKTp HEBO3MYIIIEHHOTO TaMuIbToHnana fH ©) gpustercs
HEBVIPOHCIEHHDIM, T.€. KayKIOMy COOCTBEHHOMY 3HAUYCHUIO E7(10) COOTBETCTBYET MOAb-

K0 001G cOOCTBEHHAs (DYHKITHS w%o). Kak wm3BecTHO, B 3TOM Ciydae %(lo) o0pa3yioT
OPTOHOPMUPOBaHHbIH Habop dyukuuit [em. (10.2)]:

@) = /W*w,&? dV =4, (10.11)

Kpome Toro, j1r00yio BOIHOBYIO (DYHKITHIO MOXKHO IIPEICTABUTH B BI/IE PsIa 110 (DYHKITH-

0 .
AM w,& ), TaK KaK OHU ABJIAIOTCH COOCTBEHHBIMU (DYHKIIUSAME OIEPATOPA JTUHAMUYIECKOI
HepeMeHHOl — SHePrur YacTUIlbl B OTCYTCTBUU BO3MYyIleHusd. TakuM obpazom, HAOOD
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cobCTBEHHBIX (DYHKIMIT HeBO3MYyIeHHOrO ramusbronnana H(©) Moo BHIGpaTh B Ka-
vqecTBe Habopa {, }, 0 KOTOPOM IITa Pedb B MPEJIBIIYINEM PasJere.
Nrak, 6ynem uckarsb perenune crainuonapioro ypasuenus lllpeaunrepa B Bujie

v => a, ) (10.12)

¢ TIOKa HEN3BECTHBIMH KodddunueHtaMu a,,. s stux koadduimenTos cHoBa moIy-
vaercsi cucreMa ypashenuii (10.5), HO Teneph MATPUYHbBIE JIEMEHTHI MAMUIBTOHUAHA
Boraucssiores mo dynxmmam (0 e,

H, = / YO Hy qv. (10.13)

Ucnosnb3ys Bbipazkenue (10.9) jyist ramuibronnana u yuutbiBas ypasaerusi (10.10),
HaXOJINM

H, =E% +W . (10.14)

rIie

W = (@[ W D) = / PO W qv (10.15)

— MaTPHUYHBIE 3JIEMEHTHI OllepaTOpa BO3MYIIEHNs 10 COOCTBEHHBIM (DYHKITUAM HEBO3-
MyteHHoro ramuiabronnana. llogcrasiss Boipaxkenue (10.14) B (10.7), npuxomum K
cuCTEMe ypaBHEHUN

(E-EM)a,=> W,,a,, (10.16)

KOTOpasi yCTPOEeHa TaK, YTO ee YA00HO pemiaTh IOC/e/I0BaTeIbHBIMIA ITPUOIMKEHISIMU.
Kax yzke oTMedasioch, MaTpUYHBIE 3JIEMEHTHI ollepaTopa Bo3MyIenus W, =~ canTtaiorcs
MaJibIMU BeJmanHaMu. Ecu Boobiie npenebpedb uMu B ypashenusx (10.16), To Mbl mo-

0
JIydaeM peleHuAd En = E7(1 ) — CIIEKTD SHEPpIrum JJid HEBO3MYIIECHHOI'O r'aMMUJIbTOHHUaHA.

IIpn srom HyseBoe mpuOIMKeHNe i1 COOCTBEHHBIX (DYHKINIT MMeeT BUJ ), = %(10),
T.e. B pasnoxkennu (10.12) kaxkioit Takoit byHknun a,, = 9,,,.

EcrecrBenno oxkujiath, 9TO Majioe BO3MYIIECHUE MPUBEIET K HEDOJIBIIIOMY CIBUTY
YPOBHEH SHEPTUH 1 K MAJIBIM ITOTIPABKAM K COOCTBEHHBIM (DYHKIUAM. DTH COOOPaKEHUST
MOJICKA3bIBAIOT IIJIAH JAJbHEUIINX AefiCTBUL].

Badukcupyem wHoMep ypoBHs n u 3amuiieMm ypasaerne (10.16) ajst 9T0ro ypoBHs.
Auepruto ' = E . a Takxke aMIUIATYbL a,, U a,, (opu m # n) GyjaeMm UCKaTh B BUJE
pasJioxKeHui

E=E =EY+EV +EP + ..,
a,=1+al +aP + ..., (10.17)

am:a%)—l—ag)%—..., (m #mn),
rie B, ol u aly) — semmaumnt nepsoro nopsiixa no sosmymenmo, ESY, o) u o'y —
BEJINUNHBI BTOPOTO Mopsijika, u T.7. Temepsb mojgcraBum passoxkenns (10.17) B (10.16)

" JJid IIPOCTOTHI OI'PaHUYIUMCA 9JIeHaMu OO0 BTOPOI'O IIOPAAKa II0 BOSMYUIECHHUIO:

EP (1+al) + EP =W, (1+al) + Y W, a). (10.18)

m#n
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[IpupaBHUBas BeJMYUHBI OJHOTO TopsaKa Magoctr B (10.18), Haxommm, 1To
EY =W,,  EP=>"W,,a). (10.19)
m#n

Wrak, nonpasKa IIEPBOIO IOPsAJIKa K YPOBHIO 3Hepruu [, paBHa cpejiHEMY 3HaYE€HUIO
0
olepaTopa BO3MYIIEHUSI B COCTOSTHUU ¢,(1 ).

ED =W,, = @PWpQ). (10.20)

n

3ameTuM, YTO B IIEPBOM IPHOJIMZKEHUU TEOPUU BO3MYINEHHH YpPOBeHb sHepruu L, =

0 1 ;
EY + EWY mosxmo sammcath Kak cpejiiee 3HAMCHHE TAMIIBTOHHAHA (10.9) ¢ BosHOBOIT
dbyukimeit HyseBoro npubsmzkenusi (mposepbre!):

E, = VHYY) | — mnepBoe npubimxenue. (10.21)

DToit hopMyJI0it MBI B JaJibHelIeM Oy1eM HeOJHOKPATHO MOJIb30BATHCA MIPU PeITeHnn

KOHKPETHBIX 3a/1a4.
s Beraucienus Ey(f) Tpebyercd HailTh KO3 UITMEHTHI a$}) B dopmyie (10.18). C
9TO 1eJIbI0 cHOBa obpaTuMcst K ypasuenusiv (10.16). Hac unrepecyer ypaBHenue Jijist

a,, 1Ipnu m 7é n, IIO9TOMY 3&1’II/ILHGM1

(E7(l0)_E7(7?)+EfL1)+...) (a5,?+a§§>+...) =

=W (a4 )+ YW, <a§j) ¥ ) . (10.22)
k#n

o 1
Yrobbl HaiTH afn), J0CTaTOYHO OCTaBUTDL JIMIIb YJICHLI IICPBOI'O IIOPAIKA. 9t1o JaeT

all) = ——mn__ (m #n). (10.23)

Ternepb norpaBKa BTOPOro MOPSIJIKa E® ypoBHsaM saeprun [cm. (10.19)] 3anuceiBaercs

KaK WW
(2) _ nm'" mn
EP =>" £ 0 (10.24)

m#n
Marpudnble 3/IeMEHTBI OollepaTopa BO3MYIIEHHs, onpeesisemMbie dhopmyoit (10.15), —

KOMILJIEKCHBIE dncia. IlokazkeM, OQHaKO, 9TO IIOIIPaBKa, EP YPOBHIO SHEPruu — J1eii-
CTBUTEJIbHAS BEJIUYIUHA. JJIs 3TOr0 NpmaeTcs BCIOMHUTHL KOE-UTO M3 TeOPUHU OIepaTO-
pos. OuesmHo, 4To W — SpPMUTOBBI OIEPATOD, OCKOILKY OH BXOJUT B FAMUJILTOHH-
ar (10.9). ITosTomy u3 pasencTBa WT = W u cpoiicra (4.6) pMHUTOBBIX OMEPATOPOB
cyiejtyer, 9To MaTpudHble 37aeMenThl (10.15) yiIoBaeTBopsaioT COOTHOIIEHHSIM

W, =W (10.25)

'HamoMHuuM, 9T0 MBI HIIIEM MONPABKY K YPOBHIO 9Hepruu E, , II09TOMY BO BCEX YPABHEHUSIX
¢ m # n nyxno nojoxuts E = FE, .
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Teneps Boipazkenune (10.24) MOKHO TpencTaBUTh B hopme

Wl
E?) — E M (10.26)
n (0) (0)”

OTKY/Ia CPa3y BUJIHO, UTO EP — JIECTBUTEIbHAS BEJIMIIMHA.

MozKHO TIO/IBECTH HEKOTOPbIE UTOIU. BO-TIepBBIX, MbI HAIILIU, YTO COOCTBEHHbBIE 3HA~
venusi ramusibronrana (10.9) (T.e. crekTp SHEPrum) ¢ TOYHOCTHIO JI0 BTOPOTO TIOPSIKA
110 BO3MYIIIEHUIO JIal0TCsI (pOPMYJIOit

n

W
E = () +Z | (0) — BTOpoOe NpubJn>KeHune, (10.27)

m;én

rjie EY — YPOBHU SHEPIUU B OTCYTCTBUE BO3MYIIIEHHUS.

Hazee, senomunas pasiozxenue (10.12) coberBeHHbBIX (DYHKITHIE TOJHOIO TAMUJIBTO-
rana H 110 cobeTBeHHBIM hYHKIIAM HEBO3MYIeHHOro ravumibrornana H(©) i pesyin-
tar (10.23) mis neppoit nonpasku K KO3 duImeHTaM «a,,, HaXoJAuM, ITO COOCTBEHHbIE
dbyukum ramuwibrornana (10.9) ¢ TOYHOCTBIO 10 YJIEHOB TIEPBOTO TOPSIKA 0 BO3MY-
IEHUIO UMEIOT BU/T

b, = (1+aP) ¢ + Z (0) 0, (10.28)
m;én m

Bemrauna a)) B ICPBOM CIAraeMOM IOKA OCTACTCS IPOM3BOILHOMA.  EcTecTBenHo

BBIOpATh €€ Tak, YTOObl BOJHOBbIE (DYHKIME 1), ObLIM HOPMHPOBAHBI HA €JUHUILY:

(Y,|,) = 1. Cocrapisis cKaJApHOE IPOU3BeAEHNE ¢ moMombio Gopmynsl (10.28) u

yanrbiBas ycaosue (10.11) ust BOIHOBBIX DYHKIMHIT Hy/IeBOIO NPUOIINZKEHNSE, OJLY 9iM

(Wltb,) = |1+ all| +n§( pr qu?))T (10.29)

CymMa B 9TOM BBIPAXKEHUU UMEET BTOPOI TOPSIIOK 10 BO3MYIIIEHHUIO U B TIEPBOM ITPUOJIH-

JKEeHWH, KOTOPOe MBI pacCMaTpUBaeM, €0 MOXKHO IpeHeOpedb. Torga ycioBre HOpMU-
1

POBKHU JIJIs 1),, BBIIOJIHACTCH, €CJIA IIOJIOKUTh a%) = 0. WNrak, B nepBoM npubJimzKeHnn

BOJIHOBBIC (bYHKHI/II/I CTallMOHAPHBIX COCTOAHUNA 3aIIMCHIBAIOTCA KaK

o, =0 4 Z (0) (0) Y9 | — nepsoe mpubamkenue. (10.30)

m;én

Boipazkenus (10.27) u (10.30) mo3BoJIsIIoT ¢hOPMYIHPOBATE YCJIOBUE TPUMEHUMOCTH
Teopun Bo3MyIeHuit. /leiicTBUTEILHO, JJ1sT TOTO, 9TOOBI ITONPABKA K YPOBHAM SHEPIUU
1 COOCTBEHHBIM (DYHKITUSM OBLIM MaJIbl, JIOJ?KHO BBIOJTHATHCS HEPABEHCTBO

Wl < |[EQ — ED| (10.31)
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T.€. MATPHYHBIE SJEMEHTBI OIEPATOPA BOMYIIEHHS W JOJIKHBI GBITH MAJIBI [0 CDAB-
HEHUIO C PA3HOCTSAME HEBO3MYIICHHBIX YPOBHEH SHEPIUH.

JleficTBys 110 TOI 2Ke cxXeMe, MOXKHO HafTH IMONPAaBKM BBICIIMX IMOPSIKOB K YPOB-
HAM SHEPTUH W BOJHOBBIM (DYHKIIMAM CTAIMOHAPHBIX COCTOAHUN. fIcHO, 9TO ¢ pocToM
Hops/IKa MPUO/IMKEHsI MATeMaTHIeCKUue IPeodpa30BaHust U OKOHIATEIbHbIE (hOPMYJIbI
YCJIOXKHAIOTCsI. BripoueM, B 3a/1a4aX, I71e BBIIOJHAETCS YCJIOBHE TPUMEHUMOCTH TEOPUN
sosmytenuii (10.31), o6braHo BriosiHe JoctaTodHo Beipazkenuit (10.27) u (10.30).

10.3. Teopust Bo3myllleHnii AJs1 BbIPOXKJIEHHOTO
HEPreTnvecKoro ypoBHs

. 0
[IpesooKumM Ternepb, YTO HEBO3MYIIIEHHBIN YPOBEHb SHEPTUN E7(L ) 8vIPOdHCIEN, T. €.
. . (0
€My COOTBETCTBYIOT HECKOJIBKO JIMHEHHO HE3aBUCUMBIX COOCTBEHHBIX (DYHKITHI wELCB Nau-
JIEKC (v TPUHUMAeET 3Havenud 1,2, ..., s, IJe § — KPaTHOCTb BBHIPOXKIeHUs ypoBHdA. Kak

0
y2Ke OTMedasioch B pasjese 5.3., QyHKInI w,(wz BCErJla MOXKHO BbIOPATH TAKUMU, ITOOBI
OHH OBLIM HOPMUPOBAHBI U OPTOINOHAJIBHBI JAPYT K JIPYTY:

W) = [0 00 aV = b,y (1032)

flcHO, 9TO B CiIydae BBIPDOXK/IEHUs HEBO3MYIIEHHOTO ypoBHs dopmyaamu (10.27)
u (10.30) mosib30BaTHCS HEb3sl, TaK KAaK HEKOTOPble U3 3HAMeHaTeJell obpamamTes
B HYyJIb. DBBIpokKJieHne YpOBHEHl SHEPrUU — JIOBOJIBLHO YacTOe dBJICHHE B KBaHTOBON
MexaHnmKe!, O3TOMY MMeeT CMBICJ OOCYINTD, KaK MPUMEHATH TeOPUIO BO3MYMICHIH K
BBIPOXKJIEHHOMY YPOBHIO.

['py6o rowopsi, uyest cOCTOUT B TOM, UTOOBI IepeiTu OT (DyHKIU 1/17(1(2 K HOBBIM
GYHKIUAM, JJIsT KOTOPBIX YK€ MOXKHO IMPUMEHSTH OOBIYHYIO TEOPHUIO BO3MYIICHUI.
Kaxkiyto n3 HOBBIX (DYHKIINI Oy/IeM UCKATh B BUJIE PA3/IOXKEHUS

= a, v (10.33)
a=1

Koaddunumenrs a,, mogbepem u3 ycaoBusi, 9T00bI Ta 9acTh cucTeMbl ypasaenuii (10.7),

0
KOTOpas COOTBETCTBYET BHIPOXKICHHOMY YPOBHIO E,(L) VJIOBJIETBOPSLIACH MouHo. Takmm
Y

obpaszom, 3amensig B (10.7) n — na, m — na/, NpUXojAUM K cuCTeMe ypaBHEHUIT

> (Hyyw—Ebyp)ay =0, (a=12,..5), (10.34)

a’'=1
rie

H,, = / DO ) gy (10.35)

— MATPUYHBbIE 3JIEMEHTHl FAMUJILTOHUAHA O COOCTBEHHBIM (DYHKIIUSAM BBIPOXKICHHO-
ro ypoBast. Cucrema JIMHEHHBIX OTHOPOJAHBIX ypasHeHuit (10.34) mMeer oTMdIHbBIE OT
HyJId PellleHud JJIs @, [IPU YCJIOBUU, YTO OIIpeJle/InTe/Ib MaTPUIlbl, COCTaBJIEHHON U3

!B kavecTBEe IpUMepa HAIIOMHUM YHTATEIIO, UTO BCE YPOBHU SHEPTUH BOJOPOIONOI00HOTO
aToMa, 3a MCKJIIOYEHHEM OCHOBHOT'O YPOBHsI, BHIPDOXK/IEHBI [0 KBAHTOBBIM YnCIaM [ 1 m.
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KO3 PUITUEHTOB MTPU HEU3BECTHBIX, OOpallaeTcsd B HYJb. TakuM 0Opa30oM TOJIydaeM
ypaBHEHHE

|H o — Eb,] =0, (10.36)

KOTOpOE Ha3blBaeTCsl CeKyJISPHBbIM ypaBHeHueM'. DTo anrebpanmtdeckoe ypaBHeHHe
s-it creenu g . Ero s xopmeit E,, rne ¢ = 1,2,..., s, oupene/sioT HOBbIE yPOB-
HU SHEPI'UU BMECTO BBIPOXKJIEHHOTO YPOBHS E,(lo). [loBopsT, 9TO BO3MYyIIIEHNE “‘CHUMAET’
BBIPOXK/JICHUE U UCXOJIHBIN S -KPATHO BBIPOXKICHHBIN YPOBEHB, BOOOIIE TOBODs, ‘‘paCIIel-
asiercst” Ha § yposreiil. Ecsin HekoTopble u3 kKopheil ypaprenus (10.36) coBmagaror, To
rOBOPSAT, YTO BBIPOXKJEHHE CHUMAETCS JIMIINb YaCTUIHO. fICHO, 9TO HOBas KPaTHOCTD
BBIPOXKJICHUsT MEHBIIE, YeM HCXOHAs. 3aJada O HaXOXKJIEHUU yPOBHEH SHEPIUU IpU
JACTUYHOM CHSATUU BBIPOXKJIEHUS sABJsSEeTCsA Oojee CIOKHOW M MBI 3/IECh 3TOT CIIydail
paccmarpuBarh He Oyzem (cM., Hanpumep, Kaury [4]).

[TojcraBiisst KaxK/Iblil U3 MOJTy9IeHHbIX KOpHeli ypasaenust (10.36) B cucremy ypas-
wernit (10.34) u pemag ee, MoxkHO Hajitu s dynkuuit ¢, Buga (10.33), KoTopble B
JTAJIBHERTIIEM UCIOJIb3YIOTCA JJIS MOCTPOCHUsT TEOPUU BO3MYIIEHU. DT DYHKIUU Ta-
CTO Ha3BIBAIOTCH NPAGUALHOMU GYHKUUAMU HYAEE020 NPUOAUNCEHUA.

B HekoTOpBIX 3aj1a4ax OKa3bIBAETCsd, UTO HEOUA2OHAAbHIE MATPUIHBIE SJIEMEHTDI

orepaTopa BO3MYIIEHUS 110 BOJHOBBIM (DYHKITUAM wﬁfﬁ paBubl Hy/TI0, T.€. W, , = 0,
eciim o # /. OueBHJIHO, YTO B TAKOM CJiydae Oy/IyT paBHBbI HYJIIO HEJIUAIOHAJBHBIE
MaTPUIHBIE JIEMEHTHI IIOJIHOTO raMHUIbTOHHaHa H, , W, CiiesoBaTebHO, CEKY/ISPHOe
ypasuenue (10.36) npuHIMaeT O9eHb IPOCTOi BUI

(Hll_E) (H22_E>"'(H

SS

—F)=0, (10.37)

TaK KaK OTJIMYIHBI OT HYJIA TOJIBKO 3JICMEHTDBI OIIpeAe/InTe Id, CTOAIIE Ha IJIAaBHOI Ja-
romaJs. Bee s PacHIeIlJIeHHbIX ypOBHeﬁ QHEPIruun JICrKO HaXOAATCA:

E,,=H,,=EY +W,, =E" + |W[ypQ). (10.38)

0
B nannom ciydae camu OyHKIMH @ZJM SIBJIAIOTCS TPABUJILHBIMU BOJIHOBBIMU (DY HKITHSI-
MU HYJIEBOTO TTPUOUZKEHUS.

10.4. Ilpmmep: ABYKpaTHO BBIPOXKJIEHHBIII YPOBEHb

dAcuo, uro B 0bmIeM ciyudae cekyssipHoe ypasaenue (10.36) MoxkeT okaz3aThCsl JI0-

0
BOJIbHO CJIO?2KHBIM, €CJIM KPaTHOCTHb BBIDO2KJ/ICHUA YPOBHA ET(L) BeJIMKa. B KadecTBe

[IPOCTOT'O TIPUMEpPa PACCMOTPHUM CHTYAIIUIO, KOTJIa YPOBEHb SHEPTHHU EY JIJIST HEBO3MY-

MIEHHOTO TAMUJIBTOHUAHA J6YKPAMHO GuiPOAHCIeH, T. €. eMy COOTBeTCTByIOT JIBE B3aUMHO

OPTOrOHAJIbHBIE ¥ HOPMUPOBAHHBIE HA €JIMHUILY BOJTHOBBIE (PYHKIINN w [ u w( Torna
cekyssipuoe ypastaenue (10.36) cBoauTCs K ypaBHEHUIO BTOPOIO MOPSIIKA:

Hy, —F Hy, 2

e — (Hyy — B) (Hy, ~ B) ~ |Hy = 0. (1030

!B nepesoze Ha pycckuii a3bIK “secular equation” 6yKBaJbHO O3HAYAET “BEKOBOE ypaBHeHue' .
DTOT TepMUH ObLI 3aUMCTBOBAH U3 TEOPUU BO3MYINEHUI B HEOECHOI MeXaHUKe.



102

riae Mbl yaid, ato Hy, = Hf,. Pemas ypasuenne (10.39), Haxoaum jBa KOpHs

1
Enl - 5 [(Hn + H22) + \/(Hn - H22)2 + 4|H12|2} )
| (10.40)
E.5= 5 [(Hn + Hyy) — v/ (Hyy — Hy)? + 4|H12’2] .

D1u HOPMYJIBI MOXKHO 3aIIUCATH B JIPYTOM BUJIE, €CTH BCIIOMHUTD Bhipazkerue (10.9)11st
0 0
ramuibronnana. Tak kak obe yHKIUN @Dfﬂ) u 77/)7(12) SIBJITIOTCSL COOCTBEHHBIMU (DYHKITU-

2 0
AMI H(O) 1 COOTBETCTBYIOT OAHOMY M TOMY 2K€ YPOBHIO SHEPI'UU Er(L ), TO

H11 = E7(10) + W117 H22 = E7(7,0) + W22’ H12 = le- (10-41>

[Toceinee paBeHCTBO CJIeIyeT U3 TOTO, UTO (DYHKIIUN 1/1,(3) i %(102) OPTOTOHAJIBHBI JIPYT
K spyry. [loncranoska Beipazkenuii (10.41) B (10.40) maer

1
E = Eff) + 2 [(VV11 + W) + \/(Wn — Wy)? + 4‘W12’2] )

(10.42)

1
E.,= Er(lo) + 5 [(WH + W22) - \/(WH - W22)2 + 4|W12|2] ’

9T GOPMYJIbI YIPOIIAIOTCA B JIBYX CaydadX. Bo-TepBbIX, ec/in cpejiHee 3HAYCHUE
BO3M it % ©) W,, =W, =0
VIIEHUs B KarKJIOM U3 COCTOAHMIT v, U 1,5 paBHO HymO, T.e. W, = W,, =0, T0

Enl = E7(10) + |W12|, En2 = Eéo) - |W12|7 (Wn = W22 = O)- (10-43)

Bo-BTOpBIX, MOXKET OKa3aTbCsl, YTO MaTpWUHBI s1memenT W, paBen mymo. Torma
u3 (10.42) maxoauMm, 91O

E 1= Eéo) + W11> EnQ - Eéo) + W22> (W12 = O)' (10-44)

n

OTH BBIpaXKeHWs: — YaCTHBIH ciaydaii obmeit dopmynbr (10.38) st pacieniens
BBIPOXKJIEHHOI'O YPOBHS, KOTJla PaBHBI HYJIIO HeJUAroHabHbIe MATPUYHBIE 3JIEMEHTDI
oriepaTopa BO3MYIIICHUS.

YpakHeHus

10.1. ITomyuaurs Beipazkenus (10.19) u3 ypasuenwuii (10.18) u (10.22).
10.2. Ilposeputs pasenctso (10.25). Tokasars, 9To Jist JIEOOOTO SPMUTOBOTO OlEpa-

Topa A cupaseyinBo aHajorudHoe pasencrso A, = A¥ .
BBIIHCJISIOTCS 110 JII00oi cucreme dyukimit {¢,, }.

10.3. TIposeputh Bbipazkenus (10.41) jyist MATPUIHBIX JIEMEHTOB I'AMUJIBTOHUAHA.

10.4. Vcmonb3ys Boipazkernst (10.43) u (10.44) s KopHeil CeKyIsspHOrO ypaBHe-
HUsI, 1TOKa3aTh, UTO MPABUJIBHBIMUA BOJHOBBIMU (DYHKIIMSIMUA HYJIEBOI'O MPUOINKEHUS
JUIsT IBYKPATHO BBIPOXK/IEHHOIO YPOBHSI ABJISIOTCS

a) a caygae Wy, = W,, = 0:

1 © , Wan (o>) 1 ( © Wy (0))
= + , =—— (v — o) 10.45
¢1 \/5 (wnl ‘”712’ an ¢2 \/5 ¢ 1 |”r12‘ 2 ( )

rae MaTpU1HbI€ 3JIEMEHTBI
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6) B cryaae Wy, = 0:
Yy = wﬁﬁ) ) Yy = %(102) : (10.46)

Yxkasanue: 13 omsopoanbix ypasaeruit (10.34) MOKHO HANTH JIUIIL CBSI3b MEXKLY
KoaddunmenTamu a, u a,. Ecim BbIpa3uTh, HAIPUMED, G, 9epe3 @, TO KO3 MOUIMEHT a,
HAXOJUTCH 3aTeM U3 yCJIOBHSA, 9YTOOBI Kazk/Jad n3 QPyHKIW 1, 1 1), OblIa HOpPMIPOBaHA
Ha €JIUHUILY.

11. CnomHa MUKpPOYaCTHI]

B 1920-30 rompr OBLIO 9KCIHEPUMEHTAJIBHO YCTAHOBJIEHO, YTO JEKTPOH, IMPOTOH U
HEHTPOH 00/1aJaI0T MOMEHTOM UMIIY/IbCa, HE CBA3aHHBIM C UX JBHKEHHEM B IIPOCTPAH-
CTBe. DTOT MOMEHT UMITYJIbCa HA3bIBAETCsT COOCTBEHHBIM MOMEHTOM MMITYJIbCA WJIN
crmmaoM!. TuoTesa o cynecTBOBAHUN Y 3JEKTPOHA COOCTBEHHOTO MOMEHTA, UMITY/IbCA,
ObLTa BhIcKa3aHa anrymiickumu dusukamu . Vieabexkom u C. Fayacmurom B 1925 romy
JUIg OObSICHEHUsT PACIIEIJIEHUS SHEPreTUIeCKUX yPOBHEH aTOMOB B MArHUTHOM IIOJIE.
B nmasnbHeiimeMm, 1o Mepe OTKPBITHS HOBBIX MHKPOYACTHI], BHIICHUIOCH, ITO OOJIBIITNH-
CTBO W3 HUX TakxKe 00iagaoT crmaoM. CHUH — gBJIEHHe YHCTO KBAHTOBOE?, HOITOMY
HaIJIAIHbIE KJIaCCUIeCKe MOJIEIN THIIA “BPaIaioNIerocs”’ 9J1eKTPOHa K CIIUHY HEIIpUMe-
HuMbl. CIHH clIe/lyeT paccMaTpuBaTh Kak PyHIaMEHTAJIbHOE CBOMCTBO MUKPOYACTHUIIHI,
JIaHHOE €eif “OT poXKJeHns TO00HO Macce WU SJCKTPUICCKOMY 3apsiy.

11.1. ChouHOBBIE COCTOSHUS 3JIEKTPOHA

Haymmane cimra y MUKPOYACTHUIN, MPEXKIE BCETO Y JIEKTPOHA, ONPEIE/ISIeT MHOTHE
BazKHbIE CBOMICTBa aTOMOB U MOJIEKYJT 1, B KOHEYHOM CYE€TE, MHOI'uE CBOICTBA BelrecTBa.
Y10oObI TPUMEHUTH KBAHTOBYIO MEXAHUKY B M3y9YCHUIO STUX CBOWCTB, HY?KHO UMETH Ma-
TEMATUIECKOE OIMMCAHNE KBAHTOBBIX COCTOSIHUI, CBSI3aHHBIX CO CIIMHOM, U, KPOME TOrO,
HY?KHO [TOCTPOUTH OIEPATOP CIUHA. DTa 3a/1a49a 00JIErIaeTCst TeM, 9TO HEKOTOPhIe (hop-
MaJIbHBIE CBOMCTBA CIUHA aHAJOTHIHBI CBOMCTBAM OPOUTAJIHLHOIO MOMEHTa UMITYJILCA,
XOTsI MEXKJIY STUMU JIMHAMUICCKIMU IIEPEMEHHBIMUA UMEIOTCS W BayKHbBIC PAa3IIMIHSI.

Kax 1 opOuTaibHbLil MOMEHT UMILY/IbCA L, CIHH — BeKTOPHAS MHAMIIECKAs! [Iepe-
MeHHast; 0GBIMHO CIIHH 0G03HAMAETCS CHMBOJIOM S. HANOMHIM, 9TO COGCTBEHHbIE 3Ha-
YCHUA KBaJdpaTa Op6I/ITa.HI)HOFO MOMEHTa MMIIYJIbCa U €r0 IIPOECKIUU Ha ITPOU3BOJIbHYIO
och KBaHTOBaHUs (0ch z) marorcs dbopmynamu (8.9). CrnuH KBaAHTYeTCsI AaHATOTUIHBIM
0bpaszoM, T.e. ero Keajpar S? u npoekiys S, MOTYT IPUHAMATD 3HAUCHUS

S? = R’s(s + 1), S, =hm,, (11.1)

z S

rje s — CIMHOBOE KBAaHTOBOE YMCJIO, & M, — CIIMHOBOE€ MAarHUTHOe KBaHTOBOE
4mrcio. B oTmune oT asuMyTaabHOINO KBAaHTOBOI'O YMCJa [, KOTopoe ompejender L2,
KBaHTOBOE YHCJIO § JUII JAHHOW YacCTUIbl BO BCEX COCTOSHUAX WMEET OJIHO U TOXKE

'Tepmun “crmn’ TPOMCXOIUT OT AHTIMIICKOTO CJIOBa “spin”, KOTOpoe o3Havaer “BepeTeHc’
wim “Bparenue’.

2Koryma B 1928 roay anrmmiickomy dusuky [omo JIupaky ymanoch 0600MHUTH KBAHTOBYIO
MEXaHUKY Ha PEJIITUBUCTCKUN CJIydail, 0Ka3aJ0Ch, 9TO HAJMYNAE CIIMHA Y MUKPOYACTUIL HEU3-
0e2KHO CcJie/lyeT U3 IPUHIUIIOB KBAHTOBON TEOPUM U TEOPUU OTHOCUTEHLHOCTH.
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3HaveHue. B 9acTHOCTH, JIJIs 9JIEKTPOHA, IPOTOHA U HefirpoHa s = 1/2. Ecth wacTurs,
y KOTopbix s = 0; oHM HasblBaioTCsa OeccurmHOBLIMU. CHMHOM 006/18/1a10T HE TOJILKO
9JIeMEHTAPHDBIC YACTUILI, HO U COCTABHBLIC YACTHUILI, HAIIPUMED, aTOMBI WM UX spa.
VY CcOCTaBHBIX YaCTHI] CIIMHOBOE YHCJIO § MOYXKET OBITH KaK IEeJIbIM, TaK ¥ IOJIyIe/IbIM
(ckazkeMm, s = 1 mwiau s = 3/2 ). OOBIYHO, KOTJ[a TOBOPSIT, UTO YACTHUIIA 00JIAIAET CIITHOM
S, IMEIOT B BHJy 3HAYCHUE CIIMHOBOIO KBAHTOBOIO 4mcia. I1lo 3TO# TepMHHOIOrMH
9JIEKTPOH MMeeT cruH 1/2.
CrmHOBOE MATHUTHOE KBAHTOBOE UHCJIO 1, MOXKET MPUHUMATH 3HAYCHUST

m,=—s,—s+1,...,s— 1,5, (11.2)

s__

T.e. Beero 2s + 1 smauenmit. B wactHOCTH, JUIS YacTHUIl cO CnuHOM 1/2 mpoekIusi
CIIMHA Ha OCh KBAHTOBAHUs MOYKET NPUHUMATH TOJIBKO JBa 3HadeHus: S, = h/2 nm
S, = —h/2. B nanbneitimem Hac mpex/e Bcero OygeT HHTEPECOBATH CIIUH 3JIEKTPOHA,
OJIHAKO BCE CKA3aHHOE OTHOCHTCS K JII00OM dacTure co cuuHoM 1/2.

PanpIe Mbl cYuTasIM, 9YTO KBAHTOBOE COCTOAHHE 3JIEKTPOHA MOXKHO OIMCATH BOJI-
HOBO#T yHKIHei (7, t), 3aBHUCHAIIEH 0T KOOPJAUHAT 1 spemenn’. fcno, uTo ¢ yuerom
CIIMHA TakKoe OIMCAHME SBJISCTCS HEIMOJHBIM, TaK KakK HyKHO eIle yKa3aTb, B KaKOM
CIIMHOBOM COCTOSHUH HaXOJHUTCA 3J1eKTPOH. Ecim 3adukcnposana HeKoTOpas 0Ch KBaH-
TOBaHUs (OCh Z), TO JIEKTPOH MOYKET OBITH OOHAPYZKEH B OJIHOM U3 JBYX HE3aBUCHMbIX
CIIMHOBBIX COCTOSTHHUAX, KOTOPBIE XapaKTEPU3YIOTCA 3HAYCHUAMI MAarHUTHOIO CIIMHOBO-
ro unucia my, = 1/2 wmm my, = —1/2. Takum obpasom, B 06IIeM ciIydae sl IOJIHOIO

ONNCAHNS COCTOAHNS 3JICKTPOHA TpebyeTcd 3a/1aTh d6e BOTHOBLIE QYHKINH 1), /2(77, t) u
() /2(77, t). Hmkanit nHaeke yka3plBaeT Ha 3HAYEHHE KBAHTOBOTO YHCIA M. B mepBoM
ciydae m, = 1/2, a Bo Bropom m, = —1/2. VHorjga Jyisi HAJISIHOCTH UCIOJIB3YIOT
MHJIEKCBL [ 1 | 1 TOBOPAT, 4TO 9, = 1)y — BOJIHOBast (MYHKIMsA SJIEKTPOHA CO CLIIHOM,
HAIIPABJICHHBIM BJONb OCH 2, & 1) _ p = 1| — BOJIHOBAs (DYHKIMA SJIEKTPOHA CO CLITHOM,
HallpaBJIECHHBIM IIDOTUBOIIOJIO2KHO OCH Z.

Benmanna |1, /o (7, t)|> dV ecTb BEpOATHOCTH TOTO, YTO 3JIEKTPOH B MOMEHT BPEMEeHH ¢

HaxonuTes B obbeme dV ¢ mpoexnueit cinna S, = h/2, a Y (7, 1) |> dV — BepoaTHOCTD

0OHAPYKUTH JIEKTPOH B 00beMe dV ¢ mpoeknmeii cimia S, = —h/2. Takum obpasom,
JTIOJT?KHO BBITIOJTHATHCS COOTHOIITEHIE

/ (1P + |1 (7 1)[2) AV = 1, (11.3)

KOTOPOE UI'PACT POJIb YCJIOBUA HOPMUPOBKU C YYETOM JIBYX BO3MOXKHBIX CIUHOBBIX CO-
CTOAHUN 3JIEKTPOHA.

BwmecTo Toro, 9To6n! KazK bl pa3 yIIOMIHATE O ABYX HE3aBUCHMBbIX BOJTHOBBIX (DYHK-
IAX 1), PR (U /2> ONUCBHIBAIONIUX KBAHTOBOE COCTOAHME 3JIEKTPOHA U JIPYTHX YaCTHIL
co cruHOM § = 1/2, y106HO 06beIMHATD 9TU BOJHOBBIC (DYHKIUN B OJMH MaTeMaTHIe-
CKHUIl 00BEKT. DTO MOXKHO CJI€/IaTh, HAIIPUMED, €CJIN CIUTaTh, YTO BOJHOBaA (DYHKIIAS
9JIEKTPOHA (T, 0, 1) 3aBUCUT HE TOJHKO OT HENPEPbIBHBIX MMEPEMEHHBIX — KOODJINHAT
T, 1Y, Z, HO 1 OT JUCKPETHON (CHI/IHOBoﬁ) HepEeMEHHO 0, KOTOpad IIPUHUMAET BCEro JABa

!B sTom maparpade Bee “o0brduble” BOIHOBBIE (PYHKIMHA MbI 0003HAYaEM CTPOYHOIN OyKBOt
1. 3arnaBHasi 6ykBa WU OyIeT UCIOJIB30BaHA JIJII HOBOI'O MATEMATUIECKOr0 00bEKTa, KOTOPBIi
BCKODE TTOSTBUTCSI.
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3HaveHusl, HarpuMep, 0 = 1/2 u 0 = —1/2, npudem

1/}(_)70 = 1/2>t) - 1/)1/2(7?7 t),

) ; (11.4)
w( y O = _1/27t) = Z/}—1/2(T>t>'
B HOBBIX 0603HAUEHUAX ycaoBue HOpMupoBKH (11.3) 3amummercs Tak:
1/2
3 /dV (7 o )2 = 1. (11.5)
o=-1/2

[Ipu 0bcyKaeHIn OOIUX BOIIPOCOB TEOPUN FIacTO UCIOIL3YIOT elle 60/1ee COKpaIeHHbIe
obosnavenus. Beegem HabOp mepeMeHHbIX ¢ = (2, Y, 2,0 ), BKIOYAOMINI KOOPANHATHI
9JIEKTPOHA W CIIMHOBYIO IepeMeHHy0. KoopauHaThl SABJIAIOTCA HEIPEPhIBHBIME IIepe-
MEHHBIMH, & CIIMHOBas — JIMCKPETHOH IepeMeHHOM, IMPUHUMAIOIIEH BCEro JiBa 3Have-
Husi. KBaHTOBOE COCTOSIHIE 7IEKTPOHA OY/IeT OMUCHIBATHCsT BOJTHOBON (byHKIme 1(q, t).
JloroBopumest TakzKe, 4T0 st (pyHKIMIL, 3aBUCSIMX OT ¢, CUMBOJ [ ...dq O3HAUaer
HHTErPUPOBAHIE 10 HEIPEPBIBHBIM [IEPEMEHHBIM (KOOpMHATAM) U CYMMUPOBAHUE 110
JMCKpeTHON crmHoBol nepementoii. Torma dopmyiy (11.5) MoxKHO 3ammucaTh B O4€Hb
KOMIIAKTHOM BH/JIE

/I@D(q,t)lqu = 1. (11.6)

Bce ckazaHHOe BBIIle JIEMKO MEPEHOCUTCsT Ha YaCTHIBI CO CIIUHOM § # 1/2. B obmiem
cydae CIIMHOBas IepeMeHnHasi o rpoberaet 2s + 1 3uadenunii. [Ipu sTrom Bce dhopmyiibt
Oy/IyT BBINVISIJIETH COBEPIIEHHO OJIMHAKOBO JIJIsT YACTHIL C JTFOOBIM 3HAYCHUEM CIIUHA.

[IpuBesiem ere oJiHO TOIYIApHOE 0O003HAYUEHUE JIJIsT BOJTHOBON (DYHKITMH 3JIEKTPOHA
(u ppyrux gactuil co ciuHoM s = 1/2). O6beauanm GyHKIUN 2,01/2(77, t) u 1/171/2(77, t) B
MaTPUILy, IMEIOIIYIO JIBE CTPOKHM U OJIUH CTOJIOEIT;:

U(7,t) = ( 511//22(6;’% ) . (11.7)

B kBaHTOBOII MexaHWKe Takas JIBYXKOMIIOHEHTHasl BOJIHOBasi (DYHKIUsI HA3bIBAETCSI
comHOpoM. BpeneM TakxKe CONPA>KEHHBIA CHOIHOP \I/T(F, t) — MaTpuily ¢ OJHOM
CTPOKOI 1 JIByMs CTOJIOTIAMU:

uh = (?/flk/2 1/1:/2) : (11.8)

Vuuoxasa Ul cirepa U 1o mpaBmity yMHOMKEHIS MATPHIL, TOTyIHM'

vie = |¢1/2|2 + |1/’—1/2|2'

Benomunast coornonienue (11.3), BuuMm, 4ro ycioBue HOpMUPOBKH jijist crimiopa (11.7)
BBITJISAIAT KakK

/qﬂ\pdvz L. (11.9)

!B pesysbraTe TAKOrO yMHOXKEHHUS IIOJIYYAeTCS MATPHUILA C OGHOI CTPOKOI U OIHUM CTOJIO-
IIOM, T. €. BCEro ¢ OMHUM d1eMenToM. Marpuiy (a), rje a — eJMHCTBEHHBI 3JIeMEeHT, IIPHHSITO
CINTATH YUCAOM G.
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Bamernm, aro crurop (11.7) MOXKHO 3amucarh B BUje CYMMBI JIBYX CIIHTHOPOB

o - 1 o 0
W(’I”,t) = %/z(ﬁt) 0 +'¢,1/2(T,t) 1 . (1110)
DTO 103BOJIAET PACCMATPUBATL CIMHOPDI
1 0
X1/2 =Xy = 0 ) X-1/2 =X = 1 (11.11)

KaK CIIMHOBBIE ‘“BOJIHOBbIe PYHKIIUU’ | COOTBETCTBYIOIINE IBYM BO3MOXKHBIM 3HATE-
HUSIM TIPOEKIINU CITMHA 3/IEKTPOHA Ha OCh KBAHTOBAHUS 2.

Crestyer uMeTh B BHJLY, 9TO I€JIb BBEJCHUS MEPEUNCTICHHDBIX BBIINE 0003HAYCHU
COCTOUT JIUIIb B yHIpoOIeHnu (hopmysa. B KOHKPETHBIX pacdyeTax BCe BbIPAXKEHUs ITPU-
XOJIUTCSl 3allUCBIBATH, B KOHIIC KOHIIOB, Yepe3 BOJIHOBbLIC (DYHKIIUH 1), /o B (I /2

11.2. OmnepaTopsbl crimHa

CoracHo O6HH/IM IIPpUHIIUIIaM KBaHTOBOI MEXaHUKH, CIIMHY, KaK ,ILI/IHaMI/I‘IGCKOfI 1Ie-

PEMEHHOIA, JIOJIZKEH COOTBETCTBOBATH HEKOTOPBINT BEKTOPHBII OepaTop cruHa S ¢ mpo-
eKInAMU S;, Sy, SZ ['maBHOE oT/IMUMe orneparopa CIMHA OT ONEPATOPOB JIPYTUX JIH-
HaMUYEeCKUX IIePEMEHHBIX, C KOTOPbIMUA Mbl UMEJIHU JIeJIO PaHbllle, COCTOUT B TOM, YTO
OH JeficTByeT Ha BoJIHOBBIE (byHkmu (7, 0,t), 3aBucdiime or Juckpemmot CIMHOBOR
HEePEeMEHHON ¢. 3aBUCHUMOCTH BOJIHOBOM (DYHKIIMM OT KOODJMHAT OIEPaTOp CIIMHA HE
MeHsieT. B ¢Bs3u ¢ 3TuM 00CTOSTETHCTBOM MbI Oy/IeM YACTO OIMYyCKATh apryMeHT 7 U
3alUChIBATH BOJHOBYIO (DYHKIMIO IPOCTO Kak (o).

C maTeMaTHIeCKON TOUKM 3peHUst KazK/blil U3 onepaTopos S, S, 1 S, mpeodpasyer
mobyro dbyuknuio P (o) AUCKpeTHOl IepeMeHHo# 0 B HeKOTOpyto HOBYIO (byHKkimio. Ha-

npmmep, oneparop S, eficteys a ®(c) npeobpasyer ee B8 () = (5,P)(0), npuuem
Kazkj10e 3uadeHne HoBoit dyukimu (o) Moxker 3aBucers oT 3nadeHnii P(o’) npu Beex
o'. Kak yxke He pa3 0TMeYas0Ch, B KBAHTOBOI MeXaHWKe OIeparop Jio0oil JanHaMu-
YeCKO! MepeMEHHOMN JI0JIKeH ObITh aunetnom (cMm. paszzgen 4.1.). B mannom ciaydae
OIIepaTOPhl IPOEKINIl CIIMHA, IEHCTBYIOT Ha (DYHKIUHU JIUCKPETHOM II€PEMEHHO, TI09TO-

MYy IIpaBUJIa HpeO6pa30BaHI/IH JOJIZKHBI UMETDh BHJL
(5,2)(0) =D (S,)er®(0"),
(5,2)(0) =Y (S,)ser ®(0), (11.12)

1t (S,) o0ty (Si)oers (Si)per — MUCAOBBIE KOIPPUYUEHMBL, KOTOPDIE HE 3aBUCAT OT BUJIA
dyuknun ¢. OcrapisieM YuTATETIO B KAY€CTBE YIIPAXKHEHUs ITPOBEPKY TOT'O, YTO Olepa-
TOPBI MPOEKINI CIMHA, JIEHCTBIE KOTOPBIX ompeesneno dopmytamu (11.12), aeiicru-
TEJILHO SIBJISIFOTCS JINHEHBIME OIIEPATOPAMHE, T. €. BBINOJHSIIOTCA COOTHOIeHus (4.2).
@opmystst (11.12) cripaBe yMBbI J1jIst TPOM3BOJIBHOIO 3HAYEHUsI CIINHA YaCTUIBI S. B
JaJIbHEHIIIeM MbI OPPAHUYUMCS CJIydaeM s = 1/2) MOCKOJIbKY B HPAKTHIECKHUX MTPHJIO-
JKEeHMAX KBAHTOBON MeXaHUKU OCOOYIO POJIb UT'DAEeT CIUH 3JIEKTpoHa. B 3roMm ciryuae
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KazKIplil 13 0nepaTopos S, S,, S, XapaKTepusyercs 4eThpbMs Koaddunuenramu, Ko-
TOPBIE MOYKHO 3allACaTh B BHJIe MATPHUI] OEPaTOPOB CIIMHA

(Sg) = (S,) 22 k=uzuy,z. (11.13)

TTo CywIeCTBY, 9TH MATPHIbI IIOJHOCTHIO ONPEIE/ISIOT JAeHCTBIE OLepaTopos S, , Sy S,
Ha IPOM3BOJILHYIO BOJHOBYIO (DYHKIMIO YACTHUIILI, IO3TOMY JJIA KPATKOCTU OHH CAMHI
JacTO HA3BLIBAIOTCS OllEpaTopaMu climHa. Marpudnas 3anmuch 0COOEHHO yJI00HA TIpU
HCIOJIb30BAHUN CIIMHOPHO# (hopMbl BostHOBOM dyrkmuu (11.7). Jlerko mposeputs (cMm.
ynpaxkuenue 11.2.), aro dopmyisr (11.12) sKkBUBaJI€HTHBI pABEHCTBAM

S, ¥ =(S,)¥, S,¥=(S,)¥, S50T=(S,)0, (11.14)

rjie CIpaBa CTOST BbIPaXKeHUsi, 0OpPa30BaAHHBIE 10 IIPABUIY YMHOXKEHUST MATPHIIL.
PaccmorpuMm Terepb mpousBeieHUs CIIMHOBBIX OTNEPATOPOB. BBISCHUM, HAIIPUMEp,

N

9TO O3HAYAET CUMBOJI SxSy. [Mpumensst apax sl hopmyasr (11.12), sammmrem

(S’xqu))<o-) = Z(Sx)aa” (Syq))(oﬂ) = Z (S:J:>0'U”(Sy)0'”0’ (I)<O./)_

o—// 0-/70-11

A A

Orcrozia BUIHO, UTO onepaTopy 5,5, COOTBETCTBYET MaTPHIA

(Smsy)acr’ = Z(Sx)ao”(sy>a”o’7

a.//

KOTOpast, 10 MATEMATHIECKOMY OIPEIEICHIIO, eCTh IPOonu3BeeHrne MaTpurt (S, ) n (Sy).
Wcronb3ys 3To MpaBUjIo, HaXOUM, YTO OllepaTopy KBaJjpaTa CIUHa,

§? =852+ 52+ 52 (11.15)
COOTBETCTBYET MaTPUIA
2 2 2 2
(5%) = (S2)" + (5,)" + (5.)°, (11.16)

B[ KOTOPOIi JIEMKO HANTH, €CJIM, KOHEYHO, U3BECTHBI BHIPAXKEHU JIJIsi 9JIEMEHTOB MaT-
putt (5., (5,) 1 (S.).

Kak 70/12KHO OBITH U3BECTHO YUTATENIIO U3 Kypca JIMHEHHO arebphl, IPOU3BeIeHIe
MaTpUIL B 0OIEM cjIydae 3aBHCHT OT NOP#AJIKa COMHOXKHUTesell. B npumenennn x Teo-
PUH CIIMHA 3TO O3HAYAET, ITO OEPaToOphl S,, S, U S, MOIYT HE KOMMYTHPOBATH JIDYT C
apyroM. BosHukaer BOIPOC 0 TOM, KAKOBBI KOMMYTATOPBI JjIsi OIEPATOPOB MTPOEKIINI
CIIMHA. DTO OYeHb BayKHBIl BOIIPOC, TAK KaK OTBET Ha HErO JIOJIZKEH OIPEJIeIUTh —
MOI'YT JIM B OJJHOM M TOM K€ KBAHTOBOM COCTOSIHUU 3JIEKTPOHA WJIU JAPYTOfi TacTHUIIbI
BCEe TPU TPOEKINH CIIMHA UMeTh OIpeJie/IeHHble 3HadeHus. V13 BechbMa OOIMX IPUHITH-
OB KBAHTOBOI MEXaHUKM, KOTOPbIE, K COXKAJEHUIO, Mbl HE CMOXKEM 3J1eCh OOCYIHUTh,
CJIEIyeT, 9TO OIEePATOPhI IIPOEKIWI CIIMHA O0A3aHbI YJIOBJIETBOPATHL TOYHO TAKHM YKe
KOMMYTAIIMOHHBIM COOTHOIIIEHUSIM, YTO ¥ HPOEKIUH OPOUTAILHONO MOMEHTA WMITY.JIb-
ca [A/x, f/y, f/z (em. dopmysbt (4.17) B pasgene 4.3.). Takum ob6paszom, mpu JIEOOOM §
KOMMYTATOPbI OIIEPATOPOB CIIUHA UMEIOT B/

A ~ ~ ~

$,,8,]=ihS., [8,,8.]=inS,, S

yr Mz z)

S,] = ihS,. (11.17)
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Mezk 1y IpodrM, U3 HUX CJIEJIyeT, 9TO orepaTop Keaapara cruHa (11.15) kommyTupyer
¢ KayKJIbIM U3 OIlepaToOpOB S’I, S’y u S’Z (em. yopazkuernne 11.3.).

®opmyuter (11.17) TPUBOAAT K HEKOTOPBIM COOTHOIIEHUSIM MEZKJTy 9JIeMEHTaMU MaT-
PUII CIIHHOBBIX OIIEpaToOpoB. B coueraHun ¢ ApyruMu TpebOBaHUSIMH K OllepaTopam
CIIWHA, OHH TIO3BOJIAIOT HafiTn Marpuie! (S,), (S,) u (S,). B Baxmom caydae s = 1/2
510 AByXpsiabie Marpuiel (11.13). Tlpusegem ux B siBHOM BuJ€:

(Sx)—g((f (1)) <5y>_§<? _(f), (52)_2((1) _°1>. (11.18)

Dr1u marpuriel (6e3 MHOKHUTENs h/2) HaspiBatoTcst MaTpunamu Ilaysmu B gectsb HeMmer-
koro ¢duszuka B. [laynu, KoTopblit BHEC KPYITHBII BKJIa/] B TEOPUIO CIIUHA.

MprI y2Ke BBISICHIIIH, UTO TPOU3BEIEHIIO CITHOBBLIX OIIEPATOPOB COOTBETCTBYET IIPO-
U3BeJICHIE MATPUIL, 109ToMy MaTpuIlbl (11.18) M0/KHBI YI0BIETBOPATH TOYHO TaAKUM
7K€ KOMMYTAIMOHHBIM cooTHOmeHusiM (11.17), Kak U CIMHOBBIE OrepaTopbl. PexomeH-
JIyeM YHUTATETI0 CAMOCTOATENbHO YOEIUTHCS B 9TOM, HEMOCPEJCTBEHHO IePEeMHOXKAsT
MaTpuiisl [laymm.

Haiiziem Tenieps Marpuity (11.16), KoTopasi COOTBETCTBYET OlIEpATOPY KBAIpaTa CIIH-
na. Borancgmm cnavana marpuiy (S,)2:

sr=eas =S (08 (V ) =5 (5 1)

JIerko mpoBepuThH, YTO TOYHO TaKOIl YKe Pe3yIbTaT JaeT BBIYUCIEHNEe MaTPHIL (Sy) 51
(S,)?. Urak, Bce Tpu Marpuiipl B npasoii yactu (11.16) nponopruoHaIbHbL €IMHIIHON

MaTpuIle, KOTOpas COOTBETCTBYET €JIMHUYHOMY oreparopy 1, BooOIle He MEHSIONEMY
BOJIHOBYIO (DYHKIUIO. MbI IPUXOIUM K 3aKJIIOUEHUIO, YTO B ciydae § = 1/2 omeparop
KBaJ[paTa CIIMHA paBeH

. 3h% .

S?=—1. (11.19)
4

Orciona BBITEKAET OJIHO BarKHOE (PU3MIECKOE CJIEJICTBHE. [Iycte ¥ — mpOU3BOJILHBIHN

crimrop Buga (11.7). Torma Mbl nMeeM paBEeHCTBO
S =", (11.20)

OHO O3HAYAET, UTO OmEpAaTOp S2 MMEET 6ce20 00MO COBCINBEHHOE 3HAMEHUE, DABHOE
3h?/4. Unave roBopsi, B JIIOGOM KBAaHTOBOM COCTOSIHUM YacTHUIBI ¢ § = 1/2 KBajpar
ee criuia TouHO pasen 372 /4. 3amerum, uTo sra BesmuuHa copnajaet ¢ iifs(s+ 1), ecim
s = 1/2. Dror BBIBOA coracyercs ¢ mepsoit u3 ¢gopmys (11.1).

[IpoBepum Terepsh, 9T0 COOCTBEHHBIE 3HAYEHMs oreparopa S, paBabl +//2. Coruac-
HO OOIMM ITpaBUJIaM KBAHTOBON MEXaHWKM, MbI JIOJZKHBI PACCMOTPETH YpPaBHEHUE

SU=8T, U= ( 1 > , (11.21)
P2
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rae S, — MCKOMBIe COOCTBEHHBIE 3HAYCHUS, a ¢ (T7) U py(7) — HOKA HEM3BECTHBIC KOM-

IIOHEHTBI CIIMHOPOB, UI'PAIOIIUX POJIb “‘coOCTBEHHBIX (yHKIuil” oneparopa S,. B pas-
BepHyTOM Bujie ypashenue (11.21) BbIrasgauT Kak

E 1 0 ng . S (101
—_ z
2\ 0 1 2 P2
HOCJIG BbIYMCJICHUA HpOI/ISBerHeHI/IH I\IanI/H_[ B JIEBOII YaCTU MBI HpI/IXO,Z[‘I/IM K IBYM O6bILI—
HbIM ypaBHeHHHM

h h

¥ =50 5= S (11.22)
Ux anayms 10BOJIBHO POCT. ECTh TOJBKO JIBE BO3MOXKHOCTH YIOBJIETBOPUTD STUM yPaB-
uerusaM. IlepBas BosMoKHOCTB: S, = h/2, ¢, — HUpon3BoJbHAA (DYHKIH KOOD/IHAT,
vy = 0. Bropas BoamoxHOCTB: S, = —h/2, ¢, — npousBosibHAST (DYHKIMSA KOOD/IIHAT,

N

¢, = 0. MbI Busmm, 9TO omeparop S, MMeeT BCEro jBa COOCTBEHHBIX 3HadeHus +h/2.
VM coOTBETCTBYIOT CIIMHOPHI

(8 _ 1 h
(11.23)
0 0 h
U = = - _
1 w—l/Q ¢71/2 1 ) Sz 9

rae ¢, /2(77) — IIPOU3BOJIbHBIE BOJIHOBBIE (DYHKIIMM YACTHIBI B COCTOSIHUSX C M, =
+1/2.

MpI oT™Meda I B IpebLIyIIEM pas3/iesie, ITO BMECTO CIIMTHOPOB MOYKHO HCITOJTH30BATH
BOJTHOBBIC (DYHKITHH, 3ABUCSIIIIE OT KOOPIUHAT U JUCKPETHOW CIIMHOBOI IIEPEMEHHOi 7.
Tora dopmysbr (11.23) st cobeTBeHHbIX DYHKITHIT OrlepaTopa SZ 3aIUNIyTCd B BUJIE

Uy, <F7 U) = wms (F) 6a,ms ) mg ==+ 1/27 (11'24>

s

rie 0 — cuMBoJ Kponekepa.
B Tom, uTo v, /2 (7) — npousBoJibHBIE (DYHKIME KOOPMHAT, HET HIUYEro CTPAHHOIO,

TaK KakK OIlepaTOpbl CIIMHA HE CBA3aHbI C JIBUXKEHUEM YaCTHUIIbI B IpocTpaHcTBe. B gact-
HOCTHU, 3TU (PYHKIIMU MOT'YT OBITH COOCTBEHHBIMU (DYHKIMAMU JIPYTUX JTUHAMUIECKUX
IepeMeHHbIX, OllepPaTOpPhl KOTOPLIX KOMMYTUDPYIOT ¢ onepaTopamu cimua'. Harmpumep,

(2 /2(17) MOTYT OBITH COOCTBEHHBIMU (DYHKIMAME OIIepaTOpa MMITYJIbca p. B 3ToM ciry-
Jae OHU OIMCHIBAIOT CBOOOHOE JIBUZKEHHE YACTUIIHI U MMEIOT BH/I

3 I S
@/11/2(7“) = ¢—1/2(7”) = —=e" /h,

NiG

rje p — UMILYJIbC YaCTHIbl, V — o0beM 00/1acTH JIBUKEeHKdA. TakuM oOpa3oM, KBaHTO-
BBIM COCTOSTHUSIM YaCTUIIBI C 33 JaHHBIM 3HAUYEHNEM UMIIY/IbCA P U 3aJaHHOI IIPOEeKIneit

'K Hum oTHOCSITCsI BCe OIepaTopbl, KOTOpble BeTpedasuch panee (mposepbre!). Ocoboro
paccMoTpenust Tpebyer raMmuiibTonnan H, Tak Kak ero Buji MEHSETCS C YIeTOM CITMHA YaCTHIIL.
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CIIUHA HA OChb z (T. €. C 33JJaHHBIM 3HaYeHHeM MATHUTHOTO CIIMHOBOI'O YHCJIA M), COOT-
BETCTBYIOT BOJIHOBbIE (DYHKIIUN

1 o
(Fo) = —=eP g, . (11.25)

JV s

[IpousBoJibHYIO BOJHOBYIO (DYHKINIO YacTuilbl (7, 0,1t) MOXKHO MpeJICTaBUTH B BUJIE
cyneprosuin dyukiuii (11.25) ¢ HEKOTOPBIMU KOMILIEKCHBIME aMILIUTYIAMEI BEPOSIT-
HOCTH Gy, (t) (cM. paspes 5.4.).

BaumarenbHBIH auTaTe/ b MOXKET 3aaTh 3aKOHHBIN BOmpoc: “XOopoIro, s COrJIaceH,
YTO HAJUYHUE CIUHA 3aCTaB/IIeT UBMEHUTH CIIOCOD ONMUCAHUST KBAHTOBBIX COCTOSIHUI “a-
CTHUIIBI, BBOJISI JOTTOJTHUTEIBHYIO CIIMHOBYIO TIEPEMEHHYIO 0 B BOJTHOBYIO (DYHKIIAIO WJIH
UCIOJIB3Ysl cuHOphbl. Ho Kak ObITH ¢ pacCMOTPEHHBIMHU paHee 3aJadaMi, B KOTOPBIX
HUKAKOI CIIMHOBOI IT€pEMEHHON He BBOIUJIOCH, 8 COCTOSHHE JaCTUIIBI 33/1aBaIoCh 00-
Hot BOJIHOBOIN (yHKumeir (7, t), 3aBucsieil ToJbKO OT KoopauHaT u Bpemeru? Ha
KAKOM OCHOBAHUU TaM HHUYEro He roBopmiioch o cuuue?”. Orerum. [leso B ToMm, 4TO
MBI CO3HATE/IFHO m30erajm paccMaTpUBaTh TaKWe BO3JEHCTBHUSA HA YaCTHUILY, KOTOPBIE
BJINAIOT Ha ee ciuH. [[09TOMy HESBHO IPeIIIo/arajoch, 9TO CIIMHOBOE COCTOAHUE Ya-
CTUIIBL 0CMABANOCH Heudmennvim .  Ecin moBejieHne 9acTUIlbl BO BHEITHEM II0JIe He
3aBHCHUT OT €e CIIMHOBOT'O COCTOSTHUSA, TO TIOJTHYIO BOJTHOBYIO (DYHKITUIO MOKHO 3aIINCATH
Kak npoussejienne (7, o,t) = (7, t) x(0). Koopmunarnast wacrs (7, t) He 3aBucuT
OT HEepPEeMeHHOi 0, a CIMHOBasi 9aCTh BOJHOBOW (DYHKIUE Y (0) OMpenessieTcsi TOIbKO
HAaYaIbHBIMU yCIoBUSIMU. Hampumep, s 971eKTpoHa

x(o) = C1/2 00172+ C_1/2 05 _1/2, (11.26)

rie ¢, /2 u ¢y 2 HEKOTOpPbIE IIOCTOAHHBbIE KOMILJIEKCHBIE Koad)d)HuHeHTbl (aMHJII/ITy,Z[I)I
BEPOATHOCTH CIMHOBBIX cocrostumii ¢ S, = h/2 m S, = —h/2). Hac unrepecosasa
JINIITb KOOPJIMHATHAST BOJTHOBas (DYHKITHS w(f', t), IIO9TOMY IIOCTOSIHHAaA CHUHOBasI YaCThb
BOJIHOBOI (PYHKITUU MIPOCTO HE BLIMUCHIBAJIACH ABHO. Terepb, ecjium 3T0 HeoOXOUMO, B
PEJIBLIY X Taparpadax MOKHO BOCCTAHOBUTH MHOXKHUTEIb X (0) BO BCEX BOJHOBBIX
GYHKIHISX.

JL1s1 3aBepIEHNsT CXeMbI OIMMCAHNS KBAHTOBBIX COCTOAHUI YACTUIIBI C YIETOM CIUHA
HaM OCTaJIOCh PACCMOTPETh BOIPOC O BBIYUCJIEHUN CpeHUX 3HadeHuit. Kpome jannHa-
MUYECKUX IIEPEMEHHBIX, OIIepaTOPbl KOTOPHIX JICHCTBYIOT Ha KOOPJAUHATHbLIC BOJIHOBLIE
dbyHKIII!, MOXKHO MOCTPOUTH JIMHAMIYECKHIE IIepeMeHHbIe, OIePaTOPhl KOTOPBIX BKJIIO-
qaI0T S’m, 5’y u S’Z. [Ipocreiimuit mpuMep — camMu ONePaATOPLI MPOEKIUil CIIMHA.

Crava/ia HAITOMHUM [IPABUJIO BBIYUC/ICHNUS CPEIHUX 3HaUeHui 6e3 ydera crinHa. Fe-
m A= A(?,ﬁ ) — ollepaTop JMHAMUYECKON ePEMEHHOl, COCTABIEHHBIH TOJBKO W3
OIlepaTOPOB KOOPJIMHAT U HUMIIYJIbCa, TO CpeJHee 3HauYeHUe 3TOH JUHaMUYECKOll Iepe-
MEHHOI B MOMEHT BpeMeHu t jgaercss popMyJIoit

(A) = / V(7. 1) (A)(F.1) V., (11.27)

rie (7, t) — KoopauHATHAs YacTh BOJIHOBON dyHKimu, A1) — dyHKIWMs, KOTOpast Mo~
JIydaeTcst u3 1 upu jeiicrBun Ha Hee oneparopa A. Kak mbr Buyenu B pasjiene 11.1.,

'K mum ornocsTes oneparopsl Bujga A = A(F, '), cocTaBIeHHbIE U3 OIIEPATOPOB KOOPJIUHAT
U UMILYJIbCA.
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KBaHTOBOE COCTOSIHUE YACTHIIBI CO CIIMHOM MOYKHO 3aJ1aTh BOJHOBOM (dyHKImei 1)(q, t),

3aBUCAIIEH OT cOCTaBHOI repemenHoit ¢ = (7, ). Iloaromy ecrecrBeHHBIM 0600ITICHIEM

dbopmysbr (11.27) Ha oneparopbl A= A(ri”, ]:)’, S ) GyJeT BbIpasKeHue

(A4) = /¢*(q,t) (A)(g,t) dg. (11.28)

HamomunM, 9TO cMMBOJI MHTErpasa Mo ¢ BKJIOYAET WHTErPUPOBAHNE 110 KOODPIMHATAM
U CyMMHPOBAHME 110 CIIMHOBOI IepeMeHHOi. /leiicTBre CIIMHOBBIX ONEPATOPOB HA BOJI-
HOBYIO (DYHKIIHIO CBOJMTCs K JIMHEHHBIM peobpasoBanusam tuma (11.12), mosromy B
passepHyToM Bujie dopmysia (11.28) BbINIAIMT TaK:

A =3 / O (F0,1) (), (F, o £) V. (11.29)

~

rae (A),,, — MaTpulia 110 OTHOMIEHUIO K CIIHOBBIM HHJIEKCAM U OLEPATOP 110 OTHOIIe-
HUIO K KOOP/IMHATHOW YacTU BOJIHOBOW (byHKIMU. B KadecTBe M/LTIOCTpAIUN 3aIUIIEM
BBIpazKCHUE JIJId CPEAHNX 3HAYCHUI IIPOCKINHA clinHa:

(S)t = Z/wﬁ 0, 1) (Sy),eth (7,0’ 1) dV,  i=x,y,z (11.30)

B ciyaae s = 1/2 Bxopsinue cro/ia MATPUITHI CIIMHOBBIX OIIEPATOPOB JAIOTCsT (DOpMyITa-
v (11.18).

Bruipaxkenus jijts cpeIHUX 3HAYEHUI TPUHUMAIOT 00JIee KOMIIAKTHBIN BUJT, €CJIN B Ka-
YeCTBe BOJHOBOI (DYHKIME YaCTHIBI CO CIUHOM § = 1/2 mcnosbzosars crmuop (11.7).
Jlerko mpoBepuThb (OCTABJISIEM ITO YUTATEIIIO), UYTO B CHHHOPHOM IIPEJICTaBICHIN (hOP-
mysia (11.29) 1t IpOM3BOIBHON TMHAMIYECKON MTepeMeHHON SKBUBaIeHTHA (hOpMYyJIe

(A)t = / vt Awav. (11.31)

OTa 3aImch ObIBACT OYEHDb YJI00HA JIJIsi MATEMATUIECKUX TPE0OPa30BAHUI CPETHIX 3HA-
YeHWil, OJTHAKO J/T TPAKTUIEeCKIX BBIYUC/IEHUI TPUXOINTCS, KOHETHO, BCE BhIPAXKEHM S
3aIMCBIBATH B PA3BEPHYTOM BH/Ie Yepe3 KOMIIOHEHTHI CIIMHOPOB. [Ipmmennm, Harpumep,
dopmymy (11.31) K mpoekmuu oreparopa CrinHa S’mz

h
<Sx>t — 5/(¢T/2 wil/Q) ( (1) (1) ) ( 7vzﬁ_ll//QQ )dv_

h h
- 9 / (¢T/2 @/J*—1/2) ( 12_11/22 ) dv = by / {%UT/Q 770_1/2 +1/)i1/2 @/)1/2} dv.

BenomuHast Tereph onpejiesienne CKaaspHoOro npousseenus dbyukiwit (5.9), moaydaem

<Sx>t = g (<¢1/2|¢71/2> + <¢71/2|¢1/2>) =hRe (<¢1/2|¢71/2>) : (1132)

Ha niocsietaenm sraiie Mbl yusim cBoiictso (5.11) ckajsipHOro npousseienus dyHKIumii, co-
I7IacHO KoTOpoMy (9, /2|w1 /2> = (Y, /2‘1?71 /2)*. Ecnu koopauHaTHBIE BOJTHOBBIE (DYHK-

nuu 1, /Q(F, t)m /2(F, t) OPTOrOHATBHBI, T.€. HUX CKAJISPHOE MPOM3BEJICHIE PABHO

HYJIIO, TO B TaKOM KBaHTOBOM coctosuuu (S,) = 0. IIpemraraem auraresto camMocTosi-
TeJbHO HaitTn (S,) B cilydae, Korjga ¥ » =¥, (cM. yupaxnenue 11.5.).
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11.3. IloaHbIii MOMEHT UMILYJIbCA YaCTHUIbl CO CIIMHOM

Nrak, B KBAaHTOBOII MeXaHUKe UMeeTCs JIBa PO/ia MOMEHTa UMITY/IbCa: OPOUTAILHBIN
MOMEHT UMITYJIbCA, CBI3aHHBIH C JBUZKEHUEM YaCTHUIILI B IPOCTPAHCTBE, U COOCTBEHHBIN

(cMHOBBIIT) MOMEHT UMITYJIbca. VIM COOTBETCTBYIOT OlIEpATOPHI Lus. [Ipemnooxum,
YTO HEKOTOPBIH MPUOOp CIocoOEeH U3MEPSATh MOMEHT UMITY/IHCA YACTHUIILI, HAIIPUMED,
3HAYCHUS ITPOEKIINA MOMEHTa UMITY/IbCa Ha OCh z. [[oCKObKY JacTuiia MozKeT 00J1a/1aTh
KaK OpOUTAJIbHBIM, TaK U CIIMHOBBIM MOMEHTOM UMITY/IbCA, BOSHUKAET €CTECTBEHHBIH BO-
MPOC: KAKOBBI BO3MOYKHBIE PE3Y/IbTATHI U3MEPEHUs N0AH020 MOMEHTa umiryabca? [l
OTBETa Ha HTOT BOIPOC HYKHO PEIIUTh 3a/1ady Ha COOCTBEHHBbIC (DYHKIIMM M COOCTBEH-
Hble 3HAYUEHUsT COOTBETCTBYIONIErO OIIePATOPAa IIOJTHOTO MOMEHTA, KOTOPBIH 0OBITHO

obosHagaercda J. ERHHL 9TO 9TOT ollepaTop J0JI2KEH OBITH KAK-TO IIOCTPOEH U3 OlIe-

patopoB L u S. Ilocko/ibKy Bce Tpu oliepaTopa OIUCHIBAIOT BEKTOPHbIE (DU3UUECKUE
BEJIMYUHDI, HAOOJIee €CTECTBEHHO B34ATh BhIPAXKEHUE

~
—

J:

S~
>

+ (11.33)

Pazymeercs, 910 Bcero JUIIb TPeIIONoKeHNe, HO OKa3bIBAETCs, UTO BCE CJIEJICTBUS U3
HETO COIVIACYIOTCS C U3BECTHBIMU IKCIEPUMEHTATbHBIMY JTAHHBIMHU.

HekoTopnie cBoiicTBa omepaTopa IOJHOIO MOMEHTa MOXKHO BBISICHUTD, ONUPAdCh
TobKo Ha (opmyrty (11.33) u obiiue cBejieHnst u3 aaredpbl OMEPATOPOB, U3IOXKEHHON

B naparpadax 4 u 5. Ilpexje Bcero ormeruM, 4To onepaTop J JAefiCTByeT Ha BOJHOBLIE
dbyukum (7, 0, t), 3aBucsiye oT KOOPJAUHAT YaCTUIIBI U OT CIIMHOBON MEPEMEHHOI o.

Tak xkax L n S JeficTBYIOT Ha pa3/IMdHbIE TIepeMeHHbIe BOJTHOBON (DYHKIINN, TO OHU
KOMMYTHUDPYIOT JPYT C JIDYTOM, T. €.

A ~

[L,,S.] =0, i=x,v,2, k=ux,z. (11.34)
Benomunast kommy tarnmonubie cootHotenus (4.17) u (11.17) a1t mpoexIiuii onepaTopoB
OpOUTATTLHOIO U CIIMHOBOI'O MOMEHTOB, JIETKO HPOBEPUTH (OCTABJISIEM 3TO YUTATEIO),
YTO KOMMYTAIMOHHBIE COOTHOIIECHUS JIJIs IPOEKIUI [IOJHOrO MOMEHTa MMEIOT aHaJIo-
T'MYHBIA B

[, J)=ind., [, J)=ihd, [, J,) =ik, (11.35)

z)Y%x

O6cyauM Terepb BOIIPOC O COOCTBEHHBIX 3HAYEHUSIX M COOCTBEHHBIX (PYHKIIUSIX OITe-

paropa IOJHOIO MOMEHTa 4JacTHIpl co crimHoM. Tak kak omeparopsl J,, J, u J, He
KOMMYTHUPYIOT JPYT C JIPYT'OM, TO B OJITHOM KBAHTOBOM COCTOSHUU BCE TPU IPOEKITUU
MOMEHTa He MOT'YT UMeTh TOYHO OIpe/ie/leHHbIe 3HadeHus. C Ipyroit CTOPOHBI, ¢ TTIOMO-
mpio opmya (11.35) MOKHO yOeuThCs, YTO OllepaTop KBajpara MOMEHTa

x

72 72 72 72
Jr=J2+ I+ J] (11.36)

KOMMYTHPYeT € KazK/IbIM u3 oneparopos J,, J, u J,. Takum obpasowm, obmue cob-

cTBeHHBIe (PYHKIMN MMeeT oIepaTop J2 ; oIeparop OJHONH M3 HMPOeKIwil, HaIpuMep,
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orrepaTop J,, IJie ochb z BRIOpaHa B KadeCTBe OCH KBAHTOBAHM IIOJTHOI'O MOMeHTa. InTa-
TeJIb 3aMeTHJI, KOHEIHO, 9TO 3/IeCh CUTyalldsl TOYHO TaKasl Ke, KaK JjIs OpOUTAIBLHOIO
1 CIIMHOBOI'O MOMEHTOB. STO HE CﬂyqaﬁHO, IIOCKOJIbKY BC€ O€J/I0 B KOMMYTallMOHHBIX

COOTHOIIIEHUAX, KOTOPbIe OJUHAKOBLI JJIsI OIIePaTOPOB f, Lus.

Vrak, BOTHOBbIE (DYHKITIH COCTOSTHUI, B KOTOPBIX KBa/IPAT IIOJJHOI'O MOMEHTa YaCTH-
bl ¥ €r0 MIPOEKINs Ha OCh KBAHTOBAHUs (OCh 2) UMEIOT TOYHBIC 3HAYCHMUSI, SIBIISIFOTCS
pellIeHUAME yPaBHEHUN

J2 = J%, Jap = J, (11.37)
riae J2 n ‘]z — CO6CTBeHHbIe SHa4YCHU A KBa,ILpaTa MOMEHTa 1 €10 HpoeKHI/H/I. HO aHaJIOI'nun

¢ OpOUTAJILHBIM M CITMHOBBIM MOMEHTAMU, 9TH COOCTBEHHbIE 3HAYEHUs 3AINCHIBAIOTCS
vepe3 KBaHTOBBIE INC/IA j 1 1M, KOTOPbIE ONPEJEsIoTCs PopMyIaMu

J2=h(+1), J,=hm.. (11.38)

z J

Ypasuenus (11.37) ymobuo paccMmarpuBarh B chepudeckoil cucreMe KOODIUHAT, Tak
KaK OIepaTopsl J2 u jz JICHCTBYIOT Ha CIUHOBYIO IEPEMEHHYIO 0 BOJHOBBIX (DYHKITUI
U Ha YIVIOBBbIE II€PEMEHHBIE ¥, (o, HO He JIeHCTBYIOT HA PaUAJILHYIO IEPEMEHHYIO 7.
[Tosromy MOXKHO cumTaTh, 9T0 B ypaBaerusax (11.37) ¢ = (4, p,0).

[Ipexk e uem poo/zKuTh 0bcyxaenue ypasuenuii (11.37), ormMeTnm 0JIHO BazKHOE
obcrosiresberBo. C momornbio Beipazkenus (11.33) omeparop KBajpaTa MOJHOIO MOMEH-
Ta 3aIlUChIBAETCS B TAKOM BHJIE:

=T J=01"+8"+2L-S. (11.39)

Orcroma cienyert, aTo J 2 komMyTupyeT ¢ oneparopom L2. Jleiictsurensno, L? KoMmy-
TUPYET C MEPBBIME JBYMsl OIlepaTOPaMU; 3TO O4YeBUIHO. Kpome TOro, Mbl 3HAEM, UTO
L? xommyTupyer ¢ L, L,, L,. Ilosromy OH KOMMYTUDYET U C HOCJIEHUM OIEPATOPOM
B (11.39).

Bamerum takwxke, uro [L?,J.] = 0, mockobKy L? KOMMYTUDPYET ¢ KaxK/IbIM CJIarae-

A

MbIM B Bblpazkenuu J, = L_+ S.. Takum obpasom, Tpu oneparopa J2, J, u L? Kommy-

TUPYIOT JIPYT C JAPYTOM U, CJEJIOBATETHHO, OHM UMEIOT OOILYIO CUCTEMY COOCTBEHHBIX

bynknuit. Vaaue ropops, BonMHOBbIe (DYHKIAN 1, , KOTODPBIE ABJIAIOTC PEIIEHUAMN
J

ypasaenuii (11.37), MOKHO BBIOpaTH TAKUMU, Y4TO GYIyT OJHOBPEMEHHO BBIIOJIHITHCS
COOTHOTIIEHUS .
2 _ 32

L wljmj =Rl + 1)¢ljmj,

A2 o 2 ./

T O [V DT (11.40)

Jz,l?Z)ljmj = hmj¢ljmj7
rJe coOCTBeHHBbIE 3HAUEHUS ollepaTopa KBaJipara OpOUTAIbHOIO MOMEHTa NUMIITYJIbCA BbI-
paXkeHbl Yepe3 KBaHTOBOE YUCJIO [, KOTOPOE, KaK U3BECTHO, MOYKET IMPUHUMATH 3HaTe-
st 0,1,2,.... @usnueckwii cmbica coorHomenuii (11.40) cocrout B TOM, 49TO CyTIe-
cTByeT HaDOP KBAHTOBBIX COCTOSIHUI € BOJHOBBIMU (DYHKIMAME 1), m, (7, 0), B KOTOPBIX
KBa/IpaT OpOUTAIHLHOIO MOMEHTA MMITYJILCA YACTUIIBI, KBaJIPAT IOJTHOIO MOMEHTA U €0
IIPOEKILHS Ha IPOU3BOJIBHYIO OCh KBAHTOBAHHS 2 UMEIOT TOYHbIE 3HAYCHHSI. Jlerko mpo-
BEPHUTh, 4TO 52 TaksKe KOMMYTHUPYET CO BCEMH TpeMs oreparopamu .J 2 J u L2 OJTHa-
Ko S2 IIPOTIOPITMOHAJIEH €IMHUYHOMY OIEPATOPY W MOITOMY HUKAKHUX JIOTIOJTHUTETbHbBIX
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BO3MOYKHBIX KBAHTOBBIX COCTOSTHUM, OTJIUIHBIX OT wljm‘(f’, 0), B CBSI3U C 9TUM He BO3-
J

nukaer'. UTo KacaeTcs onepaTopoB MPOEKIHIl CIIMHA 1 OPOGUTAIBLHOTO MOMEHTA, TO OHH
He KOMMYTHPYIOT C OIIEDATOPAMI J2 1 jZ (mpoBepbre!).

Mer He OymeM ocTaHAB/IMBATBCI Ha MaTeMaTHYECKOM HCCAEIOBAHUN YpaBHe-
it (11.40), mosBossAIONEM HAHTH BO3MOXKHBIE 3HAYEHHs] KBAHTOBBIX UHCET j U M,

J
U COOTBETCTBYIOIIUE BOJIHOBbIE (DYHKIIUN wljm_, TaK KakK B JlaJibHeIeM dABHBI BUJI
J

9TuX (HYHKINNE HaM He ToHaoouTcd. [Ipnm HeoOXomuMOCTH UX MOXKHO HAfTH B KHUTAX
[0 KBAHTOBOW MexaHuKe (cM., Harnpumep, |2, 4]). I[IpuBejem Jmiib 3HAUEHUS HOBBIX
KBAHTOBBIX IHCEJ j U M, KOTOPBIE ONPEJNE/IAIOT CIEKTD KBaJpaTa MOJHOIO MOMEHTa
U ero mpoekimu Ha ochb z. [lpm 3amanHOM [, KBAaHTOBOE YHCJIO j MOYKET TPUHUMATH
3HAYCHUS

j=1l—=s|,|l—s+1],..., [ +s, (11.41)

rje S — CIMHOBOE KBAHTOBOE YHCJIO, KOTOPOE JId OJHON YacTuilbl nMeer (hUKCHPO-
BaHHOE 3HadeHWe (Hampumep, Jjisd 3jaekTpona s = 1/2). ITlpm KaxkiaoMm 3aJaHHOM j,
KBAHTOBOE YHCJIO 11; MOYKET MPUHUMATDH 3HATCHHIsT

m;=—j,—j+1....J. (11.42)

Bcero numeercs 25 + 1 cocroguuil ¢ pa3inyHbIMU 3HAYCHUAME [IPOCKIUH J, .

B KadecTBe HJIJIIOCTPallun HaIU/I,Z[eM BO3MO2KHbIE 3Ha4Y€HUA KBaJpaTa IIOJIHOI'O MO-
MEHTa W €ro MPOEKINH s dyekTpona (s = 1/2). Haumem ¢ cocrosnmit ¢ [ = 0, B
KOTOPBIX OPOUTAIBLHBI MOMEHT UMITY/IbCA PaBeH HyJH0. B 3Tom ciydae, coryacHo hop-

myre (11.41), nveercss TOMbKO OfiHa BO3MOMKHOCTB: j = 1/2. Ksantosoe wmcio m;
MOXKeT [PUHUMATH J1Ba 3HadYeHust —1/2 win 1/2, KOTOpble COOTBETCTBYIOT JBYM 3HAUE-
HUSIM TIPOEKITUN TTOJHOTO MOMeHTa djieKTpoHa: J, = —h/2 u J, = h/2. C dusuaeckoii

TOYKH 3PEHUs 9TO O3HAYAET, YTO B COCTOSHUU C HYJIEBBIM OPOUTAJHLHBIM MOMEHTOM
UMITYJIBCA TTOJTHBIE MOMEHT 9JIEKTPOHA COBITAJaeT C €ro CIIMHOBBIM MOMeHTOM. /Jlirs co-
crosiumii ¢ [ > 1 KBaHTOBOE YUCJIO j MOXKeT NMPUHUMATh 06a 3HadeHus:: j = [ + 1/2.
Econ, nanpumep, | = 1, To BO3MOXKHBIE 3HAUYeHHUs j TakOBbl: j = 1/2 mw j = 3/2.
Wnorna 11t HAIVISAIHOCTU TOBOPST, UTO B IEPBOM COCTOSTHUU OPOUTAJIBHBINA U CIUHO-
BBIII MOMEHTBI 3JIEKTPOHA ‘HAIPABJIEHBI B MPOTUBOIIOJIOXKHBIE CTOPOHBI, & BO BTOPOM
COCTOSTHUY OHM “‘mlapaJiiebHbl . OTMeTHM, OJHAKO, YTO K JIIOOBIM OI00HBIM aHAIOTU-
sM CJIEIyeT OTHOCUTBCH C OCTOPOXKHOCTDBIO, TaK KaK “‘CjI0yKeHne  KBAHTOBBIX MOMEHTOB
HeJIL34 MIPEJICTaBIATh cede KaK CJI0KeHne OObIYHbIX BeKTOpOB. [IpuBeiem mpocrtoii npu-
Mep, TTOKa3bIBAIONIUi, 9TO B KBAHTOBOM MeXaHUKe “K/jaccruiecKas UHTYHUIUS HEPEIKO
nonBoauT. [IpesmosokuM, 9T0 CIMHOBOE YMCJIO YACTHILI S PABHO euHuiie. loria B
cocTogHMM ¢ [ = 1 KBaHTOBOE YMCJIO j MOYKET MMeTh 3HadeHns j = 0, j = 1, j = 2.
Eciiz mepBoe 1 TpeTbe cOCTOsTHUST MOXKHO IMPEJICTABUTH cebe KaK COCTOSTHUS, B KOTOPBIX
OpOUTAJIGHBII U CIUHOBBII MOMEHT ‘TIapa/lie/IbHbl WM “aHTHIIapAJLIC/ILHBI, TO JIJIsd
cocTosiHUS ¢ § = 1 Takoil HarJIsITHOI KapTUHBI HET.

OcranoBumMcs Terepb HA OJIHOM BOIIPOCE, KOTOPDIN YacTO IIPUBOJUT K HEJI0Pa3yMe-
HUSM TIPU TIEPBOM 3HAKOMCTBE C ITPABUJIAMU CJIO?KEHHS MOMEHTOB B KBAHTOBOI MeXa-
HUKe. 3aMeTHM, UTO MMeeTCs JIBa Pa3JNIHbIX HaOOpa BOJHOBBIX (PYHKIINN, KOTOPBIE
MOKHO UCIIOJIb30BaTh JIJI XapaKTEPUCTUKNA BO3MOXKHBIX KBAHTOBBIX COCTOSHMII YacTH-
IIBI CO CHIMHOBBIM 1 0pOUTaIbHbIM MoMeRTaMu. OjnH Habop cocront u3 pyHKIwmit 1) m,

'Bo Bcex KBAHTOBBIX COCTOAHMAX KBaJpaT CIAHA dacTuibl S pasen h2s(s + 1).
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Onu sBagIOTCA COOCTBeHHBIMU (PyHKIMsIME oniepatopos L%, J? u J_. OjHako Mbl MO-
JKeM HCIIOJIb30BaTh U JIPYToil HAOOP BOJIHOBBIX (DYHKIMIL 1)), . , KOTOPBIE SABJIAIOTCH
S

cOOCTBEHHBIME (hYHKIISMI TPEX KOMMYTHPYIOIIX APYT C APYTOM OINEpaTopoB: L2,
L, u S,. Dru Bomosbie hyHKIAN OMICHBAIOT KBAHTOBBIC COCTOSHHS, B KOTOPBIX Off-
HOBPEMEHHO MMEIOT TOUHbIC 3HAaYCHUA KBaJApaT OPOUTAILHOIO MOMEHTA MMITYJIbCa, €ro
IIPOEKIINe Ha OCb KBAHTOBAHU:A W IIPOEKINs CIMHOBOI'O MOMEHTA Ha Ty ¥Ke OChb. fBHOE
BbIpazKeHue i QYUK Y, UMEET BHJL

ZﬂlmmS (197 2 U) = ng(ﬁ, @) Xms (0)7 (1143)

rie Y, — chepuueckaa dynknug, a
Xm (0) =0 (11.44)

— CHUHOBas “BOJHOBas (YHKINA COCTOSHUS C IpoekImeil cimaa S, = hm,. B ciydae

s = 1/2 ee MOXKHO TaKKe MPEJCTABUTH B BHUJIE OJHOIO u3 crimHOpoB (11.11).
Bosnukaer Borpoc: Kakoii ke u3 JABYX HaOOPOB BOJIHOBBIX (DYHKITUIH, {wlj mj} I

(14 79 o

{wlmms}, saBJsgeTcst “ipaBUIBLHBIM ! OTBET KayKeTcsl Ha MEPBBIH B3TJIsL TapaI0KCAIb-

HbIM: 00a Habopa “IipaBUILHBIE” B TOM CMBIC/IE, UTO A100Y10 BOJHOBYIO (DYHKIIUIO TaCTH-

IIbl MOKHO IIPEJICTABUTH KaK CYNEpHOSUIMIO QyHKIMA ), ,,, WM KaK CYIEepIO3UIHIIO

J
dysxnuit v, . HeTpyano coobpa3uTh, 49TO g 3TOr0 HYXKHO, 9TOOBI (PyHKIUU U3
S
obomx HabOPOB ObLIM CBA3AHBI JAPYT C JPYTOM JIMHEHHBIME COOTHOIEHUAMU. /leiicTBu-
TeJIbHO, MOYKHO JIOKa3aTh, 9TO

wljmj <19’S0’0-) - Z ijj;mms ¢lmms(197¢a0-)> (1145)
m,mg
rae C; — HEKOTOpbIe OCTOsHHbIE KO3 duiuenTs'. Mbl BUIMM, 9TO KazKI0€ U3

jmy;mmg
KBAHTOBBIX COCTOSHUI @Dljm‘ C TOYHO OIIpeJIeJIEHHON MTPOEKINEl TTOJTHOTO MOMEHTa €CTh
J

CYHIEPIIO3UIU A COCTOAHUMA C Pa3/JIMIHbIMUA SHaYCHUAMUA HpOGKLLI/IIU/I Op6I/ITaJIbHOI‘O n CIimj-
HOBOT'O MOMEHTOB. XOTS B COCTOSHUSIX 1/Jljm- KaxKJad U3 JUHaAMHYICeCKUX IIePEMEHHBIX
J

L, n S, nMeeT KBAaHTOBYIO HEOIIPEJIETIEHHOCTD, JIETKO JIOKa3aTh, YTO TPU KBAHTOBBIE
quCsIa My, M U Mg BCErJa CBA3AHBI COOTHOIIEHUEM m; = m + mg. [JleficrBuresbHo,

nojieficreyem na obe wactu pasencrsa (11.45) oneparopom J,. Tax xak 1, — cob-
J

CTBeHHas (DYHKIIMSI STOTO OIEPATOPa, TO B JIEBOi 4acTH 1Oy InM DYHKIMIO m; ¥,

J

YToOB! HAITH pe3yJIbTaT JAeiicTBus orneparopa .J, Ha MYHKINN, CTOAININE B IIPABO 4a-

cru (11.45), Bocnosbayemest dbopmyioit J, = L, 4+ S,, Kotopas clieflyeT u3 onpeje-
qenus (11.33) omeparopa mosmoro Momenta. Bosmosble OyHKIWMH 1), ABIAIOTCS

cobcrBeHHbIME DYHKIMAME L, 1 S, m09TOMY (IOCTIE COKpAINEeHHs Ha i) IPUXOAUM K
PaBEHCTBY

mj¢ljmj (197 2 0) = Z (m + ms) C(jmj,’rnm5 wlmms (79’ 2 U)‘

m,mg

13Ha‘{eHI/IH ATUX KO3(1)(1)I/IHI/I€HTOB 3aBHUCAT He TOJIbKO OT BbIIIMCAaHHBIX HMH/ICKCOB, HO U OT
KBaHTOBBIX 4uces | U S. Ta6JH/IH,I)1 JJIA C]m -mm. HPUBOIATCA B KHUT'aX II0 KBAHTOBOU MeXa-
jl S

HuKke (cM., Hanpumep, [2]).
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CpasruBas ero ¢ (11.45), Bugnm, 9To 9TH JiBa PABEHCTBA HE IPOTUBOPEYAT JAPYT JPYTY,
ecin KoappuimeHTh ijj . mm, OTJIHYHBL OT HyJIs TOJIBKO B CJIy'ae, KOrja m,+m = m;.
Takum obpazom, B dopmyre (11.45) ogHa U3 CyMM CHUMAETC U, C YIETOM BbIpazke-
must (11.43), momydgaem

77blj7nj (197 SO7 0) = Z OJ mj ;mjfms’ms }/E,mjfms (/197 80) Xms (O-) (1]‘46>

s wnmocTpanu paccMOTPUM 3JIeKTpoH (s = 1/2, m, = +1/2), maxoggamuiicsa c
p-cocroginnu (I = 1). Kak Mbl yKe BBIICHUIM, KBAHTOBOE YUCJIO j MOXKET [PH ITOM
IpUHAMATH 3HadeHus j = 1/2 u j = 3/2. Orpanudaumcst cocTostHusMI ¢ j = 1/2, nys
KoTopbix m; = +1/2. Torma us dopmymer (11.46) maxommm, 1o

Wy
¥

(0, p,0)=C

M=

01 YioX1 +Cii 1Y X 1,
2 2 207 2 2

=

1 11,
2 22

(9, ¢,0)=C

(11.47)

1
)

i—1, % }/1,—1 X

1
2

(NI

Pajin KpaTKOCTH MBI He BBIICATIN apryMeHThl cepuaeckux byukimit Y, (U, ¢) u cru-
HOBBIX yHKIW Y, (0). B KadecTBe ynpaykHeHusi mpejjiaraeM 9UTATENIO 3aIICATH
S

aHaJIOrnIHbIe POPMYJIBI JIJIsT BOTHOBBIX byHKImit ¢, 5 (9, ¢,0).
2 ™M

11.4. CranuoHapHBIE COCTOSSHUS BOJOPOAOIIOJO0OHOI0 aToMa
C y4YeToM CIHMHAa 3JIEKTPOHA

[Ipu n3ydyeHun crarmoHapHBIX COCTOSHUI BOIOPOIONIOI00HOTO aToMa B pazJese 9.2.
He YUUTBIBAJICA CIIMH 3JIeKTpPOHa. HTepecHO BBIACHUTH, KaK BJIMSET HAJIMYUE CIIUHA
y 9J7€KTPOHA Ha 3HadeHus ypobHeil sHeprun (9.19). Mbr yke orMedasu, 9To CluH —
dABJIEHUE PEIATUBUCTCKOE, MTOTOMY IOCTIEeIOBaTeIbHAT KBAHTOBas TEOPHUs BOJIOPOIIO-
IOJ00HOT0 aToMa JIOJI2KHA OBbITh OCHOBaHa Ha, PEIATUBUCTCKOM ODOOIIEHUN ypaBHEHUS
[MIpenunarepa. Takoe obobienune O6w110 TToTydeHo [lomem Iupakom B 1928 romxy. Ypas-
Henmne /lupaka ropasno cioxkHee, deM ypasHenue [llpeannrepa m ero mccienoBaHue
BBIXOJUT 338 PaMKH HM3JaraeMoro 371ech dJeMeHTapHoro Kypca. IlosTomy MbI orpanu-
YIUMCH HEKOTOPBIMUA OCHOBHBIMU Pe3Y/JIbTaTaMU 3TOTO MCCJIEIOBAHNUS, KOTOPhIE BaXKHbI
JIJISI Ka4eCTBEHHOTO TTIOHUMAaHUs CTPOEHHS aTOMa U €ro CBOMCTB.

Xorsa mostHOe ypaBHenue Jlupaka sBJIsIeTCs BeCbMa, CJIOXKHBIM, ITPUMEHEHHE ero K
Teopuu aTromMa 0bJIerdaeTcss TeM OOCTOSATEILCTBOM, UTO CPEJIHsIsi CKOPOCTD JIBUYKEHUS
9JIEKTPOHA ¥ MaJia 110 CPABHEHUIO CO CKOPOCTBIO CBETA C U, CJIEJIOBATE/ILHO, PEJIATUBUCT-
CKHe TONPaBKu K crekTpy sHepruu (9.19) Masasl. DTO MO3BOJISET yUeCTh UX METOIaMU
TEOpUU BO3MYIIEHUI, n3a0:keHHo0it B maparpade 10. [IpeaBapurebHO HYKHO, KOHETHO,
IIOCTPOUTH MaMUJIBTOHUAH 3JIEKTPOHA, IPUTOAHBIN JJIsi IIPUMEHEHU TeOPUN BO3MYIIE-
Huit. Anajus ypaBHennsi Jlupaka MOKa3bIBaeT, YTO ¢ TOYHOCTHIO JIO UJIEHOB IMTOPSJIKA
(v/c)? raMUIBTOHNAH 3JIEKTPOHA B BOJOPOJIONONOOGHOM aTOMe €CTh CyMMa OllepaTopoB

H=H+W(r)+ Wepops: (11.48)
riue
R ~2 A 2
gO - P 2% (11.49)

2m T
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— TaMUJIBTOHHAH 0e3 ydeTa penaTuBHCTCKUX 3bdexTos!. ToabpKo Ta YacTh TaMuIb-
TOHHAHA U HUCIOJIb30Basach B pasjere 9.2. Oyuxiusa W (r), sBHBI BUI KOTOPO MbI
He OyJeM TPUBOJUTD, MPEJACTaB/IsIeT cOOOil MONPaBKY K KYJIOHOBCKOMY TIOJIIO SjIpa U
KaueCTBEHHO HEe MEHdeT CTPYKTYpy ypoBHeil. BoJiee unrepecen nocseaHuii orneparop B
ramusbrornane (11.48). Ou HasbIBaercs orepaTopoM CHUH-OPOUTAIILHOIO B3aUMO-
AericTBUA U j1aeTcss pOpMYyJIoit

W, _Zac (5 E) . (11.50)

cn-0p6 2m2c2r3
€

Busmo, 3ToT oneparop m3MeHSeT CIIUHOBOE COCTOAHUE JIEKTPOHA.

[IpuBeieHHBIX CBEJIEHUIT JOCTATOYHO, YTOOBI MOHATH OCHOBHBIE CBOWMCTBA CTAINO-
HapHBIX COCTOAHMI BOJIOPOJIONIOIOOHOIO aTOMa, KOTOPBII ONMUCHIBAETCS T'aMUJIBTOHUA-
HOM (11.48). Yuraresb yKe JOJKEH 3HATH, UTO MPH U3YUEHUN CTAIIMOHAPHBIX COCTOSI-
HUII BayKHO BBISICHUTDH, OIIEPATOPHI KAKNX JMHAMUYECKNX IIEPEMEHHBIX KOMMYTHUPYIOT C
raMUJIbTOHUAHOM, TaK KaK B CTAITMOHAPHOM COCTOSIHUM 3TU JIMTHAMUYECKHUE TIepEMEHHbIe
UMEIOT OIIpejie/IeHHbIe 3HAUEHNs OJTHOBPEMEHHO ¢ SHeprueil. HeBo3mymeHHbII raMib-
tounan (11.49) onmcbiBaer JBUXKEHUE SJIEKTPOHA B IEHTPAJIBHOM KYJIOHOBCKOM IIOJIE
danpa. Kak Mbl BbigcHuIn B raparpade 9, ero yao0HO 3alucbiBaTb B chepUIecKoit
cucreme koopaunar. Cornacuo dopmye (9.5), umeem

/r' [E— S
2m, 2 Or or 2m,r? r

. R o1 L2 Zq?
- 9 (29 Le (11.51)

Hamommumym, aro H©) kommyTupyer ¢ oneparopamu L? u L, mo3TOMYy BOJTHOBBIE (DYyHK-
UK HEBO3SMYIIECHHBIX CTallMOHapPHBIX COCTOSIHUIT XapaKTepu3yroTcCd KBaHTOBBIMU YHUC-
JlaMu [ 1 m, ONPEeJIEISIIONUMI 3Ha9eHNsT KBaIpaTa OpOUTAIbHOTO MOMEHTa MMITY/IbCa,
9JIEKTPOHA W €ro MPOEKIH Ha OCh KBaHTOBaHUA z. [Ipu pemeHun ypaBHEHUs JJIsI pa-
JIUAJIbHO 9aCcTH BOJTHOBON (DYHKIINK BO3HUKAET €Ile OHO (IVIABHOE) KBAHTOBOE THCJIO
n, OmpejeJisiioliee 3HadeHust sHeprun aroma [em. dopmyay (9.19)]. Iockoabky Mb
cobupaeMcsl IPUMEHSITh TEOPUIO BO3MYIIEHU, 9TH COOCTBEHHBbIE 3HAYEHHSI OIepaTopa
H© 06o3HaumM CTAHIAPTHBIM 06PA30M:

50 _ _p meq; 1
" 2h2 n?’

Bonnosble GyHKIUM HEBO3MYIIEHHBIX CTAIMOHAPHBIX COCTOAHUI jaiorcs (opmy-
noit (9.21). B paccmarpuBaeMoM cirydae Mbl YIUTBIBAEM €I OJIHY CTEeHb CBOOOIIBI

n=12... (11.52)

siekTpoHa — crmH.  OueBnjHo, 9TO omeparopbl S% um S,

KOMMYTHDPYIOT C TaMUJIb-
Tonnanom H ©) " 109TOMY HEBO3MYyIIEHHBIE CTAIMOHAPHBIE COCTOSHHS 3JIEKTPOHA
JIOJIZKHBl XapaKTePU30BaThbCd TaKxKe COOTBETCTBYIONIMMHU KBAHTOBBIMU YHUCJIAMU S U
myg. [nsg smekTpoHa BO BCeX COCTOSHUSX § = 1/2) TaK YTO HYKHO JIMIIb YKa3aTh
3HaYEHUEe MArHUTHOI'O CIMHOBOI'O YHUC/IA 1My, KOTOPOE olpejesdeT HNPOEKIUIO CIHHA
Ha ocb 2. Urak, BOJHOBBIE (DYHKIMH HEBO3MYIIEHHBIX CTAIMOHAPHBIX COCTOSHUM

BO/IOPOJIOIIOIOOHOIO aTOMa C yIeTOM CIIMHA 9JIEKTPOHA UMEIOT BU/I

Y8 o (1,0,0,0) = Ry(r) Vi (9, 0) X, (0). (11.53)

B dopmyse (11.49) m, — macca 3JeKTPOHA, a IIPU 3AlUCU IIOTEHIUAIbHON SHEPruu B
KYJIOHOBCKOM TI0JIE $IJIpa MCIIOJIb30BAHO COKpalenHoe obosuadenue (9.15).
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HamomuuMm, ato HeBo3myIienHble yposau (11.52), 3a HCKIIOYEHIEM OCHOBHOTO YPOBHSI
¢ n = 1, BBIPOXK/IEHBI 110 KBAHTOBBIM YUCJIaM [ U M; KPATHOCTH BBIPOYKJIECHUS DaBHA
n?. C yueToM crmHa 9JeKTPOHa KPATHOCTh BLIPOXKICHUS paBHa 2n?, Tak KaK CIIHOBOE
MArHUTHOE YUCJIO MOXKeT NPUHUMAThL JiBa 3HadeHus m, = +1/2. Bamerum, 410 u
OCHOBHOI1 yPOBEHb JBYKPATHO BBIPOXKJIEH 110 3HAYEHUIO [TPOEKINK CIUHA IJICKTPOHA.

B npunnume, Teneps 1 pacdeTa CIeKTpa SHEPTUHA aTOMa MOYKHO MPUMEHUTH TeO-
puIo BO3MyIIeHuil 1o oneparopam W u WCH—0p6 B rammibTornane (11.48). Ilockombky
HEBO3MYIIIEHHbIE YPOBHU SHEPIUU BBIPOXKJIEHDBI, HY?KHO BOCIIOJIb30BATHCS METOOM, U3~
JIOZKEHHBIM B pasjiesie 10.3. DTOT myTh, OJHAKO, SIBJISIETCS OUYE€Hb CJI0YKHBIM M3-3a 00JIb-
IOl KPATHOCTH BBIPOXKIieHus yposreii (11.52), ocoberno mpu Gosbiux n. Ilosromy
MbI KPATKO H3JIOKUM JIPYTOil, 3HAYUTEIbHO O0Jjiee MPOCTOM, CIIOCOO IPUOJINKEHHOIO
BBIUUC/IeHUs crieKTpa SHeprur. OH OCHOBaH HA HEKOTOPBIX OCOOEHHOCTSIX TaMUJIBTOHU-
ana (11.48), mo3BosdONMX “yrajgarTsh’ CTPYKTYPY ero cOGCTBEHHbIX (hyHKIHUIA.

[Torrpobyem BBISICHUTH, KAKUMHU KBAHTOBBIMHU UHUCJIAMU OY/IyT XapaKTePU30BaTbCs
cobcrBennHble dyHkimn ramuabrornana (11.48). OcroBHast mpobyiema CBsi3aHa ¢ orepa-
TOPOM CIMH-OpOuTaIbHOro B3aumojeicreust (11.50), mockoabky W (r), Kak yKe roBo-
PIJIOCH, JIAET TOIPABKY B MOTEHIINAIBHYIO SHEPIHUIO JIEKTPOHA, KOTOPAsT MO-TIPEXKHEMY
3aBHUCHT JIAIIb OT PAJMAIbHOI IIepeMEHHOI 7, T.€e. I0Jie, B KOTOPOM JIBUZKETCS JIEK-
TPOH, OCTaeTCs NEeHTPaJbHbIM. VTak, 3aiiMeMcs: orepaTopoM CINH-OPOUTAJILHOIO B3a-
nmoieiictust. 13 dopmyiier (11.39) maxomum, ato

5 5 1 /a4 N N
L-§=3 <J2—L2—S2>. (11.54)
[Togcrasiss 51o Beipaxkerue B (11.50), moayuaem
7 Zq; 72 f2 &2
WCH-0p6 - m (J - L - S > . (1155)

Takast 3amuch MO3BOJIACT JIOKA3aTh BakKHbIC CBOiicTBa rammibronmana (11.48) (cwm.
yupaxkuenue 11.6.):

[J2,H =0, [J,H =0, [L*H]=0. (11.56)

Orcrona ciejyer, 9TO B CTAIlMOHAPHBIX COCTOSIHUSX OJHOBPEMEHHO C SHEprueil aroma
MMEIOT TOYHBbIE 3HAYEHUS KBaIPaT MOJHOIO MOMEHTa MMITYJIbCA JIEKTPOHA, €ro ITpo-
eKIlid Ha OCh KBAHTOBAHUA 2 U KBaJIpaT OpOUTAILHOIO MOMEHTa MMIIyJbca. Muade
roBopsi, cobcrBennble (yHKImu ramuibronnana (11.48) Oyayr Takke cOGCTBEHHBIMU

GYHKIUAME J2, jz u L2 [TosTomy perntenne crarmonapuoro ypasuenus IlIpeaunrepa
Hv = Ev M0xXKHO nCKaTh B BUJIE

b(r,0,,0) = R(r) Y (0, 9, 0), (11.57)
e bynxm ¥y, (U, ¢, o) naoorea bopmyoit (11.46). 3amernwm, 4To ToTIAa ypaBHeHHs
J

P =mjG+0e, T =hmyy, L= h1+1)¢ (11.58)

YAOBJIETBOPAIOTCA MOYHO, 1 TEOPUIO BO3MYIIIEHUI HY?KHO IIPUMEHATD JIMIIb IIPU Pelle-
HUU ypaBHEHUs JJIf paJuajbHol yacTu BosHoBol dbynkuuu'. Eciu npenebpeunr W n

MBI ocTaBisieM duTaTe 0 MPOBEPKY TOro, 9To Hpu mnojcranoBke dyuknuu (11.57) B cra-
nuonapHoe ypasuenne [Ipeunrepa nepeMeHnble pa3Ie/sioTCs U ISt PaIUaIbHON JacTh BOJI-
HOBOI dyHKImu R(r) mosydaercs 3aMKHYTOe ypaBHeHue (cM. ymnpaxkuenue 11.7.).
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A

W enops B TAMUIIBTOHUAHE (11.48), To B KauecTBe HyJIEBOTO MPUO/IMZKEHUST 15T BOSMOXK-
HBIX PaIHAIbHBIX (DYHKINH MBI mosryauM yHKImn R, (1), KOTOpble pacCMaTPHBAJIICH
B pazjene 9.3., a jijig ypoBHeil sHeprun — Hysesoe npubianxkenue (11.52). Takum o6pa-
30M, JIJIsi BBIYMCJIEHUS IIOIPABKU K YPOBHSIM SHEPIMU B KAYeCTBE BOJIHOBBIX (DYHKITUI

HYJIEBOTO MPUOJIMZKEHHsI Pa3yMHO UCIOJIb30BaTh He Habop (11.53), a dyukiun

¢'El(;;mj <T’197 §070-) - Rnl(r) 77Dljm,j(797<ip7o-)- (1159)

O1n GYyHKINM HOPMUPOBAHBI Ha €IMHUILY U OPTOTOHAJIBHBI JAPYT K APYTY, €CJAU Yy HUX
OTJINYAeTCsT XOTsI Obl OJMH M3 MHIAEKCOB. Kpome TOro, OHU SIBJISIOTCS COOCTBEHHBI-
MU (DYHKIUSIMU TaMUJIbTOHUAHA H©O. Hakomnerr, jierko mpoBepuTh, 4TO HeIuaroOHAJb-
Hble MaTPUIHbIE dJIeMeHThI ortepaTopoB W n WCH—0p6 110 3TUM (DYHKIUAM PaBHBI HYJIIO
(ocraBiisieM mpoBepKy unTare o). Torga, kak 6bL10 MOKa3aHo B pasfese 10.3., meppas
[OIIPaBKa K yPOBHsSIM SHEPIMH PaBHA JMaroHaJIbHOMY MATPUIHOMY JEMEHTY Ollepa-
TOpa BO3MYIIEHUs 110 BOJHOBBIM (PYHKIIUAM HYJIEBOI'O NPUOJIUKEHHS, T.€. B JAHHOM
caydae nveem’

B = (00 |V + W) 650 ) (11.60)

n nljm]—

MokHO JIn peasibHO BBIMUCIUTE 3Ty HonpaBky! Ha mepsblil B3IIf ] KaXKeTcsi, ITO 3TO
YPE3BBIYAIHO TPYIHAS 33/a9a, TaK KaK TPeOyeTcs BBIYUC/IUTH TPOWHON MHTErpaJI 10
epeMEeHHBIM 7', ¥ U (0, & TaKKe CJI0YKHBIE CyMMBI 110 CIIMHOBBIM TIEPEMEHHBIM, KOTOPBIE
BOBHUKAIOT [PH JEHCTBUN ONepaTopa CHUH-OpOUTaJIbLHOTO B3auMojeiictsus (11.55) na
BostHOBbIe yHKiuu (11.46). TlokaxkeMm, ofHAKO, YTO BBIYHCIEHIE MATPUIHOIO JIEMEH-
ta (11.60) cBoUTCS K OTHOCHTEIHHO MIPOCTHIM OJHOMEPHBIM HHTerpajgaMm. Bce jeso B
YJIAIHOM BBIOOpDE BOJHOBBIX (yHKIWMIA HyaeBoro npubsmmkenus (11.59). Xors mbr He
3HaeM siBHOro Bujia Gyrkuuii (11.46), HO 3aT0 MBI 3HAEM, UTO OHU SABJISIOTCS COOCTBEH-
HBIME pYHKIHISAME orepaTopos J2 u L2. Kpowme roro, oneparop S? nponopuuoHaseH
eIMHIMHOMY OmepaTopy; s snekTpona S = (3h2/4) 1. Tosromy meiicTBie omepaTo-
pa CIuH-OpOUTAILHOIO B3aUMOJICHCTBHUSA Ha BOJHOBbIE (DYHKIIUU HYJIEBOTO ITPUOJIHKE-
mns (11.59) maer

T 0 0)
ch—0p6 ¢7(113'mj = ch—op6<r) ¢7("Lljmj’

r7ie BBeJieHa (DYHKIMSA pajiiaabHO epeMeHHOit

Zhq?
ch—op6(r) = 4—

m2cr3

{j(j+1) U0+ 1) —2 | (11.61)

[Ipeamoiarasi, Kak OOBIMHO, UTO (DYHKIHH, 3aBUCANInE OT ¥ U (o, HOPMUPOBAHBI HA
€JINHUILY TIPY WHTEIPUPOBAHUU I10 TEJIECHOMY YTJIY, HETPYIHO IPOBEPUTH, UTO (HPOPMY-
ma (11.60) npuranMaer Bu

ET(LI) = /Rfd(r) (W(T) + ch-op6(7")) r2dr. (11.62)

Pajmasibabie byHKIMN BOIOPOIONOR006HOro atoma R, () XOpOIo M3BECTHBI, TAK UTO
3aJ1a9a CBOJIUTCS K IBHOMY BBIYHCJICHUIO HHTETPAJIOB 110 7", KOTOPbBIE YJIaeTCs BEIYUCIUTD

lns MaTpUYHOIO 3J€MEHTa MBI MCIIONb3yeM O0O3HAaveHHe, NMPHUBEJIEHHOE B CHOCKE Ha
cTp. 95.
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TO4YHO. MBI He 6y;[eM 9TUM 3aHUMAaATLCA, a IIpUuBEeJIEM JIUIIL OKOHYAaTEJIbHBIN pe3yJIbTaT:

Z%a? 1 3
EW=Z"_FO(__— ___ =), 11.63
" n " \j+1/2 4dn ( )

3nechb ET(LO) — 3HAYeHUsl yPOBHEH sHeprun B HysesoM npubiamkenun [em. (11.52)], a «

— Oe3pa3MepHasi ITOCTOSTHHAS:

2
qg: e 1
== —— X . 11.64
“ he dreghe 137 ( )

WTak, ¢ TOYHOCTHIO JIO MEPBOM PEJIATUBUCTCKON TONPABKH YPOBHHU SHEPIUU BOJIOPOJIO-
IOI0OHOT0 aToMa, JAl0Tcss (POPMYJIOit

Z%a? 1 3
n \Jj+1/2 4n

E,;=EY |1+ (11.65)

DTOT pe3y/IbTaT JOBOJBHO WHTEPECEH U ero CTOUT O0CYInTh. BO-1epBhIX, BUIHO, UTO C

YIETOM PEeATUBUCTCKIX 3DPEKTOB BBIPOXKIEHHBII YPOBEHDb SHEPTHUH EY pacIernis-
eTcs Ha HECKOJIbKO yPOBHEl, TaK KaK SHEPI'Us 3aBUCUT HE TOJBKO OT IJIABHOTO KBaH-
TOBOI'O YHUCJIA N, HO U OT KBAHTOBOTO YHCJIA jJ, OIPEJIE/IAIONIErO 3HAUYCHNE KBaIpPaTa
MIOJTHOI'O MOMEHTa MMITYJIbca 3JeKTpoHa. Brpodem, B paszesne 10.3. yKe oTMedasaocsh,
YTO pacHIeIJIEHNe BBIPOXKJIEHHOTO YPOBHH IOJI JEHCTBUEM BO3MYIIEHUA — TUIIMIHOE
fABJICHUE B KBAaHTOBOI MexaHunke. HecKObKO HEOXKMIAHHBIM SIBJISETCH TOT (PakKT, U4TO
SHEPTHA CTAIMOHAPHOI'O COCTOAHUS HE 3aBUCUT OT OPOUTAJILHOIO KBAHTOBOTO YuUCIA [,
XOTsl HoJbIHTerpaibiasd Gynknus B dopmyte (11.62) zapucur or nero'. Taxkum obpa-
30M, CIIEKTP SHEPIUU BOJOPOONOOOHOIO aTOMa OCTAeTCS BBIPOXKIEHHBIM U IIPU yUeTe
pendaTuBucTcKuX 3pdexTon. [ 371eKTpoHa KBAHTOBOE YUCIIO J IPUHUMAET 3HAUCHUS
j=1/2,3/2,5/2,..., upudem npu 3aJaHHOM j OpOUTAJIBHOE KBAHTOBOE YUC/IO MOXKET
HMETh OJTHO U3 JIBYX 3Hadenuii: [ = j41/2. Oba 9T COCTOSHMST COOTBETCTBYIOT BBIPOZK-
JIEHHOMY YPOBHIO 3Hepruu. lIMmeeTcs Tak:Ke BBIPOXKJIEHWE YPOBHEW U IO KBAHTOBOMY
UUCITY M, KOTOPOE ONPEJIENIFeT 3HATeHNEe MPOEKIUA MOJHOIO MOMEHTa 3JIEKTPOHA Ha
0Ch KBAaHTOBaHHUsI. DTO BBIPOXKJICHHUE, OJHAKO, HE ABJISIETCS “‘C/IydaiiHbIM ', OHO OTpazkKaeT
cepriecKyo CHMMETPHUIO KYJIOHOBCKOTO TIOJIS SJIpa.

OrmmrieM KpaTKO CHCTEMY CTAIMOHAPHBIX COCTOSHUI BOJIOPOJIONOI0OHOIO aToMa €
yYIeTOM CIUHA 3JeKTPOHA. B aroMHOil pu3nKe CcTAIOHAPHOE COCTOSHEE JI000i YacTu-
1Bl B EHTPAJILHOM IOJIE IIPUHATO 0003HAYATH CUMBOJIOM Nl ;, TJIe BMECTO N 1 j yKa3blBa-
I0TCA KOHKPETHBIE 3HAYECHHUS 9TUX KBAHTOBBIX YUCE, & JIJIsi OPOUTATIHLHOIO KBAHTOBOI'O
gucsia ucnosb3yoresd npasuia (9.13). Kak sunno u3 Beipaxkenust (11.65), sHeprus
YPOBHEI TO-TIPEZKHEMY 3aBUCUT B OCHOBHOM OT TIJIABHOI'O KBAHTOBOI'O YHCJIA N; BbIpa-
YKeHme B KB IPATHBIX CKOOKAX OJIM3KO K eIMHATe, Tak Kak o < 1. Ilosromy cocrosmus
9JIEKTPOHA PACIIOJIATAIOTCS 110 3HAYEHUSM SHEPIUU CJIEIYIONIUM 00Pa30M:

151/23 231/27 2p1/2, 2173/23 331/27 3p1/2, 3p3/2, 3d3/27 3d5/25

—— 9Heprusi COCTOAHHUIA. (11.66)

!CnekTp sHEPrum, KOTOPBI ITOJIyYaeTcs B PE3yIbTaTe moyuH020 PEIICHNs] PEIATUBACTCKOTO
ypaBuenus Jlupaka, Takke He 3aBUCUT OT [.
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[TomaepKHYTHI TAPBI COCTOSTHUN ¢ OMHAKOBOI sHeprueil. COBOKYITHOCTH YPOBHEH ¢ 011~
HAKOBBIM 3HAYEHNEM TIJIABHOT'O KBAHTOBOT'O YHCJIa 72 HA3BIBAETCS TOHKOU CTPYKTYPOIA.
PaznocTs 3Havenunii sneprun ypoBHeil BHYTPH TOHKON CTPYKTYPBI MaJia 110 CPABHEHUIO €

pastocrbio B — Egl 61aroiapst MaJIoOMy 3HAYEHHIO MOCTOsTHHON «v [em. (11.64)], KoTo-
past Ha3bIBaeTCsl IIOCTOITHHOM TOHKOI CTPYKTYPHBI. TeMm He MeHee, HAJIMYNE TOHKON
CTPYKTYPBI yAaeTcss OOHAPYXKUTH C ITOMOIIBIO OINTUYIECKIX N3MEPEHHII.

B xadecTBe mpuMepa paccMOTPHUM TOJIOBHYIO JUHUIO cepuu BasbMepa B crieKTpe n3-
Jgyderus Bosopoja. OHa BOBHUKAET B pe3yJbTare u3JyueHus (hOTOHA SJIEKTPOHOM IIPU
€T0 TIepexoJie ¢ YPOBHS ¢ N = 3 Ha ypoBeHb ¢ n = 2. [locKosbKy 3a/1aH1e TOTBKO IVIABHO-
ro KBAaHTOBOI'O YHUCJIA €Ille He OIpeiesseT MOJTHOCTHI0 KBAHTOBOE COCTOSTHUE 3JIEKTPOHA,
BO3HMKAET BOIIPOC: MEXKJIy KAKUMU COCTOSIHUSIMU, TIOKa3aHHbIME Ha cxeme (11.66), Bos3-
MOKHBI Ttepexojipl! s oTBeTa Ha 9TO BOIPOC HEOOXOAUMO YUIECTh 3aKOH COXPAaHEHUsT
MoMeHTa uMmIy/abca. Poron obsagaerT cOOCTBEHHBLIM MOMEHTOM UMITYJIbCA, PABHBIM h,
[IO9TOMY IIPU W3JIyYE€HUN WJIM TOIVIONMEHUN (POTOHA MOMEHT MMITYJIbCa aTOMa JIOIKEH
MEHSThCs TaK, YTOOBI COXPAHSJICS MTOJTHBII MOMEHT UMITYJIHCA CUCTEMBI “aTOM-+(OTOH .
B KBaHTOBOIl MeXaHWKe JIOKA3bIBAETCs, YTO IPU U3JIYYEHUH U IOIJIONeHnn (hOTOHA
JIOJTI’KHBI BBITIOJIHATHCS TaK Ha3blBaeMble IIPaBUJjia OTOOpA /i1 KBAHTOBBIX unces [ 1
J, CBSI3aHHBIX C MOMEHTOM HMITYJIbCa, & UMEHHO,

Al=+1, Aj=0,%+1, (11.67)

rae Al u Aj — n3MeHeHHne KBAHTOBBIX UHCEJ COCTOSHUsI aTOMA IIPU IIEPEXOJIE.
Takum 06pazoM, roJIOBHOM JIMHUN Ce-
pun BaibMepa B crieKTpe 31y deHust Bo-

JIOPOJIa COOTBETCTBYIOT IIEPEXOJIbI IJIEK- A 3(15‘,2
TPOHA, MEYKJLy CJIeLYIONUMUA COCTOSTHUSA-
MU: 3P0 3(‘].32
381, 3P
3273/2 - 231/27 3p1/2 - 251/27 o=
=
3d3/2 - 2]?1/2, 331/2 - 2171/2, IE_ o'y |wy|e;
<L
3d5/2 - 2p3/2a 3d3/2 - 2p3/2, -
M| ¢ |0
351/2 - 2173/2:
OTH 1epexoabl CXeMaTHIEeCKH ITOKA3aHbI Y vy me
na Puc. 11.1. CumBonamu w, u w; 060-
3Ha4YeHbl YACTOTHI U3TYIeHUs TPHU TIepe- Yy 251r2~ 2p 112
XOJIaX.
N3 pucyHka BUJIHO, UTO, B IPUHIU-
11e, BMECTO OJIHOM JIMHUK JIOJI?KHO Ha- Puc. 11.1.

OJI0/1aThCS TSITh JIMHUN ¢ OJIM3KUMU Ha-

croramu. OHAKO onTHYecKUMH mpubopamu (Tuna audpakIOHHON PeIeTKn) paspe-
IIUTHL BCe NATh JIMHUN OOBIMHO He yiaeTcd. Peajbno HaOsojaeTcd Tak Ha3bIBAEMBbIN
“myrmrer” — JiBe JIMHUK ¢ HEKOTOPBIME “CpeIHUME’ 9acToTaMu w 1 w’'. Jlejo B ToM, 910
“IIoJIHas IMUPUHA TOHKO# CTPYKTYPB” YPOBHs F, OBICTPO yMEHbBIIIAETCsI ¢ POCTOM 7 (CM.
yupaxkuenue 11.8.), mosToMy pacIierieHne CreKTpaJbHbIX JUHU B cepun Basbmepa
OTIPEJIE/ISIETCST B OCHOBHOM TOHKOH CTPYKTYpOil ypoBHs ¢ n = 2. [IBe juHUU ¢ 9acto-
Tamu w; Ha Puc. 11.1. cimBatorca B OJHY JIMHUIO JIyIlIeTa, a TPU JIMHUM C YacTOTaMU
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W) ciMBaroTCs B IPYTYIO JIMHKIO jiyluietal. $IcHo, 4TO He TOJBKO TOJIOBHAS JIMHUSA, HO
U BCe Jpyrue JIMHUU cepuu bajibMepa J0/IKHBI BBITVISAIETH KaK JIyIJIETHl C IPUMEPHO
OJIMHAKOBBIM PACCTOTHUEM MEXKJIy JIMHUAMU B KaxKJI0M Jyiuiere. VIMEHHO 3TO OOBIHO
1 HaOJIIOaeTcsd B ONTUYECKUX 3KcrepuMeHTax. OTMeTHM, OJHAKO, 9TO B ITOC/IEIHIE
JIECATUIIETAS JIOCTUTHYTask TOYHOCTH ONTUYECKUX U3MEPEHNH, a TaKKe TpUMeHeHne pa-
JMOYACTOTHOM TEXHUKHU ITO3BOJIMIN TOJTHOCTBIO TTOATBEPAUTD BBHIBOILI TEOPUHU O TOHKOM
CTPYKTYPe yPOBHEN HEPTUU aTOMa BOJIOPOJA.

11.5. CnouHOBBIIT MArHUTHBIIT MOMEHT 3JIEKTPOHA

B pasnene 8.4. ormedasioch, 9YTO B KBAHTOBBIX COCTOSIHUSIX, B KOTOPBIX OTJINYEH
OT HYyJIsT OPOUTAIBHBIE MOMEHT UMIIY/IbCA, SJIEKTPOH 00/1a/aeT MArHUTHBIM MOMEHTOM,
IpUIEM OIIEPATOPHI ATUX JIBYX JMHAMIICCKUX IIEPEMEHHBIX CBSI3aHbI MEXK Ty c000it (hop-
mysioit (8.38). Oxazasoch, YTO CHUH JEKTPOHA TAKXKE CO3/Ia€T MAUHUTHBIA MOMEHT,
KOTOPBIH NPUHATO HA3BIBATH COOCTBEHHBIM WJI CIIMHOBBIM MArHUTHBIM MOMEH-
ToM. ['pybo roBOpH, JaxkKe MOKOSIINICS 3JIEKTPOH HAIIOMUHAET MaJIeHbKYIO ‘MarHUT-
HYIO CTPEJIKY”, CIIOCOOHYIO pearupoBaTh Ha MArHUTHOE II0JIE.

Paccyxmast mo anajmorum ¢ opOUTAJIbHBIM MarHUTHBIM MOMEHTOM, KarKeTCs ecTe-
CTBEHHBIM IIPE/IIOJIOKATH, ITO OIIEPATOP COOCTBEHHOIO MArHUTHOI'O MOMEHTA, 3JIEKTPO-

Ha [[, JIOJIZKEH BBIPaXKaThCsl Yepe3 OlepaTop CIUHA S TOIHO Takoil ke dhopmysioit (8.38).

O,ZLHaKO 9KCIIEpUMEHTDBI, IIPOBEACHHBIEC B HepBOﬁ TpeTn XX BeKaZ, IIOKa3aJik, 9TO KO-

5 GUIIERT TPONOPIMOHATBHOCTH MEKILY ﬁs u S 19 JeKTpoHa BBOe GOJIbIIe, YeM B
dbopmyse (8.38), T.e.

Ny

gy, = — (11.68)

(&
M

[TockobKy KBajpaT CIHHA 3JIEKTPOHA B JIIOOOM KBAHTOBOM COCTOSIHUYM MMeeT 3HaYCHUE
S? = 3h?/4, a npoeknus S, Ha OCh KBAaHTOBaHMZ NMPUHUMAET 3Hadenus S, = hm,, rie
m, = +1/2 — ciimHOBOE MarHuTHOE YncI0, u3 dhopmyssr (11.68) ciaemyer, 4o

e =3pn,  He = —2upmy, (11.69)

rae pp — Marmeron Bopa (8.40). Takum o6pasom, HIpoeKIust COOCTBEHHOIO MarHHT-
HOI'O MOMEHTa 3JIEKTPOHa Ha JII00YIO OChb KBAaHTOBAHUSA Z MOXKET IPHHUMATH 3HAYCHUSI
fy, = Epp. OTMeTHM, 4TO 3HAKM IpOEKNUil S, M [i,, B COCTOAHMUHU C 3aJaHHBIM 1M,
IIPOTHUBOIIOJIO?KHBI.

CobCcTBEHHBIM MArHUTHBIM MOMEHTOM 00JIaJ[aeT He TOJBKO 3JIEKTPOH, HO M JIPyTHe
JaCTHIIBI, & TaKKe aTOMBl U aTOMHbIe daipa. CBA3b MeKIy 3HaYeHHAMH CIHHA TzKe-
JIbIX YaCTHUll 1 UX COOCTBEHHBIM MATIHUTHBIM MOMEHTOM 0oJiee CJIO2KHas, IeM MEeXK/1y
CIIMHOM ¥ MAarHATHBIM MOMEHTOM 3JICKTPOHA. MarHUTHBIN MOMEHT TAKEJIbIX YaCTHIL
OOBIYHO M3MEpPSIOT B €IMHUIAX TaK HA3bIBAEMOI'O “A/IEPHOTO MArHeTOHA” [, KOTOPBIi
ompejieAeTca Kak
eh pg

SRS 11.70
2m, 1836’ (1L.70)

125N

!'Takum obpasom, Ha Puc. 11.1. Tpu BepxXHHX yPOBHSI SHEPIHU CJIEJIOBAJIO PACIOJIOKHATH
O4YeHb OJIM3KO JIPYT K JIPYTY.

2HamnGoJsiee n3BeCTHDI 3KCIepuMeHT DitamTeiina u ge Xaaca n sxcrnepument [Irepra u Tep-
Jlaxa, ¢ KOTOPBIMHA 9UTATE b JTOJKeH ObITh 3HAKOM U3 Kypca o0Ieil (hbusnku.
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rae m,, — Macca IpPOTOHA. [To skcriepruMeHTAIBHBIM JTAHHBIM COOCTBEHHBIN MarHUTHBIH
MOMEHT IIPOTOH& cocTaBIAeT 2,793 (1 U HalpaBJeH BJOJIb CIUHA. YJIUBUTEIBHO, YTO
HEUTPOH, OYIyUH JIEKTPUIECKH HeHTpaJIbHOI JacTHIlell, Toxke 00J1a1aeT COOCTBEHHBIM
MarHMuTHBIM MOMEHTOM, PaBHBIM 1,913 pi,;, IPpUYEM MarHuTHBIE MOMEHT HeHTpoHa Ha-
IpaBJieH IPOTHBOIOJIOKHO CIHIHY' .

11.6. YpaBuenmue lllpegunarepa jjist YacTUIbl B MArHUTHOM II0JI€

JIrobast wacTuia, 0b1a1a01ast SJIeKTPUIeCKIM 3apsIoM 1 (Hjin) cOOCTBEHHBIM Mar-
HUTHBIM MOMEHTOM, B3aUMOJIECTBYeT ¢ MarHUTHBIM 1ojieM. CTporo ropopsi, 910 B3au-
MOILefICTBHe MO2KHO I10CJjiIe10BaTe/JIbHO OIIMCAaTh TOJILKO B paMKaX peJIHTI/IBI/ICTCKOIU/I KBaH-
TOBOIT MexXaHUKn2. MBI KPaTKO OCTAHOBHUMCH Ha IMPHUOINKEHHOM YPAaBHEHHH, CITPABE/I-
JINBOM B CJIydae, KOIJia CKOPOCTh YaCTHUIIBI MaJjia 0 CPAaBHEHUIO CO CKOPOCTBHIO CBETA.
QakTUIECKH 3TOI0 MPUOINKEHNS JOCTATOIHO JIJIsI UCCJ/IeIOBAHUST MarHUTHBIX CBOMCTB
aTOMOB U BEIIECTBa, TaK KaK CKOPOCTH 3JIEKTPOHOB BCEra 3HAYUTEHLHO MEHbIIe, YeM
CKOpOCTh cBeTa ¢ & 3 - 108 m/c.

Wrak, mycTh 9acTHIla C 3apsIOM ¢, MACCO 1M U COOCTBEHHBIM MArHUTHBIM MOMEH-
TOM, KOTODBIIl ONUCBIBAECTCA OIEPATOPOM ﬁs, HAXOJIUTCA B MarHUTHOM 1ojie. s mpo-

CTOTBHI B JaJIbHENIIIEM OyIeM CIUTaTh, YTO WHIYKIUS MArHUTHOTO I10JIsT B (') m apyrue
IIOJId, KOTOPBIE MOT'YT, B IIPUHITAIIE, JIEACTBOBATh HA YaCTHUILy, HE 3aBUCAT OT BPEMEHM.
[Ipeamonaraercs, 94To BIAWAHUE BCEX IOJIEH, 3a UCKIIOYEHNEM MarHUTHOTO TOJIS, MOYK-
HO y4ecTh, 3ajlaBas MOTEeHIaIbHy0 dHepruto dacturpl U(7). C MarHUTHBIM TOJIEM
Jiesio obcrout cioxkuee. M3 kypca obmieit (pU3MKM IUTATEIO JOJIZKHO OBITH U3BECTHO,
YTO MarHUTHOE TI0JIe He ABJISeTCd MOTEeHIMaJIbLHBIM. VIHOT /I j1718 BBEIeHNsT MArHUTHOTO
1oJIg B KBAHTOBYIO TEOPHUIO UCIOJB3YIOT “HABOJILAIINE COOOpaKeHusl ¥ aHAJOTUU, OC-
HOBaHHBIE HA KJIACCHYECKON MeXaHUKe, OJIHAKO BCE 9TH COOOpayKeHus TPeOyIoT 3HaHUs
KJIACCUYECKOI MEeXaHUKU Ha YPOBHE, BBIXOJSIIEM JIAJIEKO 3a paMKHu 3aKoHOB HbroTOHA.
[TosToMy MBI IPOCTO CHOPMYIUPYEM OCHOBHOE ypaBHEHUE, OIUCHIBAIOIIEE JIBUZKEHUE
YaCTUIBI B MATHUTHOM II0JI€, & ITOTOM OOCY/IUM HEKOTOPhIE KaueCTBEHHbIE 0COOEHHOCTH
3TOr'0 yPaBHEHUI.

[Ipexkie Bcero orMeTuM, ITO JIBUXKEHUE YACTHUIHI B MArHUTHOM IIOJIE JIOJIZKHO OITH-
ChIBaTbCs BOJTHOBOI (pyHKIIIEH w(f', o, t), 3aBUCAIIECH HE TOJILKO OT IIPOCTPAHCTBEHHDBIX
KOOP/IMHAT, HO U OT CIIMHOBOI IIepeMeHHOM, TaK KaK COOCTBEHHBINI MarHUTHBI MOMEHT
HaCTUIIbl, CBA3aHHBIN CO CIIMHOM, B3aUMOJENCTBYET C MArHUTHBIM I1OJIEM.

EcrecTBeHHO TPEAIONOKNTE, UTO B PACCMAaTPUBAEMOM HEPEIATHBUCTCKOM IIpeIese
BOJTHOBasi (DYHKITUS JIOJIPKHA YJIOBJIETBOPATH ypasuenuto [IIpenunrepa

ih—— = Hy (11.71)

C HEKOTOPBIM I'aMUJIbTOHUAHOM H, ,ZLefICTByIOH_H/IM Ha KOOPpJAMHATBI 9YaCTUIIbI 1 Ha CIITMHO-
BYIO IEPEMEHHYIO. DaxkTUIeCKN HaM HY2>KHO JIMIIb 3HAaThb, KaK BbIIVIAJIUT raMUIJIbTOHNAaH

!B macrosiimee BpeMsI yCTAHOBJIEHO, YTO IPOTOH W HEATPOH HE SBJISIOTCS 3JIeMEHTAPHBIMUI
JacTUIAMU, KaK 3JEeKTPOH, a COCTOAT W3 3apsi?KeHHBIX 3JIEMEHTAPHBIX YaCTHIl — TaK Ha3bl-
BaeMbIX KBAPKOB. IMEHHO IMOTOMY WX MArHUTHBIE CBOWCTBA, CTOJIb CHUJIBHO OTJINYIAIOTCS OT
MarHUTHBIX CBOICTB 3JIEKTPOHA.

211t 3JIEKTPOHOB TaKOe OIMCAHUE JIAeT y7Ke YIIOMUHaBIIeecs ypasuenne /Iupaka.
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YaCTHUIBI B MAPHUTHOM TioJte. [IpuBesem BbIpazKeHHe I 9TOrO TaMUJIBTOHUAHA (B CH-
creme ejunur CU):

1

= (- dA(F)) +U() — i, B (11.72)

[Tociiegaee ciaaraeMoe SIBHO CBS3aHO C MAarHUTHBIM IIOJIEM: OHO COJEPZKHUT WHLYKITIIO
MarHUTHOIO 10Jisi B. B oTcyTcTBHE MArHUTHOIO II0JIsI IIEPBOE CjlaraeMoe B TaMHUJIbTO-

HUAHE JIOJI)KHO OBITH OIEPATOPOM KuHeTWdeckoi suepruu. llosTomy BekTOp A Takke
JIOJIZKEH OBITh KaK-TO CBA3aH C MATHUTHBIM IOJIEM. DTOT BEKTOD XOPOINO M3BECTEH B
9JIEKTPOJ/IMHAMUKE U Ha3bIBAETCS BEKTOPHBIM MOTEHIUAJIOM. (COOTHOIIEHUE MEXKTY

UHYKIEeH B 1 BEKTOPHBIM MOTEHIMATIOM UMEET BUJ
B=rot A=V x A, (11.73)

rae cuMBOJI “‘rot” o3HadYaeT pPoTop BEKTOPHOI'O IIOJIL. [Ipencrapienne WHIYKIIUA Mar-
HUTHOTO IOJISL B BUJE POTOPA 10/ A BO3MOMKHO HOTOMY, HTO OJ(HO U3 ypaBHEeHuii
MakcBesia yTBEpP:K/IAeT, UTO JIMBEPrEHIINsT MArHUTHOTO ITOJIst divB = V - B seerna

pasHa Hymo'. Tak Kak JUBepreHIus poTopa paBHa HyJ/IO, TO ypasHeHue Maxcpeiia

V- B = 0 BeinosiasieTcst aBromaTnaecku, ecan B npencrasieno B suje (11.73). Cremyer
OTMETUTh, UTO BbI60p BEKTOPHOI'O IOTEHIIAIA, COOTBETCTBYIOMIErO 3a1aHHOMY BEKTO-
Py MHIYKITUT B HeOJIHO3HAYeH. B yacTHOCTH, K A moxHO npudABUTH TPATUEHT v f
TPOU3BOTLHOM cbyHKLu/H/I koopauHat f(77). KaK BuiHO u3 hopmysisl (11.73), mpu smom

B ocraHercsi TaKUM Ke, TIOCKOJIbKY POTOD I'pajiieHTa paBeH Hy/0. MoxkHO j10Ka3arh,
OJIHAKO, YTO HEOJHO3HAYHOCTH B BHIOOPE BEKTOPHOIO NOTEHIMAJIa He CKa3bIBAETCs Ha
3HAUEHUIX HAOJIONAEMBIX (DUBHIECKUX BEJIUIMH.

MT&K, B MarHuTHOM IIOJIE€ U3MEHACTCA BHUJ OllepaTopa KUHETUYECKON QHEprum 4a-
cruipl [epsoe ciaraemoe B ravmibrornane (11.72)]. Drum yaurbiBaeTcs BiInsHue Mar-
HUTHOT'O 1I0JId Ha ABH2KEHUE YaCTUIIbI B IIPOCTPaHCTBE. PaCCI\TOTpI/IM Telepb IocjIeIHee

craraeMoe, KyJja BXOJHUT OIIePATOp COOCTBEHHOI'O MArHUTHOIO MOMEHTa YAaCTHIBI [i,.
QusnyecKnii CMBIC 9TOIO CJIAraeMOro HETPYJIHO MOHSATH, OOPATUBIINCHL CHOBA K TEO-
pun 3jeKTpoMariernsma. HaltoMHMM, 9TO BO BHEITHEM MArHUTHOM I10JI€ MArHUTHBIN
MOMEHT i JTIOOOTO Tejla CTPEMUTCS MMOBEPHYTHCSI TaK, YTOOBI BEKTOPHI [i U B cramu
napaJsieabHbl. Ha 9ToM siBjieHnn, Kak M3BeCTHO, OCHOBAH IIPUHIIAIT JIeHCTBUS 3JIEKTPO-
MOTOpa M TAKOI'0 YCTPOHCTBA, KaK KOMIAc. Bparatomnmiit MOMEHT MOXKHO BBIYUCJIUTD,
[PUITICAB TEJIy MEXaHUIecKyio suepruto W, . = —[i - B , 3aBUCAIILYIO OT yIJIa MEKJy

Mar
MArHUTHBIM MOMEHTOM M ItojieM. 113 Bpra)I?eHI/IH (11.72) BumHO, YTO TIOCTIE/HEE CJIa-
raemMoe B raMIJIBTOHHAHE OIMCHIBAET TOT »Ke caMblil 3 deKT — jeiicTBre MATrHUTHOT'O
IOJIS Ha, COOCTBEHHDLIM MArHUTHDLIA MOMEHT 4acTHUIbl. Kak 0ObIYHO ObIBAET B KBAHTOBOM
MeXaHUKe, JTUHAMIYECKast lIepeMeHHas (i, 3aMEHAETCs COOTBETCTBYIONIUM OIIEPATOPOM.

s snekrpona ramusbronnan (11.72) wacro samucbiBaercs B dhopMme, Kyjla sIBHO

BXOJIUT OMEPATOp CriuHa S. DTO JIErKO CJIeJIaTh, €CJIU BCIOMHUTH cooTHOIeHne (11.68)
MEXKJIy OIIepaTOPaMK CIIMHA U COOCTBEHHOTO MAIHUTHOI'O MOMEHTA. Y UYNTBIBas TaKiKe,
YTO JIJISd 9JICKTPOHA ¢ = —e, TOJIydaeM
A 1 A - 2 R
L (F+ed() +U@F) +— 5 B(7), (11.74)
m

(&
e me

19710 yTBepkKIeHNe SKBUBAJIEHTHO TAKOMY: ITOTOK MArHUTHOI'O TI0JIsSI 9€Pe3 JIO0YI0 3aMKHY-
TYIO IIOBEPXHOCTH PaBeH HYJIIO, T.€. JUHAN B Bcerja 3aMKHYTHI.
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Ijie m, — Macca JeKTPOHA.

CraruonapHble COCTOAHHSI 9JIEKTPOHA U YPOBHHU SHEPIUM B MATCHUTHOM IIOJI€ Ha-
XOJIATCA B pe3y/IbTare pelieHus craimuonapHoro ypasuenud IlIpeaunrepa H v = E,
rje raMuibToHnal umeer Bujt (11.74). B BakHOM YacTHOM CJIydae OJHOPOHOIO IMOJIs

B, nampaBjeHHOTO BJIOJIb HEKOTOPOW OCH Z, BbIpaKeHUe JjId TaMUJIbTOHHAHA MOXKHO
yIpocTuTh. JIerko nposepuTh, Hanpumep, 4ro coorHorenne (11.73) BoinosHsieTcst, ec-
JIX TIPOEKITUU BEKTOPHOI'O IMOTEHITNAJIa BHIOPATH TAKUMMT:

A,=-By, A=A =0, (11.75)

rae B = const — BeJMYMHA WHIYKIMH MArHUTHOTrO 1oJig. Torma Beipaxkenue (11.74)
NPpUHUMAET BU]
) )
H= L(px—eBy)2+p—y+p—z+U(F)+§éz. (11.76)
2m, 2m,  2m, m,

DTOT raMUJIBTOHUAH HCIIOJIL3YeTCsl, HAIPUMED, [PU U3YyUCHUH DPACIICIJICHUs dHEpre-
THYECKUX YPOBHEHl W CIHEKTpaJbHBIX JIMHUN BOJOPOJa B MArHUTHOM IIOJIe, KOTJia B
kadecTBe GyHKIMu U Oepercd NMOTEHIUMAIbHAS SHEPIUsl 3JIEKTPOHA B KYJIOHOBCKOM
nosie sAjapa. Kpome TOro, HyKHO y4ecTb U DEJIATHBUCTCKHE 3P deKThI, KOTOpbIE
omucpiBaiores ciaraembivu W(r) m W o B dopmyne (11.48). Jlpyroe saxnoe
npuMenerne ramuibronnana (11.76) — omnmcanue JBUZKEHUS SJIEKTPOHOB IMTPOBO/IH-
MOCTH KPHUCTAJLJIa B TPUCYTCTBUM BHEITHETO MATrHUTHOTO mojd. B srtom ciaydyae U —
MOTEHIINAbHAS YHEPTHA IJEKTPOHA B 3(PEPHEKTUBHOM MEPHOIUIECKOM II0JIe, KOTOPOEe
CO3JIaeTCs aTOMaMU, PACIIOJIOKEHHBIMU B y3J1aX KPUCTAJINYECKON PeIeTKN.

YipakHeHus

11.1. Vicnonbsys coorHomenus (11.12), mpoBepuTh, 9TO OlepaToOphl MPOEKIUIl CrinHa
— JIMHEUHBbIE OIIEPATOPBI.

11.2. IIposeputs pasencrsa (11.14).

Ykazanune: Boiparkenue S;V sBiisercs ClIMHOPOM, KOTOPBI ITOJIyYaeTcsd U3 CIIMHOPA

U npn geiictBun Ha Hero omneparopa S;. Ilosromy kommnonentsr S;U coBmamaior co

SHAYEHUSIMU (DYHKITIT (§Z¢) (o).

11.3. C nomomipio dopmy. (11.17) mokazars, uro omneparop Keajapara criusa (11.15)
KOMMYTHDYET ¢ OIEPATOPAME POEKImi S, Sy, S..

Yrazanue: YJ00HO BOCIIOIb30BaThCA ToxkaectBamu (4.13) u (4.14). Hanpuwmep,

A ~ ~ ~ ~

[ng SQ] = [Sxﬂ S’j] + [va 53] - [gam Sy] Sy + S’y [§x7 Sy] + [S:m Sz] gz + gz [S:m Sz]

Terepb KOMMYTATOPBI MOXKHO BbIPa3uTh U3 pasencts (11.17).
11.4. Hemocpescreento nepemHozkas Marpunsl (11.18), mposeputs, 9To B ciydae
s = 1/2 cupaBe yIuBbI CJIEIYIOIINE COOTHOIIEHUS MEXK/TY OlePATOPaME MIPOEKITHi CIIMHA:

o il o ik ik
$.8,=55% 88=35, 85=55, (11.77)
S8, +8,8,=0, 55 +8.5, =0, S5, +5,5 =0. (11.78)
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Takum obpasom, B ciydae s = 1/2 omepaTopbl POEKIW CIIHA “A@HTHKOMMY THDYIOT”
APYT € APYTOM.

11.5. Ucnonb3ys dopmyiy (11.31) mist cpefHUX 3HAUEHUI, TTOKA3aTh, YTO B KBaH-
TOBOM COCTOSIHUH YACTHIBI ¢ § = 1/2; KOTOPOE OIHICBIBACTCS CIITHOPOM

\P:W)(}),

cpesree 3uadenne (S,) pasHo fi/2.

Ykasanue: [Ipu Beraucsiennu cpenfero yaectsb yciaoBue HopMupoBku (11.9).

11.6. lokazaTh KOMMyTaIoHHBIE cooTHOIIeHnst (11.56), Te raMuIbTOHHAH HMe-
er Buj (11.48), a omeparop CHMH-OPOUTATHLHOIO B3AMMOJIEHCTBUST JTAETCsI BBIPDAZKEHNU-
em (11.55).

YKazanue: Y4ecTb, 9YTO OllepaToOpbl J2, jZ JIEMCTBYIOT Ha YTIJIOBbIE TIEPEMEHHBIE BOJI-
HOBOI (PYHKIINU 3JIEKTPOHA ¥ ¥ (0 U CIIMHOBYIO IIEPEMEHHYIO O, & OIEPATOD L2 JIeiicTByeT
TOJIbKO Ha YTJIOBBIE II€pEMEHHBIE.

11.7. Hoxcrasurs BosHOBYIO dyukimio (11.57) B cranuonapuoe ypasuenue [IIpe-
nunrepa H ¥ = FEv ¢ ravuasrornanoM (11.48) u mpoBepuThb, 9TO JJIA PaMAbHOILL
YaCTU BOJIHOBOI (DYHKIIMM ITOJTyYaeTCs YpaBHEHME

Wo1d(,d\  RPll+1)  Zg?
{_2—me r2dr (T $> T amgr e T ch—om(’”)} R(r) = E R(r),
(11.79)

e dymxrms W, o o6(r) mveer su (11.61).

CII-
Ykazanue: YdecTh, 4ro BoJjHOBas (yukius (11.57) ymoBierBopsier ypaBHEHU-
am (11.58).
11.8. C nomormipio Beipazkenusi (11.65) st ypoBHEH SHEPru# BOIOPOIONOI0GHOTO
aToma, II0Ka3aTh, YTO “TIOJIHAs IMUPUHA TOHKOI CTPYKTYphl D, TIpH JAHHOM 7 PaBHA

Z%a*(n — 1)
R

D

(0)
3 IEO). (11.80)
Ykazanne: Tak Kak Ipu JaHHOM 1 OPOUTATLHOE KBAHTOBOE YUCJIO ITPUHUMAET 3HA-
yenus [ = 0,1,...,n — 1, To, KaK JIETKO ITPOBEPUTH, MaKCUMAJIbHOE ¥ MHUHUMAJbLHOE
3HAYEHHUs] KBAHTOBOI'O YKCJIA j B TOHKON CTPYKTYpe PaBHbI j, .. =n— 1/2, j . =1/2.
Boraucmutes Dy u D, 114 ypoBHeil aToMa BOJIOpPOJa, NMOKasaHHBIX Ha Pumc. 11.1.
. 0 0
CpaBHUTD TN BEJIMYUHDBI ¢ PA3HOCTHIO HEBO3MYIIEHHBIX YPOBHEH SHEPTrUn E:(,) ) Eé ),
BeraucanTs JIMHBL BOJIH JIyIIeTa IIPU PACIIEIIEHIH TOJIOBHOI TuHNN cepun baibMepa.
Cunrarb, 9T0o HaOIOIa€MbIe YACTOTHI B JAyIuiere () u ) ecThb cpe/iHIe 3HAYEHUS TACTOT
w; 1w, (em. Pue. 11.1.).

12. KBaHTOBag MeXaHUKAa CUCTEMBbI YaCTUII

Jlo cux mop MBI pacCMaTPUBAJA TOJBKO T€ CHTYAIlUHd, B KOTOPBIX 00HG TaCTUIA
JBUzKETCs B 3a1aHHOM 110J1e. O IHAKO MOJABJIsIoNIee OOJIBITUHCTBO PeaIbHBIX 00bEKTOB
COJIEPZKUT HECKOJIBKO (& 9acTo — JOBOJIBHO MHOI'O) MUKPOYACTHII, B3aNMOEHCTBYOIIIX
He TOJIbKO C BHEITHUMU [OJISIME, HO ¥ JIPYT ¢ ApyroM. Tunudnbie npuMepbl — aToMbl (3a
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HCKJTIOYEHIEM [TPOCTENITIEro aToMa BOJIOPOJIa), CBOCTBA KOTOPBIX 3aBUCAT OT KYJIOHOB-
CKOT'O B3aMMOJICHICTBIA MEZKLY 3JIEKTPOHAMHU', MOJIEKYJIbI, KpUCTAJUILL. UMC/I0 9acTHIl
N, 06pa3yoImx CUCTEMY, MOYXKET COCTABJISIThH HECKOJIBKO JIECSTKOB (JI1 ATOMOB ¥ MO-
JIeKya1), a [yig Kpuctaaios N umeeT nopsiok uunciaa Aporajgpo N, ~ 6,02-10% moan 1.
Takum obpaszom, TpedyeTcs 00OOIUTL 3aKOHBI KBAHTOBOW MEXAHUKH HA CUCTEMbI, CO-
CTOSIIIE W3 TMPOU3BOJIBHOTO YMCIa MUKPOYacTull. K caacThio, TyIaBHbIE 9ePThl TEOPUN
daKTUIECKN OCTAIOTCSA TEMU YK€, YTO U B CJIyUIae OJIHOM JacTHUIIbI, XOTSI €€ IPaKTHIECKOe
[IpUMEHEHNE K peajbHbIM (DH3UIECKUM CHCTEMAM MOYKET OKA3aThCs BEChMa CJIOXKHBIM.
Kak obbruno 0ObiBaeT B (pu3MKe, MOMOTaloT YAauHO BHIOPAHHbBIE YIIPOIIEHHBIE MOJETN U

pasyMHbIe IPUOJINKEHIS.

12.1. BoamnoBas yHKIUS U JJUHAMUAYECKNE TIepeMeHHbIe
CHCTEeMbI YaCTUI]

PaccmoTpum iponsBosibHYIO cucteMy, coctosyto n3 N dqactuil. Bygem HymepoBaTh
JaCTUIIBI UHJIEKCOM k, IpUHUMAONUM 3Hadenus 1,2, ..., N. Kak u panbIie, s Kax-
J0ii 9acTUIbI BBEEM HAOOD MEPEMEHHBIX ¢, = (7, 04) = (Zy, Y., 2y, O ), BKIIOTAIOIIII
KOOD/IMHATHI ¥ CIIMHOBYIO IlepeMeHHyt0. CHIHOBas IepeMeHHas IPUHUMAET 25, + 1 3Ha-
"eHue, rJie s, — CIUHOBOE KBAHTOBOE YHC/I0 k-oif wactunpr?. [l ynpomienust hbopmy.t
BECh HAOOp HepeMeHHBIX {¢, } Oymer gacTo 0603HAIATHCS OHON OYKBOil ¢.

JleiicTBy¢ 110 aHAJIOTHHN C KBAHTOBON MEXaHWKOW OJTHOIN YaCTHIIHI, BBEIEM HECKOJIb-
KO €CTeCTBEHHBIX IIOCTYJIaTOB. Bo-1epBbIX, Oy/leM cUuTaTh, 9TO KBAHTOBOE COCTOSIHIE
cHUCTeMBI OnuchiBaeTcs BotHoBoM dyukimeit ¥(q,t) = V(qy,qs, - - -, qy,t), KOTOpas ume-
€T CMBICJT aMILTUTY/IbI BEPOATHOCTU 3HAYEHUI KOOPIMHAT BCEX YACTHUIL U IMPOEKIUl NX
CIIMHOB Ha OCh KBaHTOBaHWs. TodHee, BEJTHINHA

dw(q17QQa cee 7QN7t) = ’\IJ(qqu’ o 7QNat)|2 d‘/l d‘/Q o 'dVNa (121)

rie dV,, = dx, dy, dz,, ecTb BEPOATHOCTb TOrO, YTO B MOMEHT BpeMeHHM ¢ uactura 1
OyzeT obHapyzKeHa B 3jIeMeHTe obbema dV) €O 3HadYeHHeM CIMHOBOI IepeMeHHOU o,
JacTuia 2 — B 3jeMenTe obbema dV, co 3HAUEHHEM CIHHOBON IIE€PEMEHHO 0, U T.]I.
CortacHo 3TOMY OIpeJIeJICHIIO BOJTHOBOW (DYHKITUHU, OHA JOJI?KHA YIOBJIETBOPSATH YCJIO-
BUIO HOPMUPOBKH

/I‘P(q,t)l2 dq = / U (g1, Gos -,y 1) dgy dgy -+~ dgy = 1. (12.2)

Kak u B paznene 11.1., cumBour f ...dg, o3HavYaeT MHTETPUPOBAHUE IO KOOPIMHATAM
YaCTHUIIBl 1 CYMMHUPOBAHUE IO BCEM BO3MOXKHBIM 3HAYEHUSIM €€ CIIMHOBO ITepeMeHHO.
DuzruecKuM BeIUIUHAM, XapaKTepPU3YIOMIM CHCTEMY JacTHLl, COOTBETCTBYIOT JIU-
HEelHbIEe SPMUTOBBIE ONEepaTopbl A, KOTOpbIe JefiCTBYIOT, BOODIE TOBOPsI, HA BCE Iepe-
MeHHBIE ¢,. VX mHabiogaemble (CpejHue) 3HAUCHIS BBITHCISIOTCS 110 TPABUITY

(A) = /\II*A\I! dq, dgy - - - dqy. (12.3)

'Kak MBI yBUIMM JaJbIIe, KYJIOHOBCKOE OTTAJIKUBAHIE — CAMOE CHJILHOE, HO HE eIMHCTBEH-
HOE B3auMMOJIEUCTBUE SJIEKTPOHOB B aTOMAaX.

HamoMHMM, 9YTO CHMHOBas IIEpEMEHHAs O OIpeAe/iseT BO3MOXKHBIC 3HAYCHHS IIPOCKIH
CHMHA YaCTUIIBI HA OCb KBAHTOBAHUS.
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OHO stBJIIETCST €CTECTBEHHBIM OO0OITIEHIEeM ITPABUJIA BEIUNCIEHUST CPETHUX 3HATEHU JTH-
HAMWYECKUX [IEPEMEHHBIX [T OJIHON JacTuibl. Konedno, Beraucienue cpegnnx (12.3)
MOKET IIPEJICTAB/IATh COOOl OUEHb CJIOXKHYIO MaTeMaTHYecKyo IIpobieMy u3-3a 00JIb-
IIIOTO YKCJIa WHTErPAJIOB, HO ITOKa MBI He 3a00TUMCA O TEXHUUIECKO cTopone jena. Hac
WHTEpecyeT caMa MPUHITUIHAIbHAS CXeMa KBAHTOBON MEXaHUKHU CUCTEMBI YaCTHIL.

M3MmeHeHne KBAHTOBOI'O COCTOSTHUST CHCTEMbI YaCTHIL JIOJIZKHO OIMCHIBATHCST COOTBET-
crBytomuM ypasHenueMm Illpeaunrepa

h— = HU 12.4

riae H — jmneinbrii oneparop ['ammibroHa (FaMI/UIbTOHI/IaH), JEHCTBYIONUNA Ha IIepe-
MEHHbIC BCEX YaCTHUIL.

[Iycth raMuIbTOHMAH HE 3aBUCUT OT BPEMEHH
OTHEJIUTH IIEPEMEHHYIO T, TIoJtarasa

U(qy, Gos - qns 1) = e P (qy, g, ), (12.5)

r7e 1 dABJIdeTcd pelleHneM ctarmonapHoro ypasaenus [peaunrepa

L. Torma MOKHO OOBIYHBLIM 0OPA3OM

Hip = Eqp. (12.6)

Te 3navyenus F, npu KOTOPHIX 1) — OJHO3HAYHAs U HEIIPpEPbIBHASA (DYHKIHSI, YIOBIETBO-
pAIOIIAs HY’KHBIM TPAHIIHBIM YCIOBHAM?, 00Pa3ylOT CIEKTP dHEePIUU CUCTEMBI.
Jlj1st IpakTHIeCcKOro NpUMEHEeHUsl OIMCAHHON CXeMbI HY>KHO YMETh KOHCTPYUPOBaThH
raMUJIBTOHUAH ¥ OLEPAaTOpPbl JMHAMUYECKHMX IepeMeHHbIX. Kak u B ciiydae ojHoii Ja-
CTHIIBI, 3/IECh OKA3bIBAETCH IT0JIE3HON aHAJJIOTHS C KJIaCCUIeCKoit MexaHukoil. Ecim Kiac-
cuveckas JuHaMudeckas repementas A = A (7, Dy, ..., Ty, Py), BbIpakaercs depes
PaJIMYChI-BEKTOPDLI YaCTHUI[ U UX UMIIYJIbChI, TO COOTBETCTBYIOIIMI KBAHTOBLIA OlIepaTop
A nosyuaercs B pesy/ibraTe 3aMeHbl PaJyCOB-BeKTOPOB U HMIIY/IBCOB Ha COOTBETCTBY-

fomue oneparopsl: A = A (7, py,...,Ty,Pn ). B KadecTBe mpocToro, HO BayKHOI'O
[pUMepa pacCMOTPUM OIEPATOP OPOUTAJILHOIO MOMEHTA HUMITY/IHCA CUCTEMbI JACTHIL.

B kiaccudeckoil MexaHmke 3TO — BEKTOpHas BejudmHa [ = E L, tne L, =7, X p,
k

— MOMEHT MMILYJIbca k-Oif JacTuilpl cucTeMbl. [lo9TOMy B KBAHTOBON MeXaHUKE ecTe-
CTBEHHO OIPEIEIUTH OIEPATOP ITOJTHOTO OPOUTAIHLHOIO MOMEHTA UMITY/IbCa CUCTEMBbI U3
N 9gacTuy cJIe/IyomnmM 00pas3oM:

AN N jaR N ~ ~
L="r,=% (Fk X ﬁk> . (12.7)

Kazx 1p1it u3 onepaTopoB L, — yzKe 3HAKOMBIil OJHOYaCTUIHBIN OIIePATOP OPOUTAIBHOIO
MoMmeHTa. VHjeke k MoKa3bIBAET, YTO TOT OIePaTOp JAefCTBYET TOJIHKO HA KOOPIMHATHI
k-oit wacTuIbl B BOJTHOBOH (DYHKITUU CUCTEMBI.

Pamubronnan H (t) 3aBHCHT OT BPEMEHHU, €CJIM CHCTEMA HAXOIUTCS B IIEDEMEHHOM BHEII-
HEM II0JIe.

2Hanpumep, eciii pedb UJET O CHCTeMe JIEKTPOHOB B aTOME, TO 1) JOJIKHA CTPEMHUTHCH K
HYJIIO [IPU Y/IAJ€HIH JII000I0 9JEKTPOHA HA GECKOHEIHOCTb.
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Ecim wacturpr 06/1a1a10T CIMHOM, TO TPUXOJUTCA UMETDh JIeJIO U C OllepPaTOpaMu,
JICHCTBYIOIMMHA Ha CIIMHOBBLIE IlepeMeHHble. Hamnpumep, oneparop MOJHOIO CIIWHA CH-
CTEMBI OTIpeIeTIsgeT s Kak

S = E Sy (12.8)
k=1
B 6osbmmncTse HpI/IJIO}KeHI/Iﬁ KBAHTOBOU MeXaHUKH IVIaBHYIO DPOJIb UI'DAlOT CHUCTEMDI,

COCTOSAIINE U3 JTEKTPOHOB. [l TAKUX CHCTEM KazK/IbIil U3 OIIepaTopoB S) — 9TO Pac-
CMOTPEHHBIN B pa3jesie 11.2. onmepaTop crnnHa OJTHOTO 3JIEKTPOHA.
Bekropnasi cymma oneparopos (12.7) u (12.8) ectb omeparop MOJHONO MOMEHTA

cucreMbl J. Ero Mmoxkno takzke 3anmcarb B 153491 (§]

A~ N ~
T=> "1, (12.9)

rie J, = L, + S, — omeparop mojHOro MOMeHTa k-Oif dacTHIBl [cp. ¢ dopmy-
noit (11.33)].

Ob6paTumcs Terepb K TaMUJIBTOHUAHY CUCTEMbI 9acTHll H , KOTOPBIil SIBJIIETCs Olle-
PaTOpPOM SHEPI'HUMU. ECJH/I HE YyYUTbBIBATL BJINAHNUC MalHUTHOI'O IIOJId Ha JABU2KCHHE Ya-
CTHUII, TO TAaMIJILTOHMAH JaeTCs (POPMYJIOit

N )
H= Z 2]:7,12 +U() ) + V(75 Ty) + W (12.10)
k=1 k

[lepBblii YieH B 9TOM BBIPAKEHUN — CyMMa MaMUJIBTOHUAHOB OT/IEJIbHBIX YACTUIL, KaXkK-
,Z[I)H';I U3 KOTOPBIX BKJIIOYa€T OllepaTop KNHETUYECKON QHEPIrun 4YaCTuUullbl U OIIepaTop
U(7,) ee B3amMOJeficTBHS ¢ BHEIIHMM TOTEHIMATbHBIM Tostem!. V' — omepatop mo-
TEHIMAJIbHO SHEPIUN B3auMOJIeHCTBI MeXK/ly JacTUulaMu cucreMbl. Hanpumep, ecim
paccMaTpUBaeTCsl CUCTEMa JIEKTPOHOB, TO V' — olepaTop 3JIeKTPUIecKoro (KyJIoHOB-
CKOT'0) B3aUMOJIEHCTBUSI:

V(i Ty Ty) =5 ) s (12.11)
2 AT ey T
kK
Tae 7y = | T), — 7| — Paccrosnume MeXK/Iy jeKTponamu ¢ HoMmepamu k u k'. Haxomern,

onieparop W B hopmyste (12.10) onmchiBaer cinH-opOoUTAIbHOE B3AaUMOJIECTBIE U B3aU-
MOJIefICTBUE MK Ty COOCTBEHHBIMU MarHUTHBIMU MOMeHTaMu JacTuil. Kak ormedasioch
B pazjeisie 11.4., Bce B3amMOIECTBUS, CBA3aHHBIE CO CIIMHOM, UMEIOT PEJIATUBUCTCKOE
npoucxoxkKjaenne. B Oo/bITUHCTBE (PU3NIECKN WHTEPECHBIX CJIyYaeB OHU BeCbMa CJla-
OBbI 110 CPABHEHUIO € KYJOHOBCKUM B3aMMOJEHCTBUEM U TIO9TOMY MOTLYT yUUTHIBATHCH
METOJaMU T€OPUHN BO3MYIIICHUIA.

'Ecsn ravussronnan (12.10) onuceiBaeT aToM ¢ HECKOJIBKUME 3/1eKTpoHaMut, T0 U (7)) BKJIIO-
JqaeT B cebsl MOTEHIMAJIBHYIO SHEPIUIO JIEKTPOHA B KYJIOHOBCKOM II0JIE sLJIPA.
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12.2. KBaHTOBBIE CHUCTE€MbI TOXKJIECTBEHHBIX YaCTUIL

JIBe JacTuIbl HA3LIBAIOTCS TOXKJECTBEHHBIMHU, €CJ/IU BCe UX (PU3NUIECKUE CBOMCTBA
B TOYHOCTHU coBIajiaioT. Hampumep, Jio0bIe JiBa 3JIGKTPOHA WU JIBA ITPOTOHA TOXKJIC-
CTBEHHBI.

B kiraccuueckoil MexaHMKe CyIIeCTBOBaHNE TOXKJIECTBEHHBIX YaCTUIl He TPUBOJUT K
KaKIM-T100 MHTEePECHBIM (DU3UIECKUM CJIEJICTBUSAM. DBoJiee TOro, MOYXKHO JlayKe CIUTaTh,
YTO TOXKJECTBEHHBIE YACTHUIIHI BCET/Ia PA3JIMYNMbBI. B KavdecTBe WJLTIOCTPAIIMA PACCMOT-
PHM JIBUZKEHHUE JIBYX JIEKTPOHOB C TOUKH 3peHHusl Kiiaccudeckoit mexanuku (Puc. 12.1.).
[TycTh B HaUa/IbHBIII MOMEHT BPEMEHU 3JIEKTPOHBI HAXOIMJINCH B TouKax A, n A,, a de-
pe3 HeKOTOpoe BpeMsd ¢ OKa3aJuch B ToukKax B u B,. Ilpunumem nomep 1 snexTpony,
KOTODBIl IIepBOHAYAJILHO HAXOJIWJICs B Touke A, a HOMep 2 — 3JIeKTPOHY, KOTODBIil
[IepBOHAYAJILHO HAXOJUJICH B Touke A,.

XOTd 9JIEKTPOHBI TOXKJIECTBEHHBI, MBI MO-
2KeM, B IIPUHITATIE, ONPEIEINTh, YTO B TOUKY
B, moma; IMEHHO IIepPBBIil 3JIEKTPOH, a B TOY-
Ky B, — BTOpOil 3JICKTPOH, €CJIU IIPOCJIe/ UM
3a X TpaeKTopuaMu. Takmm oOpPaszoM, dJI1eK-
TPOHBI MOYXKHO CUUTATH PA3AUHUMBLMU.

Kak wm3BecTHo, B KJIacCHYeCKOil Mexa-
HUKE JIMHAMHYECKOe COCTOSIHHE CHCTEMBI,
cocrosimeit w3 N YacTHIl, ONIPEIEIATCS B
KasKJIbIii MOMEHT BpEMEeHH COBOKYIITHOCTHIO
PaJINyCOB-BEKTOPOB BCEX YaCTHI[ T7,...,Tx
U UX UMITYJIBCOB Py, ..., Py (WIH CKOpoCTeit).

Puc. 12.1. [Ipearosiokum, 4YTO JIBe WU HECKOJBKO
TOXKJIECTBEHHBIX  YaCTHUI[  IIePEeCTaBJICHI
MecTaMu, HampuMep, IpousBeleHa 3ameHa (7, p,.) < (T,Dk). IlocraBum rtakoi
BOIIPOC: CJIEJLYeT JIM CYUTATh, YTO, IIOMEHSB YaCTUIIBI MECTaMU, MbI IIOJIy YU HOBOE
cocrostaue cucrembl! C OJHON CTOPOHBI SICHO, YTO BCe (PU3MUECKHUE CBOWCTBA CHCTEMbI
IPU [I€PECTAHOBKE TOXKIECTBEHHBIX YaCTHUI[ HE JOJIXKHBI M3MEeHHThcd. Ho, ¢ apyroi
CTOPOHBI, YACTHUILI MOXKHO OTJIMYUTDL JIPYL OT JPyra 0 TPACKTOPUSM UX JIBUMKCHUS
(KaK B paCCMOTPEHHOM BBIIIle [IPUMeEpE), OITOMY TI0CJIe [IEPECTAHOBKY YaCTHIL B TOUKE
IIPOCTPAHCTBA C PaJINYyCOM-BEKTOPOM 7T, HAXOJHUTCS He IPEXKHds, a Jpyeas JIacTUI,
XOTsI 1 obJstajaromiast abCoJIOTHO TaKMME Ke CBoficTBaMu. B pamkax camoil Kiraccude-
CKOIl MEeXaHUKHU HEJIb3s OJHO3HATHO PEIUTh BOIIPOC O TOM, IPUBOJIMT JIU TEPECTAHOBKA
TOXKJIECTBEHHBIX YACTHUI] K HOBOMY COCTOSIHUIO CUCTEMBbI WJIM HE IIPUBOJIMT.

B npuBeieHHBIX BBIIE PACCYKIECHUSX CYIIECTBEHHO UCIIO/IH30BAJICA TOT (DAKT, UTO,
COTJIACHO 3aKOHAM KJIACCUIECKOI MEeXaHWKH, JII00as JacTUIla JIBUKETCs IO OIpe/lesieH-
HOIT TpaekTopuu. B KBaHTOBOII MeXaHUKe IOHATHE TPAEKTOPUHU YACTHI], CTPOTO T'OBO-
psI, TepsieT CMBICJI, IOCKOJIBbKY BCEr/Ia €CTh KBAHTOBBIE HEOIIPE/IEIEHHOCTH KOO/ INHAT 1
npoeknuii ummysabca. [losTomy B npumepe ¢ IBYyMs 3JI€KTPOHAMH, €CJIU UX BOJHOBBIE
dyHKIIMN “TIepeKpPbIBAIOTCS”’, HEBO3MOXKHO OIPE/IEINTh, KAKOI UMEHHO 3JIEKTPOH Oy/1er
3aperuCcTpUpOBaH B TOUKe B, mim B Touke B,. Ha ocHOBe MHOrMX mOmoOHBIX cooOpa-
JKEHUIl B KBAaHTOBOII MeXaHUKe OCTYJIUPYETCS, ITO TOXKIECTBEHHBIE YACTHUIILI HEPa3AU-
wumoi. VIHAYE TOBOpsI, MPU MEPECTAaHOBKE TOXK/IECTBEHHBIX YAaCTUI[ KBAHTOBOE
COCTOSIHUIE€ CUCTEMbI He U3MEHSEeTCs.

O‘{GBI/IILHO, YTO oIllepaTopbl JUHAMUYCCKUX IIEPEMEHHbLIX U I'aMUJIBTOHHaH HE JO0JI2K-
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HbI MEHATBLCS TIPU TIePeCTAHOBKE TOXKJICCTBEHHBIX 4YacTuil'. B mporusHOM ciiydae ns-
MEHUJINCh Obl UX CpeJIHUe 3HAYeHUsI, KOTOPBIE HEIOCPEJICTBEHHO MOXKHO M3MEPUTH B
skcrepuMente. [Tokazkem, ojiHAKO, YTO BOJTHOBas (DYHKIMsI CHCTEMbI TIPU [IE€PECTAHOB-
K€ TOXKJICCTBEHHBIX YACTHUIL MOXKET M3MEHUTHCA. B 9TOM HET mapajokca, Tak Kak cama
110 cebe BOJIHOBasi PYHKIHUSI He sIBJISIETCS HAOJIIOIAEMON BEJTMINHOIA.

Jl1st IpOCTOTHI PACCMOTPUM OISATH CUCTEMY, COCTOSIIYIO U3 JIBYX TOXKICCTBEHHBIX
JaCTUIl, KOTOpas OIUChIBaeTcs BoJHOBON dyukumeir W(q,qy,t), Tae ¢, = (ry,0,) u
Gy = (T, 0y) — KOODJIMHATHBIE ¥ CIIHHOBbIE MepeMeHHbIe JacTull. Kak m3BecTHO, Besn-
IIHOMN, KOTOPas MOYKET ObITh HEITOCPECTBEHHO M3MEpEeHa, ABJISEeTC HE CaMa BOJIHOBAs
dbyukus, a ee kBagpaT MojyJist. Tak Kak 4acTUIBI TOXKJECTBEHHBI, TO

|\D(Q17QQ>t)|2 = |\I’(Q27Q1>t)|2- (12-12)

BaMeTI/IM, 9TO 9TO PpaBEHCTBO BbIIIOJIHACTCHA, €CJIN

(g, q1,t) = AW(q1, 4o, 1), (12.13)

rae A — Joboe KoMmiutekcHoe ucsio ¢ |[A| = 1. Tlepecrapiisisi eie pa3 4acTUIbI, Mbl
BO3BpaIaeMcss K BosiHOBO# dynknun V(q,, gy, t) u, cormacuo (12.13), maxommm, 9TO
A =1, Te. N=1wmwm\ = —1. UTax, Ipu nepecTanoBKe TOK/ICCTBEHHLIX TaCTHI]
BOJTHOBasi (DYHKIUSA JITOO HE U3MEHsIeTCsI, JITDO MeHseT 3HaK.

Kakas u3 ByX yKa3aHHBIX BO3MOYKHOCTEl peain3yeTcsd B JeHCTBUTEILHOCTH, 3aBH-
CUT OT CBOMCTB PAacCMATPUBAEMbIX TOXKJIECTBEHHBIX YACTHUIL. JaCTUIILI, IPU TepecTa-
HOBKE KOTODPBIX BOJTHOBasI (DYHKIIUsI CUCTEMbI HE U3MEHSIETCs, HA3bIBAIOTCS DO30HAMM,
& JaCTUIII, IPU [IEPECTAHOBKE KOTOPBIX BOJHOBas (DYHKIINSA CUCTEMbBI MEHSET 3HaK, Ha-
3pIBaloTCs (pepMHOHAMMI?. DKCIEPUMEHT II0Ka3bIBAeT, YTO YaCTHUIILI C IIEJILIM CIIHHOM
(BKJIIOYAS CIWMH, DABHBI HYJIIO) SBIAIOTCS OO30HAMME, a YACTHUIIBI C TOJIYNEJIbIM CIIH-
HOM SABJIAIOTCH pepMuoHaMu. TakuMm o0pasoM, 3J€KTPOHBI, ITPOTOHBI U HEHTPOHBI, U3
KOTOPBIX COCTOSIT aTOMBI BEIECTBA, OTHOCATCA K (DEPMUOHAM.

st mecsteoBaHUs CUCTEM, COJIEPKAIIIX TPOU3BOJIBHOE YUCTIO0 [N TOXKIECTBEHHBIX
YACTHI], YJI0OHO BBECTH TaK Ha3bIBAEMble OMEPATOPHI IepecTaHoBOK. OrepaTop Ie-
pecranoBku Py, dacrur, ¢ HoMepamu k n k' geficTByeT Ha BOJHOBYIO (DYHKIIHIO IO
MIPABUITY

Pkk/\:[l(q:l?'"7qk7"'7qk,7"‘7qN’t) :\Ij(q17‘"7qk/7"'7qk7"'7qN7t>7 (1214)

T.€. OH MEHdeT MeCcTaMH IepeMeHHbIe JacTull ¢ Homepamu k u k'. Eciu paccmarpu-
BaeMasl CHUCTeMa COCTOUT u3 N TOXKIECTBEHHBIX OO30HOB, TO BOJIHOBasi (DYHKIUsI He
U3MEHAETCs TIPH TlepecTaHoBKe JTI000i napbl yactuil. Mnade rosops,

e KBaHTOBBIE COCTOSIHUSI CHCTEM, COCTOSAIINX U3 TOXKIECTBEHHBIX OO30HOB (YaCTHIY
C IEJIBIM CIIMHOM ), OIMHUCBIBAIOTCS BOJTHOBBIMU (DYHKIUSIMU, CAMMETPUIHBIMU OT-
HOCHUTEJIbHO IIePECTAHOBKH JII000 aphl YaCTHUII.

B ciaygae cucrem n3 N TOXKIeCTBEHHBIX (hDePMHOHOB IIPUMEHEHHUE JI0O0r0 olepaTopa
IIepeCTaHOBKH [, MeHAeT 3HaK BojHOBOU dynkimm. [TosTomy

!B kauecTBe nprMepa yKazkeM Ha OIepaTop KyJIOHOBCKOro Bzanmojeicrsus (12.11), koro-
pBIil He MEHSIETCsI, €CJIU TIOMEHSITh MeCTaMU KOOPJIMHATHI JIFOOBIX JIBYX YACTHIL.
2CwMpIcsT TepMEHOB “6030HBI” 1 “GepMUOHBI” MBI 00BACHIM HEMHOTO TO37KE.
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e KBaHTOBBIE COCTOSIHUSI CHCTEM, COCTOSAIINX U3 TOXKJECTBEHHBIX (hepMUOHOB (da-
CTHIL C IOJIYIIEJIBIM CIIMHOM ), OIHUCHIBAIOTCS BOJHOBBIMU (DYHKITHSIME, AHTHCHM-
METPUYHBIMU OTHOCUTEJIHHO IIePEeCTAaHOBKH JII000M Haphl YaCTHUII.

[IpuBeienHbIe BBINIE YTBEPXKIEHUS SABJILIOTCA IOCTYJIaTAMU KBAaHTOBON MexaHuUKH. B
JIAJIbHEHIIIeM Mbl YBUJIMM, YTO Pa3jIUdds B CUMMETPHUHU BOJHOBBLIX (PYHKIHIT 6030HOB
n (hbepMUOHOB Kap/IMHAJILHO BIUSIOT Ha (DU3MUIECKHe CBOHCTBA KBAHTOBBIX cucTeM. B
HacTodIlee BpeMs Bce NUMeIoIrecd dKCIlepUMeHTaJIbHbIE JIaHHbIE MOJITBEPXKIAI0T CIIpa-
BEJIJTUBOCTH MOCTY/JIATOB CUMMETPU3AIUY BOJTHOBBIX (DYHKITHIA.

12.3. Crarucruka bo3e-ditHaireitna

[Ipocreiinieii MoAE/IBIO KBAHTOBOM CHCTEMBI SIBJIAETCA MOJIE]b, B KOTOPOU B3anMMO-
JIeiCTBAE MEXKIy YaCTHUIAMU SIBJIAETCA CJIabbIM, TaK YTO B HYJIEBOM IPUOIMKEHIU UM
MOKHO BooOIIe TpeHedpednb. JacTo Takyio MoJie/Ib Ha3bIBAlOT KBAHTOBBIM T'a30M.

PaccmorpuM KBaHTOBBIM ra3, coctosdmuii u3 N HEB3aMMOJIEHCTBYIOMNX OO30HOB.
laMuabTOHMAH CHUCTEMBI MOYKHO 3aIlCaTh B BUJE CYMMBbI OJHOYACTHIHBIX TaMUILTOHNU-
AHOB

N
H=> H, (12.15)
k=1

Ec/mm, Hanpumep, MArHUTHOE 110JI€ OTCYTCTBYET M KasKJiast U3 YaCTHI] HE3ABUCHMO J[BH-
JKETCsl B HEKOTOPOM ToTeHIaabHoM 1ose U(7), To

A2 2
A D . h
Hk_ﬁ+ () = =

Vi U(7,), (12.16)

2m

rme Vi — oneparop Jlammaca, geficTByiomuil na KoOpJMHATHI k-0 wacTHibl. B 06-

meM ciaydae [, MOKeT comep:KaTb OIepaTOphl, KOTOpBIe JEHCTBYIOT M Ha CINHOBYIO
IepeMeHHYIo.

Jlerko mpoBepuTh (OCTABJISIEM TO YUTATEIO B KAUECTBE YIIPAYKHEHUsI ), ITO JJIsl CU-
CTEMBbI, COCTOSIIEH N3 HEB3aUMOJICHCTBYIONINX YaCTHUII, IepeMeHnble B ypapaenun [Ipe-
munrepa (12.4) pasuesstiioresi, T. e. BOJHOBasi (DYHKIUS BCeil CUCTEMBI €CTh IIPOU3BEJIE-
HIE OJHOYACTUIHBIX BOJTHOBBIX (DYHKITHIA:

N
\Il(qh SR 7QN7t) = \pll(cha t)\IIZQ(Q%t) T \IJZN(qut) = H “Ijlk(kat)v (12'17)
k=1

I7le MHIEKCH [, XapaKTepu3yIOT OJHOYACTUYHbIE COCTOAHMA. KaskIas U3 BOJHOBBIX
ynkuuit U, - ynosreTBopseT OAHOMY 1 TOMY e ououacTHinoMy ypasuenuio Hlpe-
JAHTEpPa
RS\ TR
ih—t = B0, (12.18)
CoryacHo mocrysary, BBeJIEHHOMY B IIPeJbILYIIEM pa3/iesie, BOJIHOBAaA (DYHKIUS CH-
CTeMBbI TOXKECTBEHHBIX O030HOB J0/IKHA OBITH CHMMETPHYIHA OTHOCUTEILHO IIEPECTAHO-
BOK wacTull. Bosmosas dynknusa (12.17) me obsagaer STHM CBOMCTBOM, €CJIH OHOYA-
cruunbie Gynkipm W, - pasmranbt. Moo, 01HaKO, HOCTPONTH TAKyIO CYIEPIOSHIIO
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dbyukmmit (12.17), koropast 6yeT CUMMETPUIHON OTHOCUTEHLHO MEPECTAHOBOK TOXK e
CTBEHHBIX YaCTHUIL..

O603HAYNM CHMBOJIOM P orepaTop MpOU3BOJIBHOI TEPECTAHOBKN EPEMEHHBIX { ¢y }
B BOJTHOBOI (DYHKIMH cHCTeMBI>. HeTpyIHo IpoBepHUTh, UTO HOJIHOE HHCIIO BCEX TaKIX
nepectaHoBOK paBHo N! (cm. ympaxknenue 12.1.). Ilocrpoum rerneps dbyHKIHO

W(Ql? s >qN>t) = AZ’P{\IJZ1 (Q1>t)\pl2<QQ7 t) e qle<QN7t>}’ (12'19)
P

rje A — HeKOTOpasl IMOCTOSTHHASL U CYMMUPOBAHUE BEJETCS 110 BCEM BO3MOXKHBIM IT€pe-
CTaHOBKAM YaCTHIl. 3aMETHM, YTO IIePeCTaBIATh MOXKHO HE apIyYMEHTHI (), 1 MHIEKCHI
l,, OTHOYACTHYHBIX BOJIHOBBIX (DYHKIHNII — pe3yibTar Oyaer TeM xke. Zlcno, uro dynk-
st (12.19) 6yzer Temepb CHMMETPUYIHA OTHOCHTEIBHO MEPECTAHOBOK YACTHI[ U MOXKET
[IPETEHJIOBATH Ha, 3BaHUE BOJTHOBOW (DYHKIMHM CHCTEMbI. 3adeM Hy»KHa rocrognnas A7
Jesio B TOM, UTO ecyin jlayke OJHOYACTUYIHBIC BOJIHOBbIE (DYHKIIUU HOPMHUPOBAHDLI HA
eauHuIty, To ¥ He yoBIeTBOPsieT ycaoBuio HOpMupoBKu. [locTosinuas A onpeensercs
u3 1oro ycjaosus [cm. dopmyty (12.2)].

Nrak, npon3BojibHOE KBAHTOBOE COCTOSHUE CHCTEMBI, cocTosIeit n3 [N HeB3amMo-
JIEHCTBYIONMUX OO30HOB, OMUCHLIBAETCS CUMMETPH30BAHHBIMU MTPOU3BEICHUSIMUI OJTHOYA~
CTUYHBIX BOJHOBBIX (yHKIWA Brja (12.19). A Kak cTpouTh BOJHOBBIE (DYHKIUU C
[IPABUJIBHOU CUMMETPUEH JIJId CUCTEMbI, B KOTOPOIl 4acTUIbl B3aUMOAEHCTBYIOT APYT C
JIDYTOM ¥ 9THM B3aHMOJCHCTBHEM Hesb3s rnpenedpedn? [lokaxkeM, 9To U B 9TOM ciryuae
CUMMETPHU30BAHHBIE TTPOU3BE/IEHUS OJHOUYACTUIHBIX BOJTHOBBIX (DYHKITUI OKA3BIBAIOTCH
OYE€HDb TOJIE3HBIMH.

IIycts {¢,(q)} — nexoropsrit nabop dbyuxunit ¢,(q) = ¢,(7, 0), yIOBIETBOPSIIONIX
YCJIOBUSM

(llon) = / ot (@)ow(q) dg = Gy (12.20)

Kpome Toro, mpe ook uM, 9To 3ToT Habop MYHKIMNA ABJISIETCST NOAHDLM B TOM CMBICIE,
9TO JIIOOYIO OTHOYACTHIHYIO BOJHOBYIO dyHKIMIO W(q,t) MOXKHO IIPEJCTABUThH B BUJE
psijia (cyneprnosurmn)

(g, t) = Zal(t) ©1(a), (12.21)

l

rie q;(t) — 3aBucdIe OT BpeMEHN KOMILIEKCHbIe Koaddunuenter. B manpueitimenm 6y-
JieM Has3bIBaTh GyHKIWN ¢,(¢) 6a3MCHBIMU OJHOYACTUYIHBIMYU BOJIHOBBIMU (byHK-
UASIMU, & KBAHTOBBIE COCTOSIHUSI, KOTOPBIM OHHM COOTBETCTBYIOT, — OA3MCHBIMU OIHO-
YACTUYHBIMU COCTOAHUSAMUS. {19 6a3MCHBIX OJJHOYACTHYHBIX COCTOAHU MBI Oy/IeM
MHOI/Ia UCIIOJIB30BaTh OBIIENpHHATOe 0003HaYeHNe | [).

'Hanomuum, uto Giarogaps auketinocmu ypasHenus LlIpenunrepa, 1ro6as cylnepIO3UIps
€ro pelrreHnii Toxke OyJIeT PeIeHneM STOr0 YPaBHEHUSI.

2 Jho6yro mepecTaHOBKY HMEPEeMEHHBIX B BOJIHOBOI (DYHKIIMM MOYKHO OCYIIECTBHTH IIOCJIEI0-
BaTeIbHLIM IPUMEHEHHeM HECKOJILKHX ONepaTopoB P, ¢ HEKOTOPBIMHI MHIECKCAMI.

3Beibop dyuknmit ¢;(q) 00bIYHO IUKTyeTCs pusndecKuMu coobparkennsivu. Harmpumep,
JIUIsT OIMCAHMST KBAHTOBBIX I'a30B 4acTo ucnoib3yorest dyukiun (11.25). B srom ciyuae un-
JIEKC | BKJTIOYAET MMITYJIEC YACTUIBI P U KBAHTOBOE YUCJIO My, OIPEEIISIONIee TPOEKIUIO CIIITHA
Ha OCh KBaHTOBaHUs. JIJIsT CHCTEMBI 9JIEKTPOHOB B aTOME pasdyMHee B3ATh B KATECTBE OA3UCHBIX
OJTHOYACTUYIHBIX BOJTHOBBIX (PYHKITHI COOCTBEHHDBIE (DYHKITHN MOMEHTa UMITYIbCA, U T.].
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Nnest, KOTOpYIO MBI Telepb U3J0KUM, COCTOUT B TOM, YTOOBI C TIOMOIIBIO OJTHOYA~
cruanbix Gysximit {¢,(¢)} mocrponts HAGOP GA3UCHBIX BOJTHOBLIX (DYHKIHI /I CHCTE-
MBI, cocTodeit u3 N TOXK1eCTBEHHbIX 0030HOB. B KadecTBe TaKoro Habopa eCTeCTBEHHO
B3ATh CUMMEMPUSOEAHHIE NPOU3EEOCHUA OJTHOTACTIUHBIX BOJTHOBLIX (DYHKITHI!

1

O (qan) = Ay Y PLe (@) e, (@) e (an))s (12.22)
P

rae {l,..., |y} — Ipou3BOJILHLI HAOOP UHIEKCOB OAHOYACTHIHLIX COCTOSHHMIA, All,---, Iy
— HOPMHUPOBOYHas nocrostHHas. Kak u B dopmyse (12.19), nepecraBisiTh MOKHO OO
apryMeHTbl OJHOYACTUIHBIX (DYHKIINIA, JTNOO MX WHIEKCHI.

Hy»no nposeputh, uro Habop dyukiwmii (12.22) ymosiaerBopsier TpebOBaHUSM K
HazucHOMy HAOOPY BOJHOBBIX (pyHKIHT cucTeMbl U3 N TOXKIECTBEHHBIX 0030HOB. Bo-

IIEPBLIX, OY€BU/HO, 9TO (byHKHI/II/I (D(S) CUMMETPUYIHBI OTHOCUTEJIbHO IIEPECTAHOBOK Ya-
(s)

CTUIL, KaK U JOJZKHO ObITh. DT0 Xoportro. [locmorpum, sBiasroTes ju hyHKIIN q)ll I
seey Uy

u q)l(,s ) . HezaBuCUMbIMU. Ecm Hu oMH M3 MHJIEKCOB [; HE COBIAJACT HU C OJHUM
1oty

U3 UHJIEKCOB [}, TO, OUEBUJIHO, ITO 5TU (DYHKIMU HE3ABUCUMBbI, TaK KaK OHU IOCTPOE-
Hbl 110 npaBuiy (12.22) uz pasauvwnvixr odnouacmuvwnux gynryut. FEcam xe B nabope
{l},..., ly} HEKOTOpBIE MHIEKCHI COBIAMNAIOT ¢ MHAEKcaMu u3 Habopa {l},..., Iy}, To
Jiesio obcrout cioxkuee. B kadecTBe mpumMepa paccMoTpum cucteMy u3z N = 3 TOXK]ie-
CTBEHHBIX OO30HOB U mocTpouM JiBe yHKIWU Buja (12.22): <I>l(18l)1 L, 1 (I>l(jl)1l1.
KaxKgasd n3 (PYHKIUH CUMMETPUYHA OTHOCHTEIHHO MEePEeCTaHOBKU WMHJIEKCOB, TO (haK-
TUYEeCKU 3T (PYHKIUU COBIaJaioT! 3aMeTum, OJHAKO, 9TO (DYHKIUH Cbl(fl)le u (I)l(zsl)ﬂl
SIBJITFOTCST HE3ABUCUMBIMH.

Taxkum obpazom, Habop dyukmumit (12.22) cam mo cebe Hesb3si B3ATh B KadecTBe Oa-
3UCHOTO, TAK KAaK OH COJIEPKUT MHOI'O COBHAJIAIONINX (DYHKIHUI, KOTOpbIe (hOPMATHLHO
OTJIMYAIOTCS JIUIIb TIEePECTAHOBKON WHJIEKCOB OJIHOYACTUYHBIX KBAHTOBBIX COCTOSHUIA.
Kak orobparh jeiicrButessbHO pasiaudnble dyakimn! Iloctynum ciaemsyrommum obpa-
3oM. Paccmorpum HekoTOpbIit ukcnpoBaHHbIil HAOOp uHIEKCOB {li, ..., Iy}, cpean
KOTOPBIX MOT'YT OBITh M OJJMHAKOBBIE MHJIEKCHI. Kak MBI yKe BHUJIEIN, Nopadox pac-
MTOJIOYKEHUsT WHIEKCOB He BarKeH, ITOCKOJIbKY Oa3uCHbIE BOJIHOBBIE (DYHKIIMH BCE PABHO
CUMMETPHUIHBI OTHOCUTE/IHLHO UX MepecTaHOBOK. [103ToMy KarKIblii KOHKPETHBI HAOOD
uHIEKCOB {l,..., [y} ecTecTBEHHO XapaKTepU30BaTh YUCIAME 7, Te | poberaer ace
603MONHCHBIE 3HAMEHUSA, & N, TOKA3BIBAET, CKOJBKO pa3 [ BCTpedaeTcd B JIAHHOM HabO-
pe. Kaxmoe n3 4amcen n; MoxkeT mpuHUMAaTh 3HadeHnd oT 0 10 N, HO OHH JOTZKHBI
YJIOBJIETBOPSITH OUYEBUIHOMY YCIOBUIO

> m =N, (12.23)

Tak Kak

TaK KaK YUCJIO JaCTUIll B CUCTEME DPaBHO N. By,lLeM XapaKTepu3oBaTb CUMMETPU30-

BaHHbIe OA3UCHBIE BOJHOBBIE (DYHKIMN CHCTEMBI He HAOOPOM WHIEKCOB {l;,..., Iy}, a
rHabopoMm wuces {n,}. Obosmadnm stu GyHKIwN o (¢4 ---,qy). Ecam mabopsr {n,}
n,}

u {n)} pasmudaabl, TO GYHKIMNT CID%Z)} n @F{‘;),} He3aBUCUMBI. Kpome Toro, Jijisi HUX BbI-
1 1

'Bepxuuit unyexc (s) Bosnosoit dbyHkun — nepsas 6ykBa aHMIIICKOro ¢j10Ba “‘symmetric”

)

— “CUMMETPUYIHBIH.
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OJTHSIETCST YCJIOBAE OPTOrOHAJIBHOCTH (IIpoBephbTe!)

(@0, 120) = / Py day - dgy =0, ecam {m} # {n}}. (12.24)

IMeer CMBICJI OCTAHOBUTHCS Ha CBA3M MexXK Iy dyHkimsvu (12.22) u dyHKuusgMu
S
3! { )} Kaxk y:ke ormeuasoch, B Habope {@l( ) ;. } MHOrO akTHIeCKn €06nadauur
Loy
cbyHKLLHy”I, KOTOpBIe (POPMAJILHO OTJIMYAIOTCS JIUIIb PACIOJIOXKEHNeM WHIeKCoB. K

U3 HUX BBIOPATDH JEHCTBUTEIBLHO Pa3Au4Hbie (DYHKITUH, TO MbI [IOJIYIUM HAOOD {@g‘: }}.
l

Kaxyio n3 gpynxmmit @f{“;)} MOZKHO 3aIluCaTh B BUJIE
i

O (1,0 an) = Apy D PLon (@) 94, (0) - 1, (an)} (12.25)
P

rae A {n,} — HODPMUDPOBOYHAS HOCTOAHMAS. Kak BbIOpaTh mHIEKCH [, ..., [y B IpaBoii

JacTH, ecyu 3adan Habop uucesn {n,}? s orBera Ha STOT BOIPOC PACIIOIOKHUM 3HA-
JeHnsl MHJeKca | B HEKOTOpOM mopsjxe. Torga mabop {n;} ecTh mocsienoBaTe/IbHOCTD
YUCETI Ny, N, . . . CPeJIN MHJEKCOB [; B IPABOIl YacTH 1, Pa3 JIOJIZKEH BCTPedaThCsl HHIIEKC
l=1,n, paz — ungexc [ = 2 u T. ;1.1

[IpomuiocTpupyeM 3TO MPaBUIO HA KOHKPETHOM IpuMepe. IToObl n30eKaTh rpo-
MO3/IKIX hopmyis, BozbMeM ciaydait N = 3. IlpeanmosioxKum Tak»kKe, 9TO CIIMH YACTHI]

paBeH HyJIIO, U BBIOEPEM B KadeCTBE OJHOYACTHYHBIX COCTOAHMI |[) cocrostaust |p) ¢

PA3JIMYHBIMU 3HAYCHUSIMI UMITYJIbCA YaCTUIlbl p. Torma Kaxkaas u3 QyHKIHii (I)~({ ) o} Xa-

pakTepusyeTcs HaOOpOM YHCesT {nﬁ}, IPUIEM CyMMa 7 110 BCEM BO3MOZKHBIM P paBHa
3. Nnave rosops, Kazki0e n3 6a3UCHBIX COCTOSTHUI CUCTEMbI XapaKTePU3yeTcs TeM, KaK
TPHU YACTUIILI “‘pacipeieieHbl” 0 OJITHOYACTUIHBIM COCTOSHUAM C PA3/IMIHBIMU 3HAYE-
HUSMU UMITyJIbca. HampuMmep, BO3MOXKHO Takoe 0a3MCHOE COCTOSHHE CHUCTEMBI, KOTJIa
ng =2, n; =1, nny;= 0 U BCeX UMIIYJIbCOB, HE DABHBIX Py 1 Dy. CooTBeTCTBYIOIAS
Oa3ucHas BOJIHOBas (PYHKIIUS MMeeT BU/T

OE(7, 7, 75) = A Z P{es, (1) ©5,(73) 5, (T5) } (12.26)
P

rje
et Pr/h (12.27)

ol) = e
— HOPMUPOBaHHAas Ha €JIMHUILY BOJHOBasA (PYHKIUs CBOOOJHON GECCIIMHOBON YaCTHUIIBI
B obbeme V. B mpasoit gactu (12.26) crour cymma 3! = 6 dbyHKImil, B KOTOPBIX ap-
TYMEHTBI 7, PACCTAB/ICHBI BCEMH BO3MOXKHBIMHU cllocobaMu®. $ICHO, YTO TPU HaCTHIIHI

MO2KHO paclpeJe/iNThb 110 OJHOYaCTUIHBIM COCTOAHUAM |ﬁ> 66CKOH€‘{HI31M YHCJIOM CIIO-

co00B, 103TOMY 0a3MCHBIN HAOOP BOJIHOBBIX (DYHKIIUIT CHCTEMBI {(ID }} HEBO3MOZKHO
BBINIACATH MOJTHOCTBIO.

!Tak kak umcsio vactur, N KOHEYHO, a BO3MOXKHBIX OJJHOYACTUYHBIX COCTOsIHUIL |[), Kak
[PAaBHU/IO, GECKOHEYHO MHOIO, TO IIOCJIE/IOBATEIBHOCTD 71y, My, . .. COAEPKHUT KOHEUHOE UHCIIO
HEHYJICBBIX YJICHOB U GECKOHEYHO MHOTO HyJIEi.

2PekoMeH/IyeM YUTATEII0 BBIIHCATH BCe 3TH (DYHKIUHM B SBHOM BHIE W yOEIUTHCS, €UTO
HEKOTOPbIE U3 HUX COBIAJAIOT JIPYT C JAPYIOM U3-3a TOTO, YTO MHJEKC P; BXOJUT JIBAXKIBL.
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Bepuemcst Kk Boipazkenuto (12.25) jyist 6a3UCHBIX BOJHOBBIX (DYHKIHUI CHCTEMbI 6O-
30HOB. B Hero BxomuT mocrosnnas A {n,}» KOTODYIO Hy’HO 110,100paTh Tak, YToObI BOJI-
HOBasi (pyHKIUs Obljla HOPMHPOBaHa Ha eauHuily. Vest mpocra: HY>KHO BBIYHC/IMTD
CKaJIIPHOE TIPOU3BEIEHIE <<I>$L)l}] ®§21}> 1 1oTpeboBaTh, 9TOOBI OHO OBLIO PABHO €JIH-
HuIlle. BbramciieHne CBOJNUTCS K UCCIIEIOBAHUIO OOJIBIIONO KOJUYECTBA MHOIOMEPHBIX
MHTErpajioB OT MPOW3BeJIEHNI OTHOYACTHIHBIX (DYHKIINN, KayKJIbIii U3 KOTOPBIX, OJIHA-
KO, OKa3bIBAETCsl PaBeH HY/I0 Wjin ejauuuie B cuiy yciaoBus (12.20). Mer e Gyaem
[IPUBOJIUTD JIETAJIN BCE 9TOi MPOIEAypPhl U Cpas3y BBIIUIIEM PE3yJIbTaT Jji HOPMUPO-
BOYHOW IIOCTOAHHOW:

1
N !
Beel
[Ipm sammcu sToro BhIpaxkenusi npesmnosaraercd, 9o 0! = 1. I[logpiaenne MHOXKUTE ST

N! cBsI3aHO ¢ CyMMUPOBAHKUEM 110 IIEPECTAHOBKAM P 9aCTHUI[ B CAMMETPU30BAHHBIX BOJI-
HOBBIX (DYHKIINSX, B MOsBICHIE (DAKTOPHAJIOB 71! CBSI3aHO ¢ TeM 0OCTOATEIBCTBOM, UTO
B cIydae n; > 1 Bce epecTaHOBKHU OJHOYACTHIHBIX BOJHOBBIX (DYHKIMIT C OTMHAKOBBIM
. S S
UHJIEKCOM [ JaloT OJMHAKOBBINA BKJIAJ B CKAJIIPHOE IIPOM3BEICHIEe ((IDf{TB }] CIDEn) }>.
l l

[Toasenem nroru. Mbl BBISICHUIN, Y9TO B KayeCTBE OA3MCHBLIX BOJIHOBBLIX (DYHKIIMIA
CUCTEMBI, cocTodIeil n3 N TOXKJIeCTBEHHBIX D030HOB, MOYKHO BBHIOPATH CUMMETPU30BAH-
uble npousBeenns (12.25) mobwx GyHKImit ¢;(q), KOTOpbIe 00Pa3yOT MOIHYIO 1 OPTO-

HOPMUPOBAHHYIO CUCTEMY OJHOYACTUYIHBIX BOJHOBBIX (pyHKImit. Torma mpousBosbHOE
KBAHTOBOE COCTOSIHUE CUCTEMbI DO30HOB OIUCHIBAETCS CYIEPIIO3UITUE

V(g ant) = Y C (b ) @) (ar, - ), (12.29)
{nl}

IJle CyMMHUPOBAHHUE BeJETCd II0 BCEM HabOpaM 4YHCEeT 1, YJAOBJIETBOPSIONIUM YCJIO-
suio (12.23), a C' ({n,;},t) — mexoTopble KommIekcHble Koadduimentol. IIpemmaraem
YUTATETIO CAMOCTOATEIHLHO JO0KA3aTh, YTO KOIMMUIMEHTH B PA3JI0KEHUU BOJHOBON
dbyHKIMM cHCTEeMBI BBIMUCIAIOTCS 110 (bopMyste (CM. Takzke yupazkaerne 12.4.)

C ({m},t) = (@) [9()) (12.30)

U yJIOBJIETBOPSAIOT YCJIOBUIO

dolCEny 0P =1, (12.31)
{nz}
KOTOPOE CJIeJIyeT U3 yCJIOBHsl HOpMUPOBKU it byHKiuu W (t).
Kak yKe oTMedasioch, siBHO BBINUCATH BCe GA3UCHDBIE BOJIHOBBIE (DYHKIIUU (D(i)}
!

HEBO3MOXKHO, OJiHaKO hopmyia (12.29) 3amedaresibHa T€M, YTO OHA JIAET HATJISJIHYIO
KapTUHYy ‘CTpoeHus’ KBAHTOBBIX COCTOSHUI CHCTEMBI, COCTOSINEHl M3 TOXKIeCTBEHHBIX
6ozonoB. B camom jsieste, u3 (12.29) BuHO, YTO NPOM3BOJIBHOE KBAHTOBOE COCTOSHHE

o s
CUCTEMBbI €CTb CYIIEPIIO3UINA COCTOAHUN q)~({n)}7 B KazKJI0OM M3 KOTOPBLIX YaCTHUIbI KaK-
!

TO PACIPE/ETICHBI 110 OJHOYACTUIHBIM COCTOAHUAM |[). Benmumusl n;, npuHdTo Ha3bI-
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BATh YMCJIAMHY 3AIIOJTHEHHUS OJHOYACTHIHbBIX COCTOARMitT . [/ He3aHAThIX COCTOSHMIA

, = 0, a I 3aHATHIX 1, MOXKeT IPUHUMATH Jiloboe 3nadenue or 1 o N. B npuniuire,
Bce N OO30HOB MOTYT OBITH OOHAPY?KEHBI B OJIHOM U TOM K€ OJITHOYACTUIHOM COCTOTHUN
| 1) st raxoii Gasucuoit Bosmosoit dynkuun ny = N uny = 0, ecm | # 1.

Kosdbdummentsr C ({n,;},t) B dopmyre (12.29) nMeoT CMBICI aMIUIUTY/] BEPOST-
HOCTell PAasIMYHBIX pacipee/tennit yacrur no cocrosausm |1), a |C ({n,}, 1) — se-
POAMHOCTIU ITUX PACIIPEJIeSIEHN. 3aMeTHM, UTO IPU ITOM TOXK/IECTBEHHBIE TaCTHUITHI
ocTaroTcsd “00e3/IMYeHHbBIMI WM “HEPA3JIMYUMBIMK ', TAK KaK He YKa3bIBAETCs, KaKasd
MMEHHO YacCTHIa HAXOJAUTCS B JTAHHOM OJJHOYACTUTHOM COCTOSIHUH | ().

[IpuHATO TOBOPUTH, YTO YACTUIIBI, JIJIS KOTOPBIX YUCJIA 3aII0JHEHNS 1; OJHOYACTUI-
HBIX KBAHTOBBIX COCTOSTHHIT MOT'YT NMPUHUMATH BCEe BO3MOXKHBIC 3HadeHus or 0 g0 N,
noauuHs0TCH craTucTuke Boze-Diiamreiina®. C 5TuM CBA3aHO U IPOUCXOKICHIC
TepMuHa “O030HBI .

12.4. Craructuka ®epvmn-/Inpaka

PaccMOTpuM Telepb KBAHTOBBIE CHCTEMbI, COCTOSINUE U3 TOXKJICCTBEHHBIX HYACTHIL
C MOJIYIEJIBIM CIIMHOM, M IOIIBITAEMCA IIOCTPOUTE ISt HUX GA3MCHBINH HAOOD BOJIHOBBIX
dbyukmii, ananornaneiit Habopy dyukuumit (12.25).

glcHo, YTO B JAHHOM CJlydae CHMMETPU30BAHHbBIC IIPOU3BEICHUS OJHOYACTUIHLIX
BOJIHOBBIX (DYHKIMIT HE TOJATCA, TaK KAaK BOJIHOBas (DYHKIMSA CUCTEMbI (DEepMUOHOB
JIOJIZKHA, OBITH GHMUCUMMEMPUYHOT, T.e. JOJZKHA MEHATh 3HAK IPU IepeCTaHOBKE
JIOOBIX ABYX YACTHUI[. 3aMETHUM, OJHAKO, UTO JI0Oad IIepecTaHOBKa B HAbGOpe MHICKCOB
{ly,..., Iy} cBOTUTCS K “emHoMy W HEYEMHOMY IUCIIY NEPECTAHOBOK I1ap YaCTHII.
Beesiem i1 Kazkj1oit niepectanoBki MuoxutTeb (—1)7) koropwiit pasen +1 mim —1
B 3aBUCHMOCTU OT TOIO, CBOAMTCS JAHHAs IIE€PECTAHOBKA K YETHOMY WJIM HEYETHOMY
YHCIy HepecTaHOBOK Hap dacTull. Torma B KadecTBe HOJTHOCTLIO AaHTHCHMMETPHUYHBLIX
Ga3MCHBIX BOJHOBBIX (BYHKIMI CHCTEMBI MOYKHO B3ATh (DYHKIUN®

‘I’ﬁ)l}(ql,---,qjv A{n}z )" Ploy (@) @1, (a2) - o1, (an)}- (12.32)

Pekomenyem auTaTesio caMoCTOATE/IHHO TPOBEPUTD, YTO ITU (DYHKIMH YIOBJICTBOPSI-
IOT YCJIOBHIO OPTOIOHAJIBHOCTH

(P {"z}’ CD{nl}} = /@f{;l} ()} dq, -+ dgy =0, ecmm {n;} # {n;}, (12.33)

KOTOpOE aHAJOIUIHO yCI0BUIO (12.24) j/ist CHMMETPUYHBIX OA3UCHBIX BOJHOBBIX (DYHK-
.

'Bo uzbexkannu HeopasyMeHuii Mo JdepKHeM, 9TO He CJIeLyeT IyTaTh JBa MOHITUsT: “KBaH-
TOBOE COCTOSIHUE CUCTEMBI” U “OfHOYACTUYHBIE cOCTOstHUsT | ), 110 KOTOPBIM PaCIpPeIe/IsiIoTCs
YaCTHIBI.

2Mnauiickuii duznk Boze mepBBIM TPEmIOKUI ONUCAHNE KBAHTOBBIX COCTOSHUN CHCTEMBI
HOTOHOB € TTOMOIIILIO THCETT 3ATIOTHEHUsT. DUHIITEHH 0O0OIIIIT 9TO OMUCAHIE HA TTPOU3BOJIbLHDIE
CUCTEMbI 9aCTUI] C HYJIEBBIM U HEJIBIM CIIMHOM.

3Bepxnunit I/IH,ILeKC (a) y BonHOBOIT dyHKIMM — TmepBas OyKBa AaHIVIMHACKOIO CJIOBa

)

“antisymmetric” — “aHTHCUMMETPUIHBIN .
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Kak u B npeplaymiem pas/esie, HaOOp UNCes 3al0JHEHNsT OJHOYACTUIHBIX COCTOSI-
unit {n,} mo/Ken yaoBiaeTBopATh yeaosuio (12.23). Onnako Mex ity dyuximsamu (12.32)
1 O0a3MCHBIMU BOJTHOBBIMH (DYHKIIUSME Il CUCTEMBI OO30HOB MMeeTCs BayKHOE Pa3JId-

a
que: BOJTHOBAsA (PYHKITHS CD(n)} paBHa HYJIIO, €CJIU XOTs ObI JIJIsi OJTHOTO OJITHOYACTUIHOIO
l

cocTosinust |[) COOTBETCTBYIOINIEE YNCIO 3a0THEHUsI TIPEBBIINALT eIMHUILY, UIH, YTO TO
JKe caMoe, €CJIM CPeJW MHJIEKCOB [y, ..., [ ecTb Xorsd OBl JBa OIMHAKOBBIX. IlycTb,
HarpuMep, l; = l,, T.e. OJHOYACTHIHOE KBAHTOBOE COCTOSIHUE |[;) 3aIlOJHEHO JBYMs
dbepmuonamu. IIpy mepecTaHoOBKe STHX HHJICKCOB IpoucxoauT 3amena ®@) — —@@),
Ho, ¢ apyroii cTopoHbI, MHJIEKCHI OJMHAKOBBI, IIO9TOMY UX IE€peCcTaHOBKa HE MEHIET
byuxmmo . Dro mMoxker GBITH TONBKO B ciydae, Koraa ®(@) = 0.

Takum obpazom, 1060t HAOOP YMce T 3al0THEHUS OJIHOYACTUYHBIX KBAHTOBBIX CO-
crostHuil B 6a3UCHBIX BOJHOBBIX (DYHKIHUAX cucTeMbl (pepmuonoB (12.32) Beerma mnpe-
cTaBjsIeT coOOI TOC/Ie0BATE/ILHOCTD HyJieit u equHutl. J[jisi ¢cBOOOIHBIX OMHOYACTUY-
HBIX cocTogHmit 1, = 0, a J171g 3aHATBIX n; = 1. [IpuHATO rOBOPHUTH, YTO YACTHUIIBI, J1JIS
KOTODBIX YHCJIA 3aII0JIHEHUS 7, OJHOYACTHYHBIX KBAHTOBBIX COCTOSHUII MOI'YT IPUHH-
MaTh b 3Hadenusa 0 u 1, nogunnsiores craructuke ®epmu-dupakal. Orciona
1 Ha3BaHMe TaKUX YacTUIl — “‘PepMHUOHBI .

Beraucsienne HopMupoBouHoOil mocrosiaHoil B dopmyie (12.32) mpomssoguTest Tak
Ke, Kak U B caydae 6030HOB. Pesyibrar, ogHako, mpoiie (cMm. yrnpazkuerue 12.5.):

1

T. €. HOpPMHPOBOYHAS TIOCTOSTHHAA JIjI BCEX HAOOPOB YUCEST 3aIllOJTHEHUS OJIHA U Ta, XKe.

s GasucHbIx BoJHOBBIX dyHKnuit (12.32) cymecrByer KommakTHasi opma 3a-
MUCH, KOTOpas yJI00Ha IIPU HEOOJIBITIOM 4Yucje JacTull [N B pacCMaTpuBaeMOil cucTeMe.
[Ipemosmokum, 9T0 B 0A3UCHOM COCTOSTHUY CUCTEMbI 3aIT0THEHBI OJTHOYACTUIHBIE COCTO-
SHUST ¢ UHAeKcaMu [y, Iy, . .., 1. Torma coorBercrByfortyo BosHOBYIO dyHKIuo (12.32)
MOXKHO 3aIlicaTh B BUJE TaK Ha3biBaeMOro jierepMmuHaHTa CiaTepa

(12.34)

SOZI(%) 9011(@2) T @zl(QN)

(@) 1 SDZQ(%) ‘PlQ(%) T SOZQ(QN)
(I){nl}(qh e qy) = i (12.35)

<P1N(€h) SOIN(%) T ‘PlN(qN)

[Ipu nepecTaHOBKe B JIeTepMUHAHTE ITEPEMEHHBIX JIIOOBIX JIBYX YACTHUIL 3HAK (PYHKITUU
CI)‘({Z)J U3MEHSETCs, MMOCKOJIbKY MbI IIepecTaB/isieM JBa CTOJIOIA JeTepMuHaHTa. Kpome
TOrO, €CJIM CPeIU WHJEKCOB 3aHATBHIX OJIHOYACTUYHBIX COCTOTHHUI €CTh XOTs ObI JiBa
OJIMHAKOBBIX, TO q)((:l)z} = (0, HOCKOJIbKY JeTEPMUHAHT TOXKIECTBEHHO OOPAIIAeTCs B HYJIb.

JItobas BostHOBas (DYHKIUS CUCTEMBI, COCTOAMIAA U3 N TOXKJIECTBEHHBIX (PDepPMUOHOB,

'Haszsanue JaHO B 9eCThb MTAJbIHCKOrO (dbusnuka JHpuko Pepmu u aHrmiickoro usnka
Ilona dmpaka, KOTOpble HE3aBUCHMO IIPEJIOKIIIN U3JIOXKEHHOE 37IeCh ONUCAHNE KBAHTOBBIX
COCTOSIHUI CHUCTEM YaCTHUIL C IOJIYIeJIBIM CIIMHOM U BbIICHUJIN OUDAHMYEHUs Ha YUCJIa 3al0JI-
HEHUs ;.
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MOZKeT OBITB 3alucana B BUJIE Ps/ia [0 OasucHbM dynknuam (12.32):

‘I/(QD ce 7QN7t> = Z ¢ <{nl}7t) (I)(C:l)l}(QD ce 7QN)~ (1236>
{nl}

B ommnuane or dopmynbl (12.29), cymMmupoBaHne 371eCh BEJIETCS TOJBKO M0 HabOpaMm
qrcesT 3aI0JIHe s, cocTodmumx u3 nyseil n exuuni. Kosddurmenrs: C ({n,},t) npe-

CTaBJISIOT CODON AMILUIUTY/IBI BEPOATHOCTH OOHAPYKUTh CUCTEMY B COCTOAHUAX P {C:L}
l

C Pa3IMYHBIMU PACIPEJIETCHUSIMI YaCTHI] 110 OJHOYACTHIHBIM COCTOSHUAM |[l). DTm
KO3 PUIHUEHTHI yIOBIETBOPSIOT cooTHomenuio (12.31), koropoe obecrieunBaeT HOPMU-
poBKy BostHOBOM dyHKImu V() Ha euHUILY.

Odenp gacTo OrpaHHYeHHe Ha YHCJIA 3AI0JHEHNS 1; B 0a3MCHBIX BOJHOBBLIX (QyHK-
musix (12.32) dbopmyupyercst B Bujie Tak Has3blBaeMOro NpuHIMIIA 3ampera Ilaysm:
dee mooicdecmeentvle YACMUYDL C NOAYUEABIM CTRUHOM HE MO2YM HAGTOOUMBCA 6 00HOM
U oM 2ice 00HOUACTMUYHOM K6anmosom cocmosnuy | 1). B obiem-ro dopmyia (12.36)
TOBOPUT TO YK€ caMoe, TaK KaK HU B OJHOI BO3MOXKHOWU BOJTHOBO# (DYHKITUU CHCTEMBI
3 N depmuonos e Gyner “mpumecn’ Takoro GasmcHoro cocrosuus P B KoTopoMm
n, > 2 XOTs OB JJIsl OJJHOTO OJHOYACTUIHOIO COCTOSHUA | [).

[Tpuanumn 3ampera [laymu cripaBeyinB j11s1 9/IEKTPOHOB, TPOTOHOB U HEHTPOHOB, TAK
KaK BCe 9TH YacTUIpl 0baaaror ciuHoM § = 1/2. Kak Mbl yBuuM jasibiie, IpUHITAL
[Taysin urpaer BayKHYIO POJIb B CTPOCHUH aTOMOB U MOJIEKY/I.

12.5. BoJuanoBbie dbyHKIIMN ABYX (pepMHUOHOB

B kadecTBe MILIIOCTPAIU OOl TEOPUI PACCMOTPUM IPOCTON MIPUMED: KBAHTOBYIO
CHCTEMY, COCTOAILYIO U3 JIBYX OJMHAKOBBIX (PePMHUOHOB €O crmHOM § = 1/2 (cKaxeM,
cucTeMy M3 JIByX JEKTPOHOB). IIpeiosioKum, 4To MarHUTHOE IOJie OTCYTCTBYET, U
npeHebpekeM CIUH-OPOUTAIBHBIM B3auMoelicTBueM. Torjga raMUJIbTOHUAH CHCTEMbI
sammiiercs B Buje [cp. ¢ (12.10)]

. 1, A B B o
H=— (pf +p§) + U()) + U(7y) + V(7 7). (12.37)

B nmanHOM citydae raMuIbTOHUAH HE COJEPYKUT OIEPAaTOPOB clmHa dacTuil. I[losTomy,
KaK JIErKO ITPOBEPUTH, KOOP/IMHATHBIE U CITMHOBBIE IlepeMenHbie B ypaBHenuu [Ipenn-
repa (12.4) passensiorcs, T. e. BOJHOBas (DYHKIMs CHCTEMbBI MOYKET ObITh 3aIlMCaHa Kak
IIPOU3BE/ICHIE

W (ri0y, Th0y,t) = ®(7, 75, 1) X(0, 03), (12.38)

rage X — IIPOU3BOJIbHad, HE 3aBHUCAIIadA OT BpeMeEHU CIIMHOBasd BOJIHOBaA (bYHKLH/IHI, a
KoopJuHaTHasd BoTHOBas GpyHKIus ¢ yraosiaerBopsier ypasuenuio [Ipeaunrepa

0P .
h— = H®. 12.
ih— (12.39)

st wactun co ciimaom s = 1/2 BonnoBas dyukims (12.38) mo/pkHa ObITH aHTH-
CHMMETPHIHA OTHOCHTEIHHO [EPECTAHOBKY TIEPEMEHHBIX (77, 0y ) <> (T4, 0y). 3aMeTnM,

19ra dyHKIMS OnperenseTcs HauaIbHBIMA YCIOBHUSIMH.



140

YTO TOI'O0 MOXKHO JIOOUTHCS JBYMS CITOCODAMMU:
Wy (704, 750,,1) = (I)(S)(F17F27t) X(a)(Ul,Ug), (12.40)

Uy (101, 7505, 1) = ol (7,75, t) X(s)(ah 0y)- (12.41)

Kak u panblue, Bepxane uHJekchl () u (a) 0603HAYAIOT, COOTBETCTBEHHO, CUMMETPUY-
HYIO U aHTHCUMMETPUYIHYIO (DYHKIIUIO.

Urak, eciiu raMIJIBTOHAAH JBYX OJMHAKOBBIX YaCTHUIL CO COMHOM § = 1/2 He cozep-
JKUT CIHHUHOBBIX OIIEPATOPOB, TO KOOP/MHATHBIE BOJHOBbIE (DYHKIMH MOTYT OBITH KAk
CUMMECTPUYIHBIMHA, TaK WU aHTUCUMMETPUYIHBIMKA OTHOCUTEJIbHO II€PECTaHOBKHN KOOPIU-
matr. [Ipu 9TOM, 0/fHAKO, 1 CIMHOBBIE BOJIHOBBIC GyHKINHA B cocTosgnusx (12.40) n (12.41)
HMEIOT PA3JIMIHYI0 CUMMETPUIO OTHOCUTEIBHO MEPECTAHOBKH CIIMHOBBIX MEPEMEHHbIX.
I/IHTepeCHO BBIZICHUTD, Y€eM CbI/ISI/ILIeCKI/I OTJIMYIAIOTCA COCTOAHUNA ABYX IJICKTPOHOB C BOJI-
woBbiMu byaknuamu (12.40) u (12.41). C 910if 1eJIbI0 PACCMOTPUM CIHHOBBIC YaCTH
BOJIHOBBIX (DYHKIIHIA.

Crauasa mocTpouM 6a3ucHvle CRUHOBIE B0AHOBbE PYHKUUU JITIsL JBYX YACTHUIL CO
cimaoM s = 1/2. B kauectBe Takux GyHKIHMiT yJI00HO B3ATH HPOU3BEJIEHHsI OJHOTA-
CTUYHBIX CIIMHOBBIX (DYHKITUI

XT(U) = X1/2(C7) = 05,1/25 Xl(U) = X—1/2(U) = (50.7_1/2. (12.42)

Onn apigiorcs cOOCTBEHHBIME (QPYHKIMAMA onepaTopa S,, IJle 0Chb Z — IIPOU3BOJIBHO
BhIOpaHHAs OCb KBaHTOBaHusdA. llepBast GpYHKIHMS ONMUCHIBAET COCTOSHME YACTHUIIBI, B

KOTOPOM TIPOEKIHsI ee CIIMHa uMeeT 3Hadenme S, = h/2, a Bropasg — cocrosiHue, B
KOTOpOM S, = —h/2. Bcero nmeercs deTbipe IPOU3BEICHIS OTHOTACTHIHBIX CIIMHOBBIX
dyuKIHMil, 0Opa3yommux 6a3ucHbll HAOOP JJId JABYX YACTHIL:

XT(Ul)XT(UQ)a Xl<‘71)X1(‘72)> XT(Jl)Xl(U2)7 X1<‘71)XT(‘72)- (12.43)

JIrobyt0 CIIMHOBYIO BOJHOBYIO (DYHKIIHIO JIBYX YACTHUIL C § = 1/2 MOKHO IIPEJICTABUTH B
BHJIC CYIIEPIIO3UINN STUX OA3UCHBIX (DYHKITHII.

K coxkasenuto, He Bce 6azucHble ciinHoBble (hyHKImu (12.43) 0bs1ama0T Kakoii-imb6o
CHMMeTpHell 110 OTHOIIEHUIO K IIePeCTaHOBKE IIEPEMEHHBIX 0; U 0,. (OJHAKO M3 HHUX
MOYKHO ITOCTPOUTH HOBBI 0A31C, COCTOAIINNA U3 CUMMETPUYHBIX ¥ aHTHCUMMETPUYIHBIX
dyukumit. Jlerko nposeputhb (OcTaB/IsIeM 3TO YUTATENIO), UTO €JIUHCTBEHHAS aAHTHCHM-
MeTpryHas KomOuHarwmst yukumii (12.43) umeer Bu

1
XO(UDUQ) = ﬁ {XT(Ul)Xi(U2) - Xl(al)XT(%)} : (12.44)

Muoxkurens 1/ /2 BBeJIEH st TOTO, 9TO6BI (DYHKITHS X0 YZAOBJICTBOPSAIa YCIOBHUIO HOD-
MHUPOBKHI

{(Xolxo) = Z Xo(o1,02)X0(01,05) = 1. (12.45)

Kpome Toro, uz dyuximii (12.43) MOKHO COCTABUTH TPH CUMMETPHYHBIE JIMHEHHBIE
KOMOUHAIINAN:

x1(01,03) = % D (00X (02) + X () x; (7)) (12.46)
X2(01,03) = X1 (01)x1(02), (12.47)

X3(Jl702) = X¢<‘71)Xl(02)- (12.48)
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HeTeipe GyHKINT X, X1, X2, X3 00Pa3ylOT OPTOHOPMHUPOBAHHBIN OAa3MC [ CIIMHOBBIX
BOJIHOBBIX (QYHKIHI JIByX (bepMHOHOB ¢ s = 1/2 (cm. ynpakuenue 12.6.).

Teneps scHo, uTO crmHOBaA BostHOBasd dynkmus '@ B bopmye (12.40) copmagaer
¢ dbyukiueit (12.44), a cimnosas BosHoBas dbynxmus ) B dopmyne (12.41) asiserca
HEKOTOPOI JIMHeHHO KoMOuHaImeli cumverpuaabix Gynknumii (12.46) —(12.48).

[Tokarkem, 4uTO pasdmenne Oa3uca CIMHOBBIX BOJHOBBIX (DYHKIMN JIBYX HYaCTHUIL C
s = 1/2 umeer upocroii dusmdeckuii cMbica. [ 9TOro BBeIEM OmepaTop MOJHOTO
CIIHA JACTHI]

~
—

IJie OrepaTopsl S, u S, NEHCTBYIOT, COOTBETCTBEHHO, Ha CIITHOBBIE IIepEMEHHbIE TIEPBOit
1 BTOPOii yacTuibl. [IpejjiaraeM 4uTaTesro caMOCTOSITEIbHO TPOBEPUTH (CM. YIIparK-
merne 12.7.), 94ro Bce deThipe Ga3nuCHbIC CIHHOBBIC QYHKIHA Xg, X1; X2, X3 ABIAIOTCH

cOOCTBEHHBIMU (DYHKIIUSIME OllepATOpa IIPOEKITHH IIOJTHOT'O CIIMHA S, , IPUYeM

~

MokHo mokazaTbh, UTO BBeJeHHbIe HaMH Oa3uCHBble (DYHKIMH SBJIAIOTCH TaKyKe CO0-
CTBEHHBIMH (DYHKITUSAME KBaIPaTa CyMMapHOTO CITUHA

$2=§.5=52+52425 .5, (12.51)
[IpocThie, HO HECKOJILKO IPOMO3JIKHME BBIUUC/IEHHsI, KOTOPBIE Mbl OIIyCTHM, JAI0T
S'QXD =0, gle = 2h*x,, 5’2)(2 = 2h*x,, S'2X3 = 2h%y;. (12.52)
Benomunast nipasusia KBanrosanus crimia (11.1), IpUXoAnM K BaXKHBIM BbIBOJIAM:

e Eciu crimHOBOe cocrostHue IBYX (DEPMUOHOB € § = 1/2 ONUCHIBACTCS GHMUCUM-
mempuynoti dyuxnmeit x(%), To UX TOHBIH cIMH S paBeH HYIIIO.

e Eciu crimHOBOE cocTosiHUE JIBYX (DEPMHUOHOB ¢ § = 1/2 ONHMCBHIBACTCS CHMMETPU -
HOIT (byHKIIHET X(S), TO UX TOJIHBIN CIIMH S PaBEH €JIMHUIIE.

BamernM, 4T0 coriacHo coornorrenuaM (12.50), BoaHoBele YHKIUHE X, Xy U X3 CO-
OTBETCTBYIOT TPEM COCTOSHUSAM Iapbl (PEPMUOHOB CO 3HAYEHUSIMU ITPOEKITUU TOJTHOTO
cima S, =0u S, = £ h.

Bepuemcst k dopmynam (12.40) u (12.41) ayist BosHOBBIX (DYHKIMH IBYX hepMu-
oHOB ¢ s = 1/2. Kak mbl BbisicHWIN, 3T (DYHKIUH OMUCHIBAIOT J[BA TUIA COCTOSHUIN
cucreMbl. B mepBoM ciiydae CyMMapHBIN CIWH YacTHUI[ PaBeH HYJO, & BO BTOPOM OH
pasen eaunune’. [ KadecTBEHHOIO NOHUMAHHs CBOHCTB CHCTEMBI B COCTOSIHHSIX
U, n Wy, gacto ObIBaeT IOJIE3HBIM Cjlefyloliee OOCTOATE/ILCTBO. 3aMETHM, 4YTO B
cocrostann  (12.41) koopjmHATHAsT BOJHOBas (DYHKIIUS ®@ | Gynyun anTHCHMMET-
PUYHOI 110 OTHOIIEHHIO K IIE€PECTAHOBKE 7 M T, JOJIKHA O00pAIlaThCs B HYIIb,
eciiu 7] = T, T.€. AaMIUITY/a BEPOATHOCTH OOHAPYKHUTH JiBa (DEPMUOHA B OJIHOI
TOYKE IMPOCTPAHCTBA B IMapaJjljieJIbHBIMU CIIMHAMHU paBHa HYJI0. B To ke Bpewmd, B
cocrosiunu (12.40) sta ammiuTyna He paBHa Hymo. Wuaade rosopsi, 1Ba depMuOHA €

Lyist HArIsiIHOCTH OBBIYHO TOBOPAT, 4TO B cocrostuuu (12.40) CHUHBI 9aCTUIL GHMUNGPAN-
A€M, & B cocTostHAN (12.41) cimHBI 9aCTHIL NAPAANEABHDL.
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AHTUTIAPAJIICTBHBIMU CIIMHAME € 3aMETHOIH BEPOSITHOCTBHIO MOT'YT OBITH OOHAPYKEHBI B
JIBYX OJIM3KUX TOYKaX. V3 MpUBEIEHHBIX COOOPAKEHUIT CJIe/IyeT, 9TO CPeIHssT SHEPIHs
B3aMMOJIEHiCTBIS 3apsyKeHHBIX (DepMHUOHOB (HAIIPHMED, 3JIEKTPOHOB) B COCTOSHUSIX
tuna (12.40) gosekHa GBITH GoJIbINe, YeM B cocrosgnusax tuma (12.41). [eitcrBuresnsHo,
€CJTH CIIUHBI 3JICKTPOHOB MTapaJlIe/IbHbI, TO OHU “‘CTAPAIOTCS JEPXKATHCS MOJIAJIBIIE IPYT
OT Jipyra’; YTO YMEHBIIAET CPEJHIOI0 SHEPTUI0 UX KYJIOHOBCKOTO OTTAJKUBAHUA. Ecan
JKe CIIMHDBI AHTHUITAPAJIICIBHBI, TO 3JIEKTPOHBI MOTYT OKa3aThCs OJIU3KO JAPYT K JIPYTY, U
9TO NMPUBOIUT K YBEJIUIEHUIO KYJIOHOBCKOI dHEprun B3anmoeiictBus. Kaxk Mbl BUInM,
ToT PaKT, UTO TOJHAsA BOJHOBasg (DYHKIIUS OJMHAKOBBIX (DEePMUOHOB JIOJIZKHA ObITH
AHTUCUMMETPUIHON OTHOCUTEIHLHO TEPECTAHOBOK YACTHIL, MPUBOJIUT K CYIECTBEHHOI
3aBUCUMOCTH SHEPIUUA CHUCTEMBbI OT OPUEHTAINN CITMHOB YACTHIL JIaXKe B TeX CJIydasX,
KOIJIa CaMO B3aMMOJCHCTBHE HE COJEPYKUT CIHUHOBLIX omeparopoB. C mpumepamn
110/I00HOTO POJia, MbI BCTPETUMCS B JIaJbHEHIIIEM.

YnpakHeHUsT

12.1. IlpoBepuThb, 9TO IOJHOE YHC/IO IIEPECTAHOBOK IEPEMEHHBIX {¢,} B BOJHOBOI
dyukmun V(qy,...,qy,t) paBao N!.

Ykazanue: ¥Y100HO BOCIIO/IH30BATHCS CJIELYIONUM ITprueMoM. 300pas3um mosioKeHus
aprymenToB B Bujie N “gueex” [1, [ ... []. B nepByio gueiiky MOKHO IOMECTUTD JIIOOOT
u3 N apryMenTos q,. Ecian nepsag sadelika 3a110/1HeHa, TO BO BTOPYIO MOXKHO IIOMECTUTD
soboit u3 ocrasumxes N — 1 aprymentos. Takum obpasom, Bcero umeercss N(N — 1)
Pa3/IMIHbIX BapUaHTOB 3allOJTHEHUS TEPBBIX JBYX ddeeK. Jlasbime rocseoBaTebHo
3AITOJTHSAIOTCSA TPeThsl, deTBepTas U T.J. sdeiiku. OcTaercs MpOBEPUTH, UTO TOJHOE

Tqrcsto Beex BapuanTos paBuo N(N — 1)(N —2)---1, T.e. kak pa3 N

(s) (s)
Lo Uy Uy
CHUCTEMBI, cocTosAMIell n3 N TOXKIECTBEHHBIX GO30HOB, OPTOrOHAJIBHBI, €CJIM B Habopax
{ly,..., Iy} u{ll,..., Iy} Her coBuagaromuUx MHIEKCOB.

(s)

/ !
B Uy
CYMMY MHOIOMEPHBIX HHTErPAJIOB, KaxKJblil M3 KOTOPBIX pasOMBaeTCs Ha MPOU3BEJie-
nie unTerpanos suja (p; | @, ). Hajee ciejyer uCnonb30BaTh yCIOBHE OPTOrOHAIb-

k/

12.2. J/lokazarb, 9TO JBe CHMMETPU30BAHHBIE BOJTHOBbIE (DYHKIUN P I B P

Ykazanue: Cka/sipHOe IIPOU3BEJICHUE <<I>l(ls) L@ ) MOXKHO IIPEJICTABUTEH KaK
s by

Hocru (12.20) jiy1st OJIHOYACTHYIHBIX BOJHOBBIX (DYHKITHIA.

12.3. BorumucmmTh BHO HOPMUPOBOUHYIO mocTosiuuyio A B dhopmyse (12.26) u mpo-
BEPUTH, ITO PE3YJILTAT COIIACYETCs ¢ ODIMM BbIpaykerneM (12.28).

12.4. BoiBectu Bbipazkenue (12.30) jjist aMIUIATY/] BEPOSITHOCTH.

YKasanue: Y MHOXKUTH 00e dacTu paBercTsa (12.29) Ha 613(1)1* (¢1,---,qy) ¥ IpOUHTE-
IPUPOBATH TI0 TIEPEMEHHBIM BCEX YACTHI[ C yIeTOM YCJIOBHUsS OpToroHaabHocTn (12.24).

12.5. BeiBectn Bbipazkenue (12.34) 1y1si HOpMUPOBOYHON MOCTOSTHHOI B Ga3MCHBIX
BOJTHOBBIX (DYHKITUSIX TOXKJIECTBEHHBIX (DEPMUOHOB.

Ykasanue: Vcmonb3ysi siBHOe Bbipaxkenme (12.32) mis aHTHCUMMETPHYHBIX Oa-

SUCHBIX BOJHOBBIX (DYHKIHMIA, 3a1mcarbh BbIparKeHue I CKAJFPHOTO MPOU3BEICHUs
<<I>$L)l}| @g‘;)g}) Iasiee cieyer y4aecTh, 9To jyig (bepMUOHOB B J1io6oM Habope {1y, . .., [y}
HET COBIIQIAIOIMNX NHICKCOB OJHOYACTUYIHBIX COCTOﬂHHﬁ, a OJHO4YaCTHUYHbIC BOJIHOBBLIC
dbyuKIMM yI0BIETBOPAIOT yeaoBuio oproroHaibaoctu (12.20).

12.6. IIposeputh, urto 6asucHble cruHoBble GyHKnnu (12.44) u (12.46) —(12.48) op-
TOTOHAJILHBI JIPYT JIPYTY U HOPMUPOBAHBI HA €/IUHUILY.

12.7. Nokasare pasencrsa (12.50), ucrosb3yst Boipakenus (12.44) u (12.46) — (12.48)
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JTA OA3UCHBIX CITMHOBBLIX (DYHKINN JBYX (PEPMHUOHOB U TOT (PaKT, 9TO OJIHOYACTUIHBIC
crimroBble dyukiun (12.42) spisirorest coObCcTBEHHBIMU QYHKIUAME OriepaTopa S, .

13. CTaI_[I/IOHapHI)Ie COCTOAHN:A CJIOZKHBIX aTOMOB

B srom naparpade Mbl IpEMEHUM TEOPHUIO KBAHTOBBIX CHCTEM K CJIOXKHBIM aTOMaM,
B KOTOPBIX TOK/IECTBEHHBIMHU YACTHIAMHU ABJISIIOTCA 9JIeKTPOHBI. lIpexkme Bcero, Hac
OyJIeT MHTEepPecoBaTh CIIEKTP SHEPTUU U BOJIHOBBIE (DYHKIIMH CTAIIMOHAPHBIX COCTOSHUIA.
Kak u3BecTHO, Jj1 aToMa BOIOPOIA, COMAEPIXKAIEro BCEro OJUH SJIEKTPOH, 3Ta 3aa-
1Ja pemaercss To9HO. K coxkasennto, iy 0oJiee CJIOKHBIX aTOMOB TOYHBIE PEIeHUs
crarmonapuoro ypasaenus [lpeguHrepa He HaiigeHbI, XOTd B HACTOSIIEE BPEMS CY-
IIECTBYIOT PA3JIMYHbIE TTPUO/INKEHHBIE METO/IbI, OCHOBAHHbBIE, KAK IIPABUJIO, HA TEOPUU
BosMmytennii. B naparpade 10 Oblia nsziozkena Teopus BO3MYIIEHU JI/I BHIYUCTIEHUS
CIIEKTPa YHEPTMH U BOJIHOBBIX (DYHKIIMI CTAIIMOHAPHBIX COCTOSTHUN 00HOT “acmuibl.
Eciu, ogHako, BepHYThCsI K PACCYKJIEHUIM U3 9TOr0 naparpada (coBeryeM duTaTe o
9TO CJIEJIATH), TO JIEPKO 3aMEeTUTh, YTO OHU B DABHOI CTENEeHU MPUMEHUMBI U K MHOIO-
YaCTUIHBIM CHCTEMaM, IIO3TOMY HaM He MPHUIETCS 3aHOBO CTPOUTH BCIO CXEMY TEOPUU
BO3MYILICHUI.

13.1. AToM c AByMd 3JIEKTPOHAMHU: OCHOBHOE COCTOSIHHE

Camoit mpocToii peaIbHOI CUCTEMOiT, B KOTOPOU MPOSIBJIAIOTCS MHOTOYACTHIHBIE -
dEKTDI, ABJISIETCS aTOM C JBYMS JICKTPOHAMU, JIBUKYIIUMUCSA B KYJOHOBCKOM II0OJI€
sipa ¢ 3apsaiaom Ze. K Hum ornocurest atom reust He (Z = 2), 0THOKpaTHO HOHU3UPO-
Banublil atom jmtug Lit (Z = 3), asykpaTHo nonusuposanHbIil aroMm Gepumina Bet
1 T. 1. ATOMBI ¢ ABYMSI 9JIEKTPOHAME HA3BIBAIOTCS 2eAUEN0000HBIMU.

[aMuibroHMaH —rejuenogobHoro aroma (6e3  ydera DPEIATUBUCTCKUX — CIIMH-
OpOUTAJIbHBIX B3aUMOJIEHCTBUI) MOYKHO 3alicaTh B CJIEJIYIONEM BHJIE:

2 n? 2 2 o (1 1 q:
H=———(Vi+V})—Z¢@|—+— )+ -5, (13.1)

2m, T T T12
rje m, — Macca JeKTPOHA, Ty, = |7} — 7y|. s ynpomenus dopmyn Mbl cHOBa, wc-

nosibzyem obozuadenue (9.15). IlepBblit wieH B raMuIbTOHIAHE — ONEPATOP KUHETHe-
CKOIl 9HEPTUH 3JIEKTPOHOB. BTOpPOil WjieH — oreparop KYJOHOBCKOI'O B3aMMOJIEHCTBUS
9JIEKTPOHOB C sIJIPOM aToMa. 1PpeTwil 4ileH ONMUChIBAeT KYJIOHOBCKOE B3amMOJIeiiCTBIE
MEXKY 3JIEKTPOHAMU.

YPpOBHU SHEPrUU TEeTUENOIOOHOIO0 aTOMa M COOTBETCTBYIOIIME BOJHOBBIE (DYHKITUH
CTAIMOHAPHBIX COCTOAHUN (70, Ty0s) HAXOJAATCS, KAK OOBIYHO, B pe3yJibTare pelie-

HUs cTanuoHapHoro ypasuenus Illpenunrepa H v = FEt. Hailitu TouHbIe perIeHusd

9TOr0 ypaBHeHHUs ¢ ramuabToHnanoM (13.1) j10 cux mop He yIaIoCh, MOITOMY HPUXO-

JINTCS UCIIOJIL30BATH MTPUOJINKEHHBIE METOAbI. B 3TOM pazjiesie Mbl TPUMEHUM TEOPHUIO

BO3MYIIEHNH TS BBIYUCJIEHNs] SHEPTUA OCHOBHOT'O COCTOSTHUS IeJTMETIOJ00HOT0 aToMa.
Haunewm ¢ Toro, uro samumiem ramuibronnad (13.1) B rakom Buje:

H=HY W, (13.2)

rie
F7(0) n 2 2 7 02 1 1

€
2m,
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— aMMWJIbTOHHAH ABYX 3JIEKTPOHOB B KYJIOHOBCKOM IIOJIE dJIpa, a

2
W=l (13.4)

T12

— OIlepaTop B3aMMOJIEHCTBUS MEXK/Iy JIEKTpOHAMU. DByjem paccMaTpuBaThb HO gax
“HEBO3MYIIEHHBIN TaMUJILTOHUAH, a W kak OIepaTop MAaJOro BO3MYIIEHUs, JIJId yieTa
KOTOPOT'O NPUMEHUM TEOPUIO BO3MYIIEHUH, M3/I0’KeHHYI0 B ntaparpade 10.

B nyseBom npubsmrkennn (KOrja B3anMOJECTBIE MEXKIy 9JIEKTPOHAMU BOOOIIE He
YUUTHIBAETCS ), BOJHOBbIE (DYHKIIMU CTAIIMOHAPHBIX COCTOSIHUIN TeJIMeIoI0OHOr0 aToMa
U HEBO3MYIIIEHHbIE YPOBHH SHEPTUH HAXOJATCS U3 yDABHEHUS

HOWO = F0)0) (13.5)

[ockombky H® mpencraBiser coboif CyMMy TaMHUIBTOHHAHOB HEB3AMMOJICHCTBY-
onmx  9JeKTpoHoB  [eMm.  (13.3)], mpocTpaHCTBEHHBIE IEpEMEHHBIE SJIEKTPOHOB B
ypasuenuu (13.5) pazgensiores, 1. e. 1?0 moxkHO 3amucaTs B Buje

P00, T505) = 01 (1) @2 (T2) X (071, 0). (13.6)
Baech Y — npousBosibHasg (PYHKIUSA CIMHOBBLIX IIEPEMEHHBLIX. KaxKaas M3 KOOpIAMHAT-

HBIX (DYHKIMN YJI0BIeTBOPsAET ypaBHenuto [IlpeauHrepa Jijisi OJHOTO 3JIEKTPOHA, JIBH-
KYIIErocs: B KyJIOHOBCKOM TI0JIE siJTpa.

h? Zq?
_ V2 = 2 ) SO () = £ O (F 13.7
(- 5 7= Z2) 0 = . (137)
Ijle € — yPOBHM SHEpruu 3jeKTpoHa. Ecim ¢ m €’ — cobCTBEeHHbIE 3HAYEHUs SHEPIUH

IIEPpBOI'O 1 BTOPOI'O IJICKTPOHOB, TO HEBOSMYIIECHHBIEC YPOBHU dHEPIruu I‘eJH/IeHO,ZLO6HOI‘O

aTOMa HaXOIATCA KaK CyMMa
EO —¢ 4" (13.8)

Ypasuenue (13.7) ectb me uro unoe Kak ypasuenue [Ipemunrepa 1ist BoIopoaonomno6-
HOro aToMa (T.e. aToMa ¢ OJIHAM 3JIEKTPOHOM ), KOTOPOE MOIPOOHO PaccMaTpUBAJIOCh B
naparpade 9. Dueprus smeKTpoHa gaercs dopmydoit [em. (9.19)]

E
g, =—2° n—f; (13.9)
rjgen = 1,2, ... — raBHOe KBaHTOBOE YncIo, a By = m gt /2h? ~ 13,605 3B — sueprus

HOHM3AIUK aroMa BoJopoja (Z = 1). YPOBHIO 9HEPIHHU €, COOTBETCTBYIOT BOJHOBBIE

dyHKIIHN
¢nlm(T7 197 90) = Rnl<T) Y2m<1% @)7 (1310>

rie | 1 m — opObuTaJibHOE U MAarHUTHOE KBAHTOBbBIE UMCJIA.

[Tepeiigem Tereph K penieHnio 3a/1a9u 00 OCHOBHOM COCTOSTHUH T'€JTHEII0I00HOI0 aTo-
Ma. B Hy/IeBoM npuO/IMKeHUun CjaejlyeT CINTaTh, YTO KaXKJIblil U3 3JI€KTPOHOB HAXOIUT-
¢ B COCTOSIHUM 1S, T.€. B COCTOSHUU C KBaHTOBbIMU uucjiamMu n = 1,1 = 0, m = 0.
[TosToMy 3HEPIHUST OCHOBHOI'O COCTOSIHUSI B HYJIEBOM IPHUOJIMKEHUH PaBHA

EO =2¢, | = —27°F,,. (13.11)

OCH
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J11s mpuMeHeHUs TeOPUU BO3MYIIECHUN HYKHO MOCTPOUTDH TaK:Ke BOJHOBYIO (DYHKITHIO
0 — —
OCHOBHOI'O COCTOSIHUSI 9JIEKTPOHOB B HYJIEBOM IPHUOINZKEHUN 1/}&2{(7"101, T50s), KOTOpasI

(Y] (Y] 0 — —
€CTh IIPOU3BE/IeHNE KOOP/IMHATHON BOJIHOBOI (DYHKITUN (IDE,CL(TI, T%) Ha CHUHOBYIO (DbyHK-

o X (04, 0,). Tak Kak KBAHTOBBIE THCIA 1, | U M Y 9JIEKTPOHOB B OCHOBHOM COCTOSTHIN
(0)

0 .
OJ/INHAKOBBI, TO Koop uHaTHas MYHKIUA Pocy MOXKET ObITH TOJHKO CUMMETPUIHON OT-
HOCHUTEJILHO ITePEeCTaHOBKU JIEKTPOHOB. Takum oOpa3oMm, mMeeM

1(2Z\° Z
<I>£3’H(ﬂfz) = P100(7) Y100(72) = g exp T (ry +79) ], (13.12)
B B

rJie Mbl UCIIOJL30BaIN siBHOE Bhipaxkenue (9.29) jyist BOJHOBO (DYHKIUM 3JIEKTPOHA B
BoJiopojionionobnom atome!. ITockobKy BosHOBag dyukuus (13.12) cummerpuyna or-
HOCHTEJIBHO TIEPECTAHOBKH KOODMHAT 3JIEKTPOHOB, II0JIHAS BOJHOBas (PYHKIHS aTOMa
B HYJIEBOM IIPHOJIMKEHUN IOJTydaeTcss yMHOXKeHueM (13.12) Ha anmucummempuwmyio
CIIMTHOBYIO BOJTHOBYIO (DYHKITHIO:

wéﬂi(ﬂal, anz) = 2ﬂmo(f’l) 2ﬂwo(fé) X(a) (‘717 02)- (13~13)

CornacHo aHam3y u3 paszena 12.5., 3Ta BOJHOBasi (DYHKIIAST OIMUCHIBAET COCTOSTHUE
aToMa ¢ HYJIEBbIM 3HAYEHUEM ITOJTHOTO CITHHA DJIEKTPOHOB.

Terepp Bce T0TOBO, YTOOBI HAWTU SHEPIUIO0 OCHOBHOI'O COCTOSIHUSA TE€JIMEIIOI00HO-
ro aroMa € y4YeTOM IIepBOil MOIPABKU II0 OIEPATOPY B3aUMOJIEHCTBUS JIEKTPOHOB B
ramusbrornane (13.2). Kak m3BectHo, 9Ta monpaBka paBHA CPeJHEMY 3HAYEHUIO Olle-

paropa W B HeBo3myIeHHOM cocTosiauu [em. dbopmyiy (10.20)]. Takum obpaszom, s
SHEPIUU OCHOBHOI'O COCTOSIHUSI UMEEM IIPUOJINKEHHOE BLIPAXKCHHE

E. . =—27°E,+Q. (13.14)

OCH

Bemmmunna )
; L\ G2 ,
Q= W) = [ Who(r) 2 () dV, av, (13.15)
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IJie MHTErPUPOBAHUE BEJIETCSA 10 KOOpJMHATaM 3JIeKTpoHoB, a dV; u dV, — coorBer-
CTBYIOINE OECKOHEYHO MAaJIble 00bEMbI, OOBIYHO HA3BIBAETCHA KYAOHOBCKUM UHIME2Pa-
som. BEro ynaercsa BLIMHCIUTDL TOYHO:

5
Q= ZEy. (13.16)

[Toscrasisst sror pesysbrar B popmyiy (13.14), mosrydaem oKOHYATEIBHOE BbIPAYKEHUE
JIJISI 9HEPIud OCHOBHO